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In this work no previous acquaintance with the nature 
and properties of a fluid is assumed. As in my treatise on 
Statics, I have begun with the very elements, and, as- 
suming that the student's reading in pure mathematics 
is advancing simultaneously with his study of Hydrostatics, 
I have endeavoured to lead him into the advanced portions 
of the subject. It will be noticed, however, that the way 
in which the reader is introduced to the notion of a perfect 
fluid is very different from that which is usually adopted 
in similar treatises. A definition of a perfect fluid founded 
upon the elementary facts and principles of the theory 
of strain and stress is not calculated to produce the impres- 
sion of simplicity, more especially when the symbols of 
the Differential Calculus are employed in the process. 

I maintain, however, that in such a presentation of the 
basis of the subject there is really nothing which a beginner 
v^ho is familiar with the elements of Geometry, Algebra, 
and Trigonometry cannot readily understand. The preva- 
lent view that the fundamental notions of the Differential 
Calculus are a mystery which the beginner should not dare 
to approach, and which cannot be unveiled until great 
experience in mathematics has been attained, has long 
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seemed to me to be a most unfortunate fallacy. Indeed, I 
think that, with the aid of a few simple illustrations borrowed 
from ordinary experience, the process of differentiation and 
the notion of a limiting value towards which a ratio tends 
will be found much more easy of attainment and compre- 
hension than are the initial simple processes of Algebra 
themselves — namely, those of subtraction, multiplication, 
and transformation. 

Hence I have not hesitated to define the particular kind 
of body which forms the ideal basis of Hydrodynamics — 
viz., a 'perfect fluid — with reference to the nature of its 
stress and strain ; and such a definition is, I think, the only 
one that is really direct and scientific. 

The critical reader will probably notice the complete 
absence of reference anywhere in this work to a certain 
term which is very familiar to students of Hydrostatics — 
namely, the whole pressure of a fluid on a curved surface. This 
term is one of the unfortunate misconceptions of Physics — 
not, indeed, so fatally charged with mischief as that other 
venerable illusion, centrifugal force^ by the balancing of 
which with centripetal force, in the science of previous 
generations, the planets are enabled to revolve round 
the Sun. This notion of whole preBsure on a curved surface 
has served as a peg from which to hang very many 
visionary problems of pure mathematics ; but it has done 
more than this ; for, the author of one of our elementary 
text-books of Hydrostatics tells his readers that, when 
a cylindrical vessel is filled with water, the ' whole 
pressure ' of the liquid on its curved surface is the measure 
of the total strain to which the vessel is subjected I So far 



Preface. ^ai 

as I am aware, th^e is no reality in Physics eorresponding 
to this notion of whole pressure on a curved surface, and 
certainly none is indicated by those writers who use the 
term. There is, indeed, in the theory of Electrostatics, and 
in that of Newtonian gravitation in general, the result 
that the sarface-integral of the normal component of force- 
intensity taken over any closed curved sur&ce is pro- 
portional to the quantity of attracting matter contained 
within the surface ; but, apart from this, the arithmetical 
(non-vectorial) addition of a number of forces which are 
not parallel is a process devoid of physical meaning. 

Some long controversies have recently taken place 
between the representatives of the |»*actical engineers, 
on the one hand, and those who may be termed the 
scientific reformers, on the other, with regard to the way in 
which we should speak of the common gravitation measure 
of force. The former speak of * a force of one pound,' for 
example, while the latter prefer *a force of one pound 
weight.' As in the last edition of my 8tatic9y I have 
everywhere throughout the present work adopted the latter 
mode of speaking, because I regard the distinction between 
the mass and the weight of a body as absolutely funda- 
mental — the former being an essential and invariable, 
while the latter is a purely . contingent and variable, 
attribute of the body. Indeed, were it not for the fact 
that the Earth is nearly spherically symmetrical as regards 
shape and density about its centre, it seems scarcely pos- 
sible that men, communicating with each other over long 
distances, could ever have adopted the former mode of 
speaking. 
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affairs at any point, P, in the substance of the 
string. K at P we imag^ine a very small plane 
having the position j) q (represented in the 
left-hand figure) perpendicular to the direction 
of the string, it is clear that the molecules of 
the body at the under side of this element- 
plane experience an upward pull from the 
portion of the body at the upper side of p q. 
This pull is called a stress^ and it results from 
the strain of the substance at P — a strain which, in this 

/ B 



Eg. I. 



HYDROSTATICS 

AND 

ELEMENTARY HYDROKINETICS. 



-M- 



CHAPTEE I. 

GENEBAL PBOPEBTIES OP A PEBFEGT FLUID. 

1. Strain and Stress in a Body. Whenever any material 
body is subjected to the action of force, whether throughout 
its substance or merely at certain points of its sur£Eice, the 
natural distances between its molecules become altered — 
even though it be only to an infinitesimal extent — and the 
body is said to be in a state of strain. 

For example, let A B (Kg. i) represent an elastic string 
with the end A fixed while the end -B is 
pulled by any force. Consider the state of 
affairs at any point, P, in the substance of the 
string. If at P we imagine a very small plane 
having the position js q (represented in the 
left-hand figure) perpendicular to the direction 
of the string, it is clear that the molecules of 
the body at the under side of this element- 
plane experience an upward pull from the 
portion of the body at the upper side oi pq. 
This pull is called a stress^ and it results from 
the strain of the substance at P — ^a strain which, in this 
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2 Hydrostatics and Elementary Hydrokinetics. 

instance, consists of the increase of natnral distances between 
molecules. 

At the same time the molecules at the upper side of jo q 
experience a downward pull, exactly equal in magnitude to 
the previously named pull. 

The stress on the element-plane has, therefore, two 
aspects : it is an upward force when considered with re- 
ference to the molecules on its under face, and a downward 
force in reference to the molecules on its upper face. 

This double aspect is a characteristic of every stress, and 
of every force in the Universe, however exerted, whether 
within the substance of what we call a single body or 
between two bodies influencing each other by attraction 
or repulsion. The double aspect is just as necessary a 
feature of every force as it is of every surface, which we 
are compelled to recognise as having two sides. 

Let us now, in imagination, consider a little element- 
plane having the position rt, and separating molecules 
right and left. A moment's reflection shows that the 
molecules at the right experience no force (or only an in- 
finitesimal force) from those at the left sida Practically 
we may say that the stress on the element-plane rti& zero. 

In the same way, if we consider an element-plane at P 
having a position m n, intermediate topg and r t^ the force 
exerted on the molecules at the under side by the substance 
on the upper side is an upward pull whose direction is 
oblique to the plane. 

Hence in this case of a stretched string we see that — 
on the element-plane p q the stress is normal tension, 
„ „ mn „ oblique tension, 

„ „ rt „ zero. 

If we imagine AB to represent an iron bar, we have 
exactly the same results when the end A is fixed and the 
end B is pulled ; but if the end A rests on the ground, 
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while a load is put on 5, it is evident that the previous 
state of stress is exactly reversed in sign ; that, for ex- 
ample, the molecules on the under side oipq experience a 
normal pressure from those on the upper side, and that the 
stress on 7» « is oblique pressure. This reversal of tension 
into pressure could not practically take place if the body 
A B were a perfectly flexible string ; in other words, the 
body would at once collapse if we attempted to produce 
pressure at -B. 

Again, if AB is an iron column whose base A is fixed 
on the ground while a great horizontal pressure is exerted 
from right to left at the top -B, the column will be slightly 
bent and its different horizontal sections have evidently a 
tendency to slip on each other : in other words, the mole- 
cules at the under side of an element-plane having the 
position joy, experience a force from right to left in their 
own plane from the substance above pq. 

The stress, therefore, on an element-plane at any point 
inside a solid body such as iron may have any direction in 
reference to the plane^it may be normal pressure, normal 
tension, or force wholly tangential to the plane, according 
to the manner in which the body is strained by externally 
applied force. Inside a body such as a flexible string the 
nature of any possible stress is, as we have said, more 
limited, inasmuch as it cannot be normal pressure. 

We shall now imagine a body in which the nature of 
any possible stress is still more limited — namely, a body 
in which the stress on every element-plane, however ima- 
gined at a point, can never be otherwise than normal. 
Such a body is a perfect fluid ; and then the stress is, in 
all ordinary circumstances, jor^^^wr^ — such in the sequel we 
shall assume it to be — although in some recent experiments 
large tensimis^ or negative pressures, have been observed in 
some fluids. Formally, then, we define that a perfect fluid 
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4 Hydrostatics and Elementary Hydrokinetics. 

is a hody such that^ whatever forces act upon it, thus pro^ 
ducing strain^ the stress on every element-plane throughout it 
is normal, 

2. Intensity of Stress. If we take any element-plane, 
mn^ at a point and take the whole amount of the stress 
exerted on either side of the plane, and then divide the 
amount of the stress by the area of the element-plane, we 
obtain the average stress on the little plane. Thus, if the 
area oi mn is 'OOi square inches, and the stress on either 

side is -o% pounds* weight, the rate of stress on the plane 

•02 
is , or %o pounds' weight per square inch. The stress 

on the plane is not uniformly distributed ; but the smaller 
the area of the element-plane, the less the error in as- 
suming the stress to be uniformly distributed over it. 
Hence, according to the usual method of the Differential 
Calculus, if we take an element-plane of indefinitely small 
area, 8*, and if 8/ is the amount of the stress exerted on 
either side, the limiting value of the fraction 

hs 
when hs (and therefore also hf) is indefinitely diminished, is 
the rate, or intensity, of stress at P on a plane in the 
direction m n. 

It is obvious from what has been explained that such an 
expression as *the intensity of stress at a point P in a 
strained body' is indefinite, because different element- 
planes at the same point P may have very different in- 
tensities of stress exerted upon them. We shall presently 
show, however, that in the case of a perfect fluid the above 
expression is perfectly definite, because all element-planes 
at the same point, if they have the same area, experience 
normal pressures of exactly the same amount ; but for any 
other body than a perfect fluid such would not be the case, 
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and we should be obliged to speak of ' the intensity of stress 
at P on a plane having such or such particular position/ 

Intensity of stress, then, is measured in pounds' weight 
per square inch, or kilogrammes' weight per square centimetre^ 
or d^nes per square centimetre, or generally, in units of force 
per unit area, 

3. Frinoiple of Separate Equilibrium. The following 
principle is very largely employed in the consideration of 
the equilibrium or motion of a fluid, or, indeed, of any 
material system; — 

We may always consider the equilibrium or motion of any 
limited portion of a system , apart from the remainder , provided 
we imagine as applied to it all the forces which are actually 
exerted on it by the parts imagined to be rernoved. 

Thus, suppose Fig. 2 to 
represent a fluid, or other 
mass, at rest under the action 
of any forces, and let us trace 
out in imagination any closed 
surface enclosing a portion, 
M, of the mass. Then all the pjg 3^ 

portion of the mass outside 

this surface may be considered as non-existent, so far as Jlf 
is concerned, if we supply to each element of the surface of 
Jtf, the stress which is actually exerted on it by the mass 
outside it. The stresses exerted on the elements of surface 
of My when the body is a perfect fluid, are represented by 
the arrows in the figure. 

The portion M is, then, in equilibrium under the action 
of these pressures and whatever external forces (gravity, &c.) 
also act upon it. 

Again, it is evident that, having traced out in imagina- 
tion any surface enclosing a mass, M^ of the fluid, we 
might, without altering anything in the state of this mass 




^ ^^. 
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M^ replace the imagined enclosing surface by an actual 
material surface, and then remove all the fluid outside this 
surface; for the enclosing material surface will, by its 
rigidity, supply to M at each point the pressure which is 
exerted at that point by the surrounding fluid. 

4. Equality of Pressure Intensity round a point. 
We shall now prove that the intensity of pressure is the 
same on all planes, pqymn,rt (Fig. i), at the same point, 
P, in a perfect fluid, to whatever system of external forces 

the fluid may be subject. Let any 

two planes, ACca and ABba (Fig. 

3), of indefinitely small equal areas 
^ be described at P, the figure of each 
j^j area being taken, for simplicity, as 

that of a rectangle, the side Aa 
being common to both, and P its middle point. These 
areas being indefinitely small, each may be assumed to be 
uniformly pressed, and the resultant pressure on it acts at 
its middle point. 

Now isolate in imagination the fluid contained within 
the prism CBAahc, This prism of fluid is kept in equi- 
librium under the influence of five pressures and the 
resultant external force ; and for the equilibrium of these 
forces we shall take moments round the line A a. Of the 
five pressures those on the faces ABC and ahc are parallel 
to Aa^ and they have, therefore, no moments about Aa, 
The pressure on the face BbcC intersects Aa^ and gives no 
moment. There remain the pressures on ABba and ACca^ 
which are represented by /, f\ at the right — where the 
figure is a middle section of the prism through P — and the 
component, F, of the external force which acts in thia 
middle section. 

Let AB =^ AC =^ m, Aa = n, and let € be the per- 
pendicular from P on the line of a<jtion of P. 
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Now if p is the intensity of pressure on the element- 
plane ABba^ the forced = mn*p ; and if j»' is the intensity 
of pressure on the face A Cca, the force f^= mn.p' ; while, 
if r is the external force per unit volume acting on the 
fluid at P, the component F will be a fraction of the 
quantity r x (vol. of prism) ; say F= A.m^n.r, where k is 
some finite number less than unity. 

Hence the equation of moments about ^a is 

fxj-fx-+€.F=o, 

or m^n(p^p^) + 2,Jk€m^n.r = o, 

or p^p^+2i€,r = o, . . . (i) 

in which p, p\ k, r are all finite and c alone is infinitely 
small. Hence diminishing the size of the prism in- 
definitely, or, in other words, putting € = o in the last 
equation, we have 

P =/, («) 

so that the intensity of pressure on the plane A£ba is the 
same as that of the pressure on every other plane at P. 

The reason, then, why the bodily force does not interfere 
with the fundamental result (a) is that the pressures on 
the faces of the prism are finite quantities multiplied by 
infinitesimal areas, while the bodily force is a finite 
quantity multiplied by an infinitesimal volume, and, when 
diminishing the size of the prism indefinitely, its volume 
vanishes in comparison with the areas of its faces. 

The proposition of this Article is a particular case of a 
general result in the theory of the Stress and Strain of 
any material body whatever. (See Statics, vol. ii. p. 396.) 

This theorem is so important that we reproduce it here. 

At any point, P, (Fig. 4), inside any body which is 
subject to the action of external forces, and which^ there- 
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fore is strained throughout its substance, let two very small 
element-planes, *, «', of equal area, be placed in any two 
positions, however different ; let P«, Pn' be their normals 
drawn at P. On the upper sm*face of «, as seen in the 
figure, let the resultant stress exerted by the substance in 
its neighbourhood be represented in magnitude and line 
of action by Pf\ and similarly let the stress on 
/ be represented by Pf\ From ./ let fall fr 
perpendicular to Pn\ and from/' let fall/^/ 
perpendicular to Pn. Then Pr is the compo- 
nent of the stress on 8 along the normal to /, 
and P/ is the component of the stress on / 
along the normal to s ; and the important 
general theorem to which we refer is that — whatever he the 
nature of the lody^ whether solid^ perfect fluid, or imperfect 

fluid, 

Pr = P/, (2) 

if, as supposed^ the area of the element-plane * = that of /. 
If these areas are unequal, the projections of the stress 

Pf Pf 

intensities^ — ^ and —V along the normals Pn^ and Pn 




are equal, i. e., 



^^ ^^ (3) 



3 " / 



We may designate this remarkable theorem as the Theorem 
of the projections of stress-intensities, and the following 
simple proof of it may be given. 

At the point P in the substance (Fig. 5) let xafVh be 
any element-plane whose boundary is a rectangle of area * ; 
let ^^'/(J be another element-plane inclined at the angle 6 
to the former, its boundary being also rectangular, and 
such that c'cxaf is a plane perpendicular to the plane 
xa/b'b. The figure therefore is that of a small rectangular 
prism, which we may imagine to be closed by the terminal 










Fig. 5. 
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triangular &ces bxc and Vx' c\ Consider the separate 
equilibrium of the substance enclosed within this prism. 
Since the areas of all the faces are very small, the stress is 
uniformly distributed on each of them, and the resultant 
stress on any face acts^ there- 
fore, at its centre of area 
('centre of gravity'). Now 
we aim at showing that the 
theorem of projection holds 
for the two faces xx'Vh and 
hVc'c. 

Let n be the centre of area of the face xx'c' c^ and express 
the fact that the sum of the moments of all the forces 
acting on the prism about the line mn^ parallel to a? a?', is zero. 

To this sum of moments nothing will be contributed by 
the stress on the face xxf c'c^ since this force acts at n. 
Resolve the stress on each face into three components 
parallel to Pa?, P^, and Pz. No force parallel to Px will 
give any moment, and it is easy to see that the sum of 
moments contributed by the two faces hxc and h'x'c' will 
be an infinitesimal of the fourth order, the linear dimen- 
sions of the prism being infinitesimals of the first order. 
For, draw Py and Pz parallel to xc^ and xh^ and let 
Px = a, Py = ^y Pz = y ; also let the components, in 
these directions, of the intensify of stress on the plane zPy 
be P, Q, 5, each of these being a function of the co- 
ordinates of the point P, the co-ordinate axes being sup- 
posed to be taken at some fixed origin parallel to Pa?, Py, 
Pz. The two latter components for the face bxc are 

^ dq . ^ dR 

Q + a-r-^ and jR + a-r— : 
dx dx 

and those for b'x'c^ are 

-(«-.g)„d-(^-.g). 
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These are stress^intensities, and therefore each of them 
must be multiplied by the area, i/3y, of the faces on which 
they act. Taking moments about mn, the first two give 

and last two give a moment of opposite sign in which, 
moreover, a is changed to — a ; hence the whole sum of 
moments for these terminal faces is 

'-^(C-'^%) • w 

This, we shall see, is infinitesimal compared with the 
moments of the stresses on the faces Ih'xx and hVc'c^ 
which act, respectively, at the middle points of Pz and zy. 
For clearness the mid-section, zPy^ of the prism is repre- 
sented in Fig. 5 with the arrows representing the forces 
on the faces above named, the components parallel to Pa?, 
perpendicular to the plane of the figure, not being repre- 
sented. If 1^ and T are the components of stress intensity 
on hh'afx^ the forces tN and rT are, respectively, N ,% and 
T,8^ whose sum of moments round the point n in the 

previous sense is ^ 

-tiyN^^T) (5) 

If T, Z are the components of stress-intensity on the &ce 
h h'c'c^ the forces represented by jo T and ;?^ in the figure are 
J . * sec ^ and ^. * sec 6^ whose sum of moments about n is 

-.yJsec^ (6) 

Now since 9 is ay, we see that the moment (4) is of 
the fourth order of small quantities, while (5) and (6) are 
each of the third, and therefore (as in p. 7) the first 
would disappear ultimately in any equation involving all 
three. 

Again, it matters not whether the substance of the 
prism is acted upon by external force or not; for this force 
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would be proportional to the volume iaj3y, and its moment 
about mn would involve the product of this volume and 
another infinitesimal of the first order ; hence the moment 
of the external force would be of the fourth order, and it is, 
therefore, to be neglected in comparison with (5) and (6). 
The equation of moments, then, is simply 

yrsec^ = yiV^+/37; 
.-. J=iV'cos^ + I'sin^, .... (7) 

which asserts the truth of the theorem, because the right- 
hand side of (7) is the projection of the stress-intensity on 
the plane xx'b'h along the normal to the plane hh' c' c^ and 
the left the projection of the stress-intensity on hVc'c along 
the normal to the first plane. 

To see how simply this shows that the stress-intensities 
on all element-planes at a point P in a perfect fluid are 
equal, let us recur to our former definition of such a body 
(p. 3). Assume, then, the strained body to be such that 
the stress Pf (Fig. 4) acts in the normal nP and Pf acts 
in the normal nP, If is the angle between the normals, 
Pr -=• Pf, cos</), and P/— P/'. cos</) ; therefore (3) gives 

p^_ P/ 
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that is, p = p\ 

where p and /?' are the intensities of pressure on the two 
element-planes. Hence the result that if a body is such 
that the stresses on all element-planes at a point are normal to 
these planes^ the intensity of the stress is the same for all. 

This principle is sometimes loosely spoken of as the 
principle of the ' equality of fluid pressure round a point.' 
The eqiiality is thus shown to be a mathematical deduction 
from the normality. 

Of course at any other point, Q, in the fluid the pressure- 
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intensity may be very different from what it is at P, this 
difference always depending on forces which act hodily on 
the fluid mass ; forces which act only at the surface of the 
fluid would not, as will be seen, produce difierent pressure- 
intensities at different points. 

Hence, then, at each point, P, in a perfect fluid acted 
upon by any forces there is a certain pressure-intensity, jo, 
which has reference simply to the point itself and not to 
any direction at the point ; in other words, if (a?, y, z) are 

the co-ordinates of P, 

p^<^{x,y,z\ (3) 

i. e., /? is some function of the position of P, depending, of 
course, on the nature of the forces acting on the fluid ; and 
no such simple result, independent of direction^ charac- 
terises the strain and stress of a natural solid. 

Hence also the difference, d;p^ between the pressure- 
intensity at P and at any very close point, P', is a perfect 
differential \ i.e., if dx^ dy^ dz^ are the excesses of the 
co-ordinates of P' over those of P, we must have neces- 
sarily some such result as 

dp — Ldx-\- Mdy + Ndz^ . . . . (y) 

and we see from the above that i, M, N&re the diffferential 
coefiicients of one and the same function, </>, with respect 
to X, y, z. 

Such a result, for example, bs dp = ydx—xdy could not 
hold for a perfect fluid. 

6. External Bodily Forces and Surface Forces. A 
mass of fluid on the surface of the Earth or any planet is 
acted upon by the attractive force of the planet in such a 
way that each particle of the fluid experiences this external 
force, which is called the weight of the particle. Some 
fluids are of a magnetic nature, i. e. each particle of them 
feels the attractive or repulsive force of the pole of a 
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magnet. Forces which, proceeding in this way from ex- 
ternal bodies, are felt by the separate particles of the fluid 
are called bodily forces. If we imagine the fluid taken out 
into interstellar space, at a practically infinite distance 
from every star and magnet, its molecules would have no 
weight and would experience no force of any kind from 
external bodies ; and if we imagine further that we accom- 
pany the fluid to such a region, supplied with nothing but 
a vessel fitted with pistons, we should be unable to in- 
fluence the internal portions of the fluid in any other way 
than by producing pressure on various portions of its 
bounding surface. 

External forces thus produced merely at places on the 
bounding surface are called surface forces. 

6. Principle of Pascal. If a perfect fiuid is acted upon 
by no other than surface forces^ the intensity of pressure is 
constant all over the surface and at all points in the interior 
of the mass. 

Let a perfect fluid be contained within the contour 
ABC JO (Kg. 6), and suppose pressure 
to be applied over its surface so that 
the intensity of this pressure at -4 is j» 
pounds' weight per square inch. At A 
take a very small area, s square inches, 
represented by AA\ and on this little 
area erect a right cylinder, A P, of any 
length. Now consider the separate 
equilibrium of the fluid contained *' 

within this cylinder. This fluid is held in equilibrium by 
the force j».* pounds' weight acting on AA\ a pressure on 
the base at P, and a series of pressures all over its curved 
surface. Resolving forces in the direction AP^ we have 
p.s := the pressure on the base at P, since the pressures on 
the curved surface are all at right angles to AP, But the 
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area of the base is also s square inches, therefore if /?'= in- 
tensity of pressure at P, 

p.s = p\s . . . . (i) 

Again, the pressure intensity at every point on the sur-' 
face is also p. For, let the base at P be turned round 
through any angle, and on its new position construct a 
right cylinder cutting the surface obliquely at £. Let 
be the angle between the normal to- the surface at £ and 
the axis, P JB, of the cylinder ; let jo' be the intensity of 
pressure exerted by the envelope at JB on the fluid, and 
consider the separate equilibrium of the fluid in the 
cylinder PS. The area of the normal cross-section of the 
cylinder being s, the area cut ofi* from the surface at jB is 
s sec 6, and the total pressure on this is jo'. s sec 0. Now 
resolving along the axis PJB for the equilibrium of the 
enclosed fluid, we have 

p .s =p\ssec0 * cos 0f 
.*. y=P' 

This may also be seen by constructing on the area s B,tJ 
a tube, AA' B B"^ of any form whatever and of uniform 
normal cross section. The fluid inside this tube is kept in 
equilibrium by the terminal pressures on A A' and BB^ 
together with the pressures of the surrounding fluid which 
are all normal to the sides of the tube. Hence (except 
that the terminal forces at A and B are pressures and not 
tensions) this fluid is in the same condition as a flexible 
string stretched over a smooth surface and acted upon by 
two terminal forces only, in addition to the continuously 
distributed normal pressure of the smooth surface ; and it 
is obvious, by considering the equilibrium of each ele- 
mentary length of the tube, that the forces per unit area 
at A and B are equal. 



General Properties of a Perfect Fluid, 15 

In the same way the intensity of pressure at any point, 
Q, in the mass can be proved to be jo ; for Q and P can be 
connected by a slender right cylinder having equal and 
parallel plane bases at Q and P, 

This method of proof shows that if the stress on every 
element-plane in the substance were not normal, its in- 
tensity would not be the same at all points. For, if the 
stresses on the different elements of the curved surface of 
the cylinder APA' were oblique, they would furnish a 
component parallel to AP^ and the equality (i) would 
cease. Hence in a viscous fluid, i. e. one in which there is 
friction between neighbouring molecules, the pressure- 
intensity is not necessarily the same at all points. 

If the area A A* is an aperture, fitted accurately by a 
piston, in a vessel ABCD containing the fluid, the 
pressure at A may be produced by loading this piston. 
Suppose the area of the base AA^ of the piston to be 
2 square inches, and the total load on the piston to be 
40 pounds' weight ; then every element of the surface of 
the containing vessel will experience pressure at the rate 
of 20 pounds' weight per square inch, every element-plane 
in the interior will also experience this intensity, and the 
pressure will be uniform all over every plane area imagined 
in the fluid, however great its area may be. 

Here, however, a caution may be given, li ABCD is 
a vessel filled with water, and if a piston at A produces an 
intensity of pressure of ao pounds' weight per square inch, 
we shall not find the intensity at such a point as C to 
be 20, but something notably greater if C is at a lower 
level than A ; and at a point of the surface higher than A 
the intensity would be found to be less than 20 pounds' 
weight per square inch. But the reason of this is suflS- 
ciently indicated in our formal enunciation of Pascal's 
Principle — viz., that on the surface of the Earth water is 
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acted upon by a bodily force (gravitation). If, however, 
we could take the vessel of water into interstellar space 
and apply pressure at ^ by a piston, we should actually find 
the same intensity at all points of the containing vessel. 

We may, indeed, regard the Pascal Principle as always 
holding in a perfect fluid — even when the fluid is acted 
upon by gravity or other bodily force — ^but the evidence of 
the Principle will be masked by a second cause of pressure, 
viz. bodily force. If, however, the bodily force were re- 
moved, the undiminished intensity of surface pressure pro- 
duced at any point would at once evidence itself. 

If the fluid were hydrogen, or any light gas, the Pascal 
Principle would, even on the surface of a planet, be almost 
accurately verified within such a moderate volume as a few 
cubic feet of the gas, because the bodily force (weight of 
an element volume of the gas) is too small to generate any 
appreciable pressure. In accordance with the Principle of 
Pascal, we may always regard a perfect fluids even when acted 
upon by gravitation^ as a machine for transmitting to all points, 
in undiminished amount^ any intensity of pressure produced 
at any point of its surface. This invariable transmission 
of surface pressure will proceed, paripassu^ with increase or 
diminution of pressure produced by gravitation ; but the two 
causes of pressure can be kept mentally quite distinct. 

Thus, for example, at a depth of loo feet in a fresh 
water lake, the intensity of pressure due to the weight of 
the water is about 43J pounds' weight per square inch, as 
will be seen later on. But at the top of the lake there is a 
pressure intensity of about 15 pounds' weight per square 
inch produced by the weight of the atmosphere, and the 
water acts as a machine for transmitting this latter 
unaltered to every point below, so that the actual pressure 
intensity at a point 100 feet down is 58 J pounds' weight 
per square inch. 
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7. The Hydraulic Fresa. A macMne the action of 
which iUnstrates the Principle of Pascal is the HydmolJc 
Press, represented in Fig. 7. 

It consiste of a stout cylinder, A, in which a cast iron 
piston, or ram, P, works np and down. This piston has 
a strong- iron platform fixed on the top ; on this platform 
is placed a substance which is to be subjected to great 




Fig.?. 

pressure between the platform and a strong plate, D, fixed 
to four strong vertical pillars. The pressure is applied 
at the bottom of the piston P by a column of water which 
is forced into the cylinder A through a tube, t, which 
communicates with a reservoir of water, B. The water is 
driven out of 5 by a force-pump whose piston, p, has 
a mach smaller diameter than that of the piston P; 
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the piston p is worked up and down by means of a lever Z, 

and the cylinder in which p works terminates inside the 

vessel jS in a rose, r, the perforations in which admit 

water while preventing the entrance of foreign matter. 

It is easy to see what an enormous multiplication of 

force can be produced by this machine. If i^ is the force 

applied by the hand to the lever i, n the multiplying ratio 

of the lever, and s the area of the cross-section of the piston 

/?, the intensity of pressure produced on the water in the 

, nF . . 

vessel jB is — ; so that if /S is the area of the cross-section 

s 

of the piston P, the total force exerted on the end of 
this piston by the water in A is 

nF.-' 

Thus, if /S = too 8 and the ratio, », of the long to the 
short arm of the lever L is 5, the upward force exerted on 
the piston P is 500 i^, so that if a man exeiiis a force of 
100 pounds' weight on the lever, a resistance of nearly 
50000 pounds' weight can be overcome by the piston. 

In order to prevent the intensity of pressure in the 
vessel B from becoming too great, a safety-valve closed by 
a lever loaded with a given weight, W^ is employed. 

The Hydraulic Press remained for a long time com- 
paratively useless, because the great pressure to which 
the water was subject drove the liquid out of the cylinder 
A between the sm*&ce of the piston P and the inner 
surface of the cylinder. This defect was remedied in a 
very simple and ingenious manner by Bramah, an English 
engineer, in the year 1796. In the neck of the cylinder A 
is cut a circular groove all round, and into this groove is 
fitted a leather collar the cross-section of which is repre- 
sented at c in the form (Hi. This collar is saturated with 
oil, in order that it may be water-tight, and it will be seen 
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that it presses with its lefb-hand and upper portion against 
the cylinder A^ while its right-hand portion is against the 
piston P. When, by pressure, the water is forced up 
between the surfiwje of the piston and the sur&ce of the 
cylinder, this water enters the lower or hollow portion of 
the inverted U-shaped collar and firmly presses the leather 
against both the piston P and the surface of the groove, 
thus preventing any escape of water from the cylinder. 

In consequence of this great improvement in the machine, 
it is very commonly called BramaKs Press. 

In order to prevent the return of the .water from the 
cylinder A on the upward stroke of the piston p, there is a 
valve, represented at i in Fig. 7, and shown more clearly at 




Fig. 8. 



i in Fig. 8, which is a simple sketch of the essentials of the 
force-pump. When the piston p rises, a valve, ^, in the 
pipe dipping into the reservoir B, opens upwards and 
allows the water to fill the cylinder J and to flow through 
to the valve i. When p descends, the water closes the 
valve e and is forced to open the valve i which is pressed 

c 2 



20 Hydrostatics and Elementary Hydrokinettcs. 

down by a spiral spring. When the piston p moves 
upwards, the water which has passed the valve i into the 
cylinder A cannot return into the cylinder J because it 
obviously assists the spring in closing the valve i. The 
safety-valve is represented at v in Fig. 8. 

The piston p works in a stuflBng-box in the upper part of 
the cylinder /, this stuflBng-box playing the same part as 
the leather collar round the ram — i. e., preventing leakage. 
The piston must not fit the lower part of the cylinder / 
tightly, because when p in its downward motion passes o, the 
cylinder would be burst if the water above the closed valve 
e could not escape round the piston and out through the 
valve i. 

Another machine depending essentially on the same 
principles and illustrating the Principle of Pascal is the 
Hydrostatic Bellows^ which is formed by two circular boards 
connected, in bellows fashion, by water-tight leather, the 
boards being the ends of a cylinder the curved sur&ce of 
which is formed by the leather. One of these boards being 
placed on the ground, the other lies loosely on top of it. 
A narrow tube communicates with the interior of this 
cylinder. If this tube is a long one and held vertically, 
when water is poured into it at its upper end, the upper 
board of the bellows, and any load that may be placed on 
it, will be raised by the pressure of the water, the intensity 
of which pressure depends (as will be subsequently ex- 
plained) on the height to which the narrow tube is filled. 

8. Liquids and Gases. An absolutely incompressible 
perfect fluid is called a liquid ; but the term liquid is also 
applied to fluids which can be compressed, but which re- 
quire very great intensity of superficial pressure to produce 
even a small compression. 

The cubical compressibility of any substance (see StatieSy 
vol. ii.. Art. 387) is thus measured : take any volume, v, of 
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the substance (for simplicity a spherical, cubical, or cylin- 
drical, volume) and let its surface be all over subject to 
pressure of uniform intensity, hp ; measure the decrement, 
— 8v, of volume produced ; then the fractional compression 

is ; and if we divide the intensity of pressure which 

produces this by the fractional compression we obtain 
the measure, viz., 

— r,or— v-y-, (a) 

V 

of the modulus of cubical compressibility of the substance, 
this modulus being evidently a force per unit area. 

Thus, if the volume and its decrement are measured 
in cubic centimetres, while the intensity of the pressure 
is measured in dynes per square centimetre, we obtain 
the modulus of compressibility in absolute C. G. S, units. 

If >fc is this modulus, we have 

-4=*- « 

If ^ is a constant, we have the case of a homogeneous 
solid or a liquid — extremely large values of^ characterising 
a body of the latter kind. 

If k varies sensibly with the intensity of pressure, ;?, 
in any way, we have bodies of various physical natures, 
according to the mode of dependence of k on jo. 

If, for instance, k is equal to p^ the body is b> perfect gas. 
Putting >fc = /? in (j3) and integrating, we have 

pv = constant, 

the well-known equation expressing the law of Boyle and 
Mariotte for a perfect gas whose temperature remains 
unaltered while its volume and intensity of pressure vary. 
Hence for a gas compressed at constant temperature the 
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modulus of cubical compressibility is equal to its intensity of 
joressure. This modulus is sometimes called the ' resilience 
of volume ' of the strained substance. It may be expressed 
in terms of the density instead of the volume ; for if p is 
the density of the substance inside the volume v, since the 
mass remains unaltered, we have 

vp =1 VqPq = constant, 

where Vq and p^ are the volume and density of the element 
considered before strain. Hence (j3) becomes 






(y) 



Employing the units of the C. G. S. system (forces in 
dynes, &c.) the following is a table of resiliences of volume 
for various liquids * : 



Distilled Water . . 
Sea Water .... 
Alcohol 

Ether 

» 

Bisulphide of Carbon 

Mercury .... 



Temp. 
CenJ;. 


Coefficient of 
Resilience of Vol. 


15 


2«2 2 X lO^'* 


17.5 



2-33 X 10^^ 

1-2 1 X 10'® 


15 


i«ii X 10^® 



14 


•93 X 10^® 
•792 X 10'® 
i-6o X lo^'* 


15 


54.20 X io'° 



9. Specific Weight. By the term specif c weight of any 
homogeneous substance we shall understand its weight per 
unit volume. 

If w is the weight of any homogeneous substance per 
unit volume, a volume T will have a weight given by the 
equation 



* Taken from Everett's Units and Physical Constants, 
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I 
I 



i) 



99 



It will be usefal to remember that 

I cubic foot of water Las a mass of about 6%\ lbs. 

« 99 99 99 99 99 1000 ounces, 
inch of mercury „ „ .491 lbs. 

These numbers are, of course, only approximate, because 
the mass of a cubic foot of any substance depends on the 
temperature at which it is. 

A gramme is defined to be the mass, or quantity of 
matter, in i cubic centimetre of water when the water is at 
its temperature of maximum density ; this temperature is 
very nearly 4° C. 

A term in frequent use is the specific gravity of a sub- 
stance, which ought, apparently, to signify the same thing 
as its specific weight; but it does not. The specific 
gravity of any homogeneous solid or liquid means, in its 
ordinary employment, the ratio of the weight of any 
volume of the substance to the weight of an equal volume 
of distilled water at the temperature 0° C. Thus, for 
example, in the following table of specific gravities : 

gold 19.3 



silver . . . 


. . 10.5 


copper . . 


. . 8*6 


platinum . . 


. . Qtl-O 


sea- water . . 


. . 1-026 


alcohol . . 


. . .791 


mercury . . 


• . 13-596 



the number opposite the name of any substance does not 
tell us the weight of a cubic foot, or of any other volume, 
of the substance ; it merely tells, with regard to platinum, 
for example, that a cubic foot of it, or a volume F of it, is 
2% times as heavy as a cubic foot, or a volume F, of dis- 
tilled water. A table of specific gravities is a table of 
relative weights of equal volumes. In the C. G. S. system, 
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since the unit of weight is that of i cubic centimetre of 
water, and since water is the substance with which in a 
table of specific gravities all solids and liquids are compared, 
the number (specific gravity) opposite any substance ex- 
presses the actual mass, in grammes, of i cubic cm. of the 
substance. 

If * is the specific gravity of any substance and w the 
actual weight of a unit volume of the standard substance 
(water), the weight of a volume V of the substance is given 

by the equation 
• r= Vsw. 

The term density is also used to denote the mass, per unit 
volume^ of a substance. Thus if mass is measured in 
grammes and volume in cubic centimetres, the density of 
silver is 10*5 grammes per cubic centimetre ; the density 
of mercury is 13*596 grammes per cubic cm. If mass is 
measured in pounds and volume in cubic inches, the density 
of silver is '3797 lbs. per cubic inch and that of mercury 
•491 lbs. per cubic inch. These latter numbers are, of 
course, proportional to the former. 

The term density has no reference to gravitation. If 
silver and mercury are taken from the Earth to a position 
in interstellar space in which there is felt no appreciable 
attraction from any Sun or Planet, it is still true that silver 
has a mass of io»5 and mercury a mass of t 3*596 grammes 
per cubic cm. Neither would, in this position, have any 
specific weighty since there is no external force of attraction 
acting on them ; but the moment they are taken to the 
sur&ce of any Sun or Planet, each acquires weight, and the 
ratio of the weights of equal volumes of them is the ratio, 
io*5 • 13*596, of their densities. If, for example, they were 
carried to the surface of the Planet Jupiter, the weight of 
a cubic cm. of each would be nearly 2\ times as great as it 
is on the surface of the Earth; but a table of relative 
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weights of substances on Jupiter would be exactly the same 
as a table of relative weights on the Earth. 

If any given volumes of a number of homogeneous sub- 
stances are mixed together in such a way as to make a 
homogeneous mixture whose volume is the mm of the 
volumes of the separate substances, the specific weight of 
the mixture is easily found. For, let v^ and w^ be the 
volume and specific weight of the first substance ; v^ and 
w^ those of the second ; and so on. Then if w is the 
required specific weight of the mixture, since the weight of 
the mixture is equal to the sum of the separate weights, 

(i?i + ^2 + 1?3 + . . . ) "^ = ^i«^i + ^2^2 + ^3^3 + • • • ; 



w = 



Sv 



Such a mixture is called a mechanical mixture — as, for 
instance, a mixture of sand and clay. But when a chemical 
combination takes place between any of the substances, the 
volume of the mixture is not equal to the sum of the 
volumes mixed — as when sulphuric acid is mixed with 
water. If for any chemical mixture T (which must be 
specially measured) is the volume of the mixture, it is evi- 
dent that we have, as above. 



Example. 

A cask A is filled to the volume v with a liquid of specific 
weight w ; another cask, B, is filled, also to the volume v, with 

another liquid of specific weight « ; - is taken out of A and — 

n n 

also out of B, the first being put into B and the second into A , 

and the contents of each cask are shaken up so that the liquid 
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in each becomes homogeneous. The same process is repeated 
again and again : find— 

(a) the specific weight of the liquid in each cask after m 
such operations ; 

(&) the volume of the original liquid in each cask. 

Ans. If w—8 is denoted by dJ, and if to^, 8^ are the specific 
weights of the liquids in A and jB, respectively, after m opera- 
tions, 



«^m 



*m 



= '-;r|-('-:)l. 

and the volume of the original liquid in either cask is 

[N.B. The liquids are assumed not to enter into chemical 
combination.] 



CHAPTER II. 



B(n) 



CENTEE OP PAEALLEL FOECES (eLEMENTAEY CASES). 

10. Points and Associated Magnitudes. Let A and jS, 
Fig. 9, be any two points, PP any plane whatever, AM and 
JSN the perpendiculars from A 
and J? on the plane, and 6 a 
point on the line A£ dividing 
it in the ratio of any two magni- 
tudes, m and n, of the same kii)4, 

so that -p7^ = — ; then the per- 
GM m ^ 

pendicular, GQ, from G on the plane is given by the 
equation 

^^ m.AM+n.PN , . 

^y= -TTZ — W 

For, draw Ast parallel to MN^ meeting GQins. Then 

GQ = Gs + 8Q = Gs + AM. 
Gs 




Fig. 9. 



But 



n 



Gs=z 



n 



{BN-AM). 



Substituting this for Gs in the value of GQ, we have (a). 

The figure represents m and n as associated with A and B, 
respectively, and G divides AB so that the segments next 
A and B are inversely as the magnitudes associated with 
these points. 

If one of the magnitudes, m and w, associated with either 
point is negative, the dividing point G is to be taken 
on AB produced or on BA produced, according asn or m is 
numerically the greater (irrespective of sign). Thus if the 
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magnitude associated with 5 is — », the distance of the 
point G from the plane TF is 

m.AM—n.BN ,^, 
Z-— (^ 

M — ft 

The result (a) is well known in the composition of two 
parallel forces of like sense acting at A and By while (iS) 
applies to the case in which the parallel forces are of 
unlike sense. 

If parallel forces whose magnitudes are m and n act 
in the same sense and in any common direction at A and B^ 
equation (a) gives the distance of their * centre ' from any 
plane ; while {$) gives the distance of the centre of parallel 
forces of unlike sense. 

The results (a) and (/3) have not, however, been restricted 
to the case in which m and n are forces. These quantities 
may be, as said before, any two magnitudes of the same 
kind — e. g., two masses, two areas, two volumes, &c. The 
case in which one — say n — is negative may also be repre- 
sented by supposing m and — « to be a positive and a 
negative charge of electricity. 

When m and n are quantities of matter, the point G is 
called their centre of mass (see Statics^ vol. i., Art. 90). 

When m and n are positive, the magnitude m+n \s 
associated with G ; and if the magnitude associated with 
-B is — ^, the magnitude m—ni^ associated with G. 

A«, ^ Let there be any number of 

^x^^__^ A3 given points, Jj, A^^ A^,.., 

^^^ ^i% im ^^'^^^ ^^^' 10) with which are asso- 

^rtii) ciated any given magnitudes 

^ig- 10- %, m^y %... respectively, and 

take the centre, g^^^ of the magnitudes m^y m^, then take 

the centre, ^i23j ^^ ^^® magnitude m^^ + m^ at ^^g ^^^ ^^® 

magnitude m^ at A^, then the centre of m^-\-m^-\- m^ at ^123 
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and m^ at A^, and so on. In this way we arrive at a final 
point, G, which is the centre of the whole system of magni- 
tudes. It is required to express the distance of this point 
from any plane in terms of the given magnitudes and the 
distances of their associated points from the plane. 

This is easily done by (a). For, if the distances of 
A^y A2i A.^^... from any plane are, respectively, ^1, ^2> ^s>**- 
and z^ is the distance of ^12 ^^^°^ ^^® plane, we have by (a), 

ZfQ = • 

^^ % + «»2 

Also if ^2^123 is the distance of ^^gs fr^™ ^^® plane, 

% + W22 + «?^3 

2m — — ^— — ^^— ^— ^-^— ^— ^^— ^-^— . 
7/lj^ + ^2 "^ ^8 

Hence, by repeated applications of the simple result (a), 
if z is the distance of G from the plane, 

miZj+m2Z2-{-ni^z^ + m^z.-\- .., 

Z := . , . (y) 

% + »*2 + ^3 + ^4*-' 

-2^ (^^ 

The plane of reference, PP, may be such that some of the 
points are at one side of it and some at the other side. In 
this case some of the z^& are positive and some negative, the 
side of the plane which we take as positive being a matter 
of choice. 

If the points A^, A^,.,. are not all in one plane, to de- 
termine the position of (?, we shall require to find its 
distances from some three planes of reference. If the points 
Ai, -^2,... all lie in one plane, it will be suflScient to find 
the distances of G from any two lines in this plane. In 
this case PP (Fig. 9) may be supposed to be a mere line in 
the plane of the given points, although, strictly speaking. 
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It represeots, in this case, a plane perpendicular to the 
plane of the points. If the points A^^ A^^, , . viW. lie on 
a right line, G lies on this line, and its position will be 
known if its distance from any other line is known. 

When %, ?»2J %»••• ^^® masses, G is their centre ofmasSy 
and equation (y) expresses the Theorem of Mass Moments^ 
the product mz^ of any mass, m, and the distance, z^ of 
its centre of mass &om a plane being called the moment of 
the mass with respect to the plane. 

Cot. The sum of the moments of any masses with respect 
to any plane passing through their centre of mass is zero. 

Even when %, %, wzg,... are not masses, but any magni- 
tudes of the same kind (forces, areas, &c.) we shall refer to 
(y) as the Theorem of Mass Moments. 

When %, ^j, %,... are the magnitudes of a system of 
parallel forces acting at -4^, A^^ A^,.,, in any common 
direction, the point G is called the centre of the system 
of parallel forces. 

It is evident that the distances z^^z^^... need not be per- 
pendiculars ; they may be oblique distances — all, of course,* 
measured in the same direction. 

The work of practical calculation is often facilitated by 
forming tables of masses, distances, and products, in columns, 
as in the following example. 

Examples. 

1 . At the vertices, -4, B, C (Fig. 1 1) 
of a triangle and at the middle 
points, a, 6, c, of the opposite sides 
act parallel forces whose magnitudes 
and senses are represented in the 
figure; find the position of the centre 
of the system. 
j,j J J ^' The position of the centre will be 

known if its distances from any two 
sides^ AB and AC, are known. 
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To find its distance from AB^ let the length of the perpen- 
dicular from G on AB be p ; and form a table of forces and 
distances of their points of application from ii^ as in the fol- 
lowing scheme, taking as positive those forces which act in the 
sense of that at A : — 



Forces. 


Distances 
fromAB. 


Products. 


Distances 
from AC» 


Products. 


10 

-16 

8 

- 6 

— 12 

14 




\p 

p 

\p 







-8;> 

8/> 

-3i> 









\q 
9 

i9 






-35 
— 125' 

75 


— 2 




-3i> 




-8(7 



The sum of the first column answers to 2 m, the denominator 
of (d), p. 29, while the sum of the third column answers to 2 mz, 
the numerator, so that the perpendicular distance of the centre 
from ^^ is 

-3P 



— 2 



or - ». 
2 



Drawing, then, a line parallel to AB at a distance ^p (above 
C), we know that G lies somewhere on this line. 

Denoting the perpendicular from B on AG hj q, forming a 

table (column 4) of distances from AG, and a column (number 

5) of corresponding products, and dividing the sum of these 

products by the sum of the forces, we have the distance of G 

from AC equal to 

-8^ 

~^' ^^ ^^• 
— 25' 

Hence G lies on a line to the right of B distant 4 q from AG, 
The point of intersection of this with the previous line is G, 

2. From a solid homogeneous triangular prism is removed a 
portion by a plane parallel to the base cutting off - of the axis 
measured from the vertex ; find the distance of the centre of 
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mass of the remaining frustum from the base. Let ABC be the 
middle section of the prism perpendicular to its vertex edge, 
and let PQ represent the cutting plane. 

Now the volume of the whole prism is to the volume of the 
removed prism as the area ACB is to the area PGQ ; and since 
the areas of any similar plane figures are proportional to the 
squares of corresponding lines in them {EiLcltd, Book YI. 
prop. 20), 

area FCQ = -^ (area A CB). 

Hence if F is the volume of the whole prism, the volume of 
the small prism = -y , and that of the frustum = f i 2-)r. 

Now let h be the length of the perpendicular from C on AB, 
and equate the mass-moment of the whole prism with respect to 
the base AB to the sum of the mass-moments of the frustum 
and the small prism. Since the centre of mass of a prism is 
distant by ^ of the height from the base, the distance of the 

centre of mass of FCQ from AB is J- + (^i ^A, or 

71 ^ 7i<^ 

h. If, then, os is the distance of the centre of mass of 

the frustum 



h / I \ TT ^ 3^ — 2 






K 



3 ^ n" ^ n^ 371 

3n(7i+i) 

3. From a solid homogeneous cone is removed a portion by a 

plane parallel to the base cutting off — of the axis measured 

from the vertex ; find the distance of the centre of mass of the 
remaining frustum from the base. 

(The volumes of similar cones are proportional to the cubes 
of corresponding linear dimensions. Hence if V is the vol. of 

the whole cone, the vol. of the small cone = -=- T.) 
Ana, The distance = 7^ r^ — - . h. 
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4. From the middle point of one side of a triangle is drawn 
a perpendicular to the base ; find the distance^ from the base, of 
the centre of area of the quadrilateral thus formed. 

Ana. If h is the height of the triangle, ^ A. 

5. Find the position of the centre of area of a trapezium. 

Ana, It is on the line joining the middle points of the two 
parallel sides, and if the lengths of these sides are a and 6, and 
h the perpendicular distance between them, its distance from the 
side a is 26 + a 

6. Prove that the distance of the centre of area of a triangle 
from any plane is one-third of the algebraic sum of the distances 
of its vertices from the plane. 

(The centre of area of any triangle is the same as the centre 
of mass of three equal particles placed at its vertices.) 

7. Prove that the distance of the centre of area of a plane 
quadrilateral from any plane is 

where S« is the sum of the distances of its vertices, and f the 
distance of the point of intersection of its diagonals, from the 
plane. 

11. Continuously Distributed Forces. We shall now 
find the centre of a system of parallel forces distributed 
continuously over a plane area, in a few simple cases which 
do not require the application of the Integral Calculus. 

(i) If normal pressure acts all over any plane area 
in such a way that its intensity is the same at all points, 
the resultant pressure acts at the centre of area (* centre of 
gravity,' so called) of the figure. For, if at any two 
points, A^ B, in the given figure we take any two elements 
of area, the pressures on them are directly proportional 
to the areas themselves, and the resultant of these forces 
acts at a point in the line AB dividing it into segments 
inversely as the forces, i. e., inversely as the areas ; hence 

D 



CI 

/ 



^L _L N 
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it acts at the centre of area of the two elements of area. 
The process, therefore, of finding the point of application 
of the resultant of the whole system of pressures acting on 
the indefinitely great number of elements of area into 
which the given figure can be broken up is precisely the 
same as that of finding the centre of area of the figure. 

A {%)li parallel forces act at 

all points of a right line, 
AB, Fig. 1%, in such a way 
that the force at any point 

p_ _\f -P is directly proportional 

Q \ to the distance, PA^ of P 

from one extremity, A, of the 
line, the resultant force acts 
at the point on AB which is 
^^* ^^' f of the length AB from A. 

For, imagine AB to be broken up into an indefinitely 
great number of small equal parts, PQ ; describe any 
isosceles triangle, MAN^ having AB for height, and from 
all the points, P, Q, . . . of division of AB draw parallels to 
the base MN^ thus dividing the area MAN ijiU> an in- 
definitely great number of narrow strips. The area of 
any strip, QF, is simply proportional to the distance, PA^ 
of the strip from A, Hence the areas of the strips are 
exactly proportional to the given system of parallel forces ; 
but the centre of area of the strips, or centre of area of the 
whole triangle, is § AB from A, This point is, then, 
the centre of the given system of forces. 

(3) If parallel forces act at all points of a right line, 
AB^ Fig. 12, in such a way that the force at any point P is 
proportional to the square of the distance, PA^ of P from 
one extremity, A, of the line, the resultant force acts at a 
point on AB which is ^ of the length AB from A. 

For, imagine AB to be broken up, as before, into equal 
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elements, such as PQ ; describe any solid cone having AB 
for its axis, and let this cone be represented by MAN. 
From all the points of division of AB draw planes parallel 
to the base MN of the cone, thus dividing the cone into an 
indefinitely great number of thin circular plates. The 
volume of the plate at Pis irPF^xPQ, and since the 
thicknesses of the plates are all equal to PQ, the volume 
of the plate is proportional to FF^, i. e., to FA^. Hence 
the volumes of the plates vary exactly as the forces of the 
given system, and therefore the centre of volume of the 
plates is identical with the centre of the force system ; but 
the former (centre of volume of the cone) is ^ AB from A ; 
therefore, &c. 

(4) If parallel forces act at all points of a right line 
AB, in such a way that the force at any point P is propor- 
tional to the product of the distances FA, FB of P from 
the extremities of the line, the resultant force acts at the 
middle point of AB, 

For. taking a point, P', whose distance from B is equal 
to that of P from A, the forces at P and P' are evidently 
equal ; their resultant therefore acts at the middle of AB. 
Hence the system of forces from A to this middle point 
is the same as the system from B to this point ; the re- 
sultant, therefore, of the whole system acts at the middle 
point of AB. 

(5) If each infini- ^ v 
tesimal element of any 
plane area is acted upon 
by normal pressure pro- 
portional conjointly to the 
magnitude of the area and 
to the distance of the ^^S- 13- 

element from a given plane, the magnitude of the resultant 
pressure will be proportional to the product of the whole 
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plane area and the distance of its centre of area from the 
given plane. 

For, let 7/Oxy Fig. 13, represent the given plane, and 
ABCD the given plane area. Take any point, P, in this 
area, and round P describe a very small closed curve whose 
area is s. Let PiV, the perpendicular from P on the plane 
yO^, be denoted by z\ then, by hypothesis, the amount 
of force, /*, on the element at P is given by the equation 

f-k.sz, 

where >i is a given constant. If /, /',... are any other 
elements of area whose distances from the given plane 
are /, /',... the resultant pressure, being equal to the snm 
oif^f\f\ ... of the individual pressures on the elements, 

is equal to ^ (,, + // + ,"/'+...)• 

But if -4 = the area of the whole plane figure, and z is 
the distance, GQ, of the centre of area, G^ from yOxy 

we have .. f / ff ^f . 

Az^ 5-S + // + / V+ 

Hence if P is the resultant pressure, 

P = Jk.A.z (a) 

The student must be careful to observe that the resultant 
pressure does not act at G, but evidently at some such point 
as /, whose distance from the plane ^Oa? is greater than the 
distance of G from the plane. 

In this case, then, the mean intensity of pressure on the 
area is that which exists at G. 



CHAPTER III. 




Fig. 14. 



LIQUID PRESSURE ON PLANE SURFACES. 

Elementary Cases, 

12. Intensity of Pressure produced by Gravity. Let 
AC By Fig. 14, be a vessel of any shape containing water 
or other homogeneous 
liquid. Then at each 
point, P, of the liquid 
the action of gravity pro- 
duces a certain intensity 
of pressure, the magnitude 
of which we proceed to 
find. At P draw an in- 
definitely small horizontal element of area — s square inches, 
suppose — and on the contour of this area describe a ver- 
tical cylinder, PN, Consider now the separate equilibrium 
(Art. 3) of the liquid in this cylinder. 

If PN is z inches in length, the volume of the cylinder 
= z,s cubic inches, and if the specific weight of the 
liquid is w pounds' weight per cubic inch, th6 weight 
of the cylinder = wzs. This cylinder is acted upon by 
a vertically upward pressure on the base * at P and a 
system of horizontal pressures round its curved surface, 
in addition to its weight — omitting, for the present, the 
surfe<3e pressure at N produced by the atmosphere or any 
other cause. 
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K J) pounds' weight per square inch is the intensity 
of pressure at P, the upward pressure on the base s is p ,s. 
Resolving forces vertically, we have, then, 

.' . p = wz, (a) 

which gives the required intensity of pressure. 

If the surface intensity of pressure is p^ pounds' weight 

per square inch, this will be added to the value (a), by 

Pascal's principle ; hence the complete value of p is given 

by the equation 

P = wz-\-Pq (P) 

Observe that we have not assumed the bounding sur&ce 
AB to be horizontal. 

Without any reference to the shape of the surface A£^ 
we can see that the intensity of pressure is the same 
at all points P, Q, ... which lie in the same horizontal 
plane. 

For, di-aw PQ ; at P and Q place two indefinitely small 
equal elements of area, s, perpendicularly to PQ ; form a 
cylinder having PQ for axis and these little areas for 
bases, and consider the separate equilibrium of the liquid 
enclosed in this cylinder. The forces keeping it in equili- 
brium ai*e its weight, a system of pressures all round 
its curved surface, and the pressm*es on its bases at P and Q. 
Resolving forces along PQ for equilibrium, neither the 
weight nor the system of pressures on the curved surface 
will enter the equation ; therefore the pressure on the base 
^ at P = the pressure on the (equal) base ^ at Q; that is, 
the intensity at P = the intensity at Q, 

From this it follows that the bounding surface AB 
on which at all points there is either no pressure, or 
pressure of constant intensity, mnst be a horizontal plane. 

r 
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For, take any two points, P, Q, in a horizontal plane, 
and let their vertical distances below AB be z and /. 
Then by (/3), we have 

wz'-^PQ = wz-ifpQ\ 



z •=^ Zs 



that is, all points in the same horizontal plane are at 
the same depth below the surface AB — which proves AB 
to be a horizontal plane. 

It is usual to speak of the surface, AB, of contact 
of the liquid with the atmosphere as theyr^^ surface of 
the liquid. It is simply a surface at each point of which 
the intensity of pressure is constant, the constant being 
the atmospheric intensity. 

The result at which we have arrived may be also stated 
thus — all points in a heavy homogeneous liquid at which the 
intensity of pressure is the same lie iri a horizontal plane ; 
and from this it follows that if a mass of water partly 
enclosed by subterranean rocks, &c., has access to the 
atmosphere by any number of channels, the level of the 
water will be the 
same in all these 
channels. It is 
to be carefully 
observed that z 
in (a) and (/S) is 
the depth of the 
point P (Fig. 15) ^^^-'5. 

below the free surface — not the distance, P-D, of the point P 
from the roof of the cavity in which the water is partly 
confined. 

We may here, if we please, consider the separate equili- 
brium of a small vertical cylinder of the liquid terminating 
at i>, and we shall have simply the result ()3) in which. 



F]_Li/^_ H cVU_ a_U. 
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however, p^ would now mean the vertical downward com- 
ponent of the pressure intensity of the roof of the cavity at 
D on the water. But the result {0) holds for the intensity 
of pressure at P if PH is put for z^ where H is the foot of 
the perpendicular from P on the plane of the free surfaces 
aby cd, ef of the water ; for, nowhere in the liquid will the 
state of affairs be altered if we imagine the roof of the 
cavity to be removed, and the space hBc to be filled with 
water up to the level he. In this way we shall have a 
vertical cylinder, TH^ unobstructed by the roof, and term- 
inating on the free surface. 

It is usual to illustrate the fact that all parts of the free 
surface of a liquid lie in a horizontal plane by taldng 
a vessel, ABC^ of any shape and fitting into it tubes 
or funnels of various forms, and then pouring water in 
through any one of these tubes, the visible result being 
that the Water stands at the same level in all the tubes. 
This is, indeed, nothing more than the principle of separate 
equilibrium (see end of Art. 3) ; for, these variously shaped 
funnels may be supposed to have been surfaces traced out 
in imagination in a large vessel of water whose free surface 
was fl/j these imagined surfaces being then replaced by 
material tubes, and the outside liquid removed. The level 
of the liquid in each tube would still be af, 

13. Superposed 

A\ 1 r — 7B Iiiqixids. If in a vessel, 

AOB, Fig. 16, several 
liquids be placed as 
layers, one on top of 
another, there being no 
chemical combination 
^, . between them, the 

Fig. 10. on 

common surface of each 
pair of liquids is a horizontal plane. Let the specific 
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weights of the liquids be Wj, Wg, w^g, ... . The free surface, 
AB^ has been already proved to be a horizontal plane 
(Art. 12) ; and the same process will prove CZ>, the surface 
of separation of w^ and w^, to be a horizontal plane. For, 
in the liquid w^ take any two points, Q, Q^ (as in Fig. 14, 
p. 37), in the same horizontal plane. Then by taking a 
slender horizontal cylinder having QQ' for axis, we prove 
that the intensity of pressure at Q = that at Q\ Now 
taking a vertical cylinder Qmu, at Q, considering its 
separate equilibrium, we find that if ;? is the intensity 
of pressure at Q, and Qm = x, mn = y^ 

J) =w^x + w^y. 

Similarly if Q'm'71^ is the vertical line at Q\ and 

p = w^x'+w^y. 
Hence 

But Qn = Q'n\ i.e., a?+y = x^-\-y\ ,\ x—3/ = /—y ; 
so that unless x—x'=o and ^'^y = o, equation (1) will 
give ^1 = z^2, which is not the case, by hypothesis. 

Hence we must have 

Qm = Q'm\ and mn = m'n\ 

and since this holds for all points Q, Q' in the same 

horizontal plane, all points, »^, m\.,, in the surface CD are 

at the same height above the same horizontal plane ; 

therefore CD is a horizontal plane. Similarly, by taking 

two points in the same horizontal plane in the liquid Wg, 

we prove that EF is a horizontal plane. 

If ^1 and A2 ^^® *te thicknesses of the layers w^^ and W2 , 

and if 7? is a point in z^^g at a depth z below the surface, 

jEjP, 01 «^3, the intensity of pressure, /?, at -R is given by 

the equation , , , , 

jJ^zw^A^ + w^A^ + w^z, {%) 
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to which, if atmospheric (or other) pressure acts on the 
uppermost surface AB, must be added p^^ the intensity of 
this surface pressure, so that 

j» = ;'o + ^i^i+^-^^2+^3^ (3) 

Similarly for any number whatever of superposed layers. 

Each layer of liquid, in fact, acts as an atmosphere, 
producing an intensity of pressure on the next layer below 
it equal to 

'f^K (4) 

where w is the specific weight of the layer and h its 
thickness. 

If the /^'s are measured in centimetres and the w*s in 
grammes' weight per cubic centimetre, the above equations 
express J5 in grammes' weight per square cm. 

The method of regardmg any layer of liquid^ even when 
there is only one liquid in question, as an atmosphere pro- 
ducifig an intensity of pressure given hy (4) on the layer 
on which it rests, this intefisity bei?ig then transmitted un- 
altered to all points below (by Pascal's principle) is one 
which we shall frequently employ in the sequel. 

From the general principle [Statics, vol. i.. Art. 121) 
that, for stable equilibrium, any system of material particles 
acted upon by gravity only must arrange themselves 
into such a configuration that their centre of gravity 
occupies the lowest position that it can possibly occupy, it 
follows that in a system of superposed liquids of different 
densities they must arrange themselves so that the density 
of each liquid is greater than that of any one above it. 

Again, if ABC, Fig. 17, represents a vertical section of a 
vessel of any shape into which are poured two different 
liquids, AB and BC, which do not mix, the system will 
settle down into a position in which the centre of gravity 
of the whole mass occupies the lowest position that it can 
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occupy, and the vertical heights, y5, h\ of the free surfaces, 
A and C, above the common surface, B^ of the liquids will 
be inversely proper- / ^^ 

tional to the specific \ \ \ ^^^=^^^ 

weights of the li- ^H \ k M^^^ 

quids. ^^ \ \.j^^^ 

To see the latter, ^^>^ ^^^^^^^^ 

we may take any ^^^^^^^^^^^^^ 

point (most con- ^^S- '7- 

veniently a point in the common surface B) and equate 
the intensity of pressure produced there by everything 
at one side of the point to the intensity of pressure pro- 
duced by everything at the opposite. Thus, let w and vf be 
the specific weights of the liquids AB and BC^ respectively ; 
select a point, P, in the common surface B. Then if 
h is the difierence of level between P and J, the intensity 
of pressure produced at P by the liquid AB and the over- 
lying atmosphere at A is 

Also, A' being the difierence of level of P and C, the 
intensity of pressure at P produced by the right-hand 
liquid and the atmosphere above C is 

There is only one intensity of pressure at P ; hence these 

must be equal ; 7/7/ / x 

^ . • . w ,k = w .A \ (5) 

which shows that the heights of the free surfaces above the 
common surface, B, of the liquids are inversely as their 
specific weights. 

Thus, if AB is mercury and BC water, the surface C 
will be 13*596 times as high above B as the surface A is. 

As an example, let two liquids, AB, BC, Fig. 18, be 
poured into a narrow circular tube held fixed in a vertical 
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plane, the lengths of the arcs occupied by the liquids being 
assigned ; it is required to find their positions of equi- 
librium. 

The figure of equilibrium will be 
defined by the angle, ^, which the 
radius, OB^ to the common surface 
of the liquids makes with the verti- 
cal, OB. 

Let the angles, AOB, BOC, sub- 
tended by the liquid threads at the 
centre of the circle be a, a'; let 
their specific weights be w, «/, re- 
spectively ; and let r be the radius of the circle. 

Equate the intensity of pressure produced at B by the 
one liquid to that produced by the other. The difference 
of level between B and -^ is r {cos ^ — cos (^ + a)}, and this 
multiplied by w is the pressure intensity at B due to 
the first liquid. The difference of level of B and C is 

r {cos ^ — cos (a'— ^). 
Hence 

«? {cos^ — cos(^ + a)} = «6?'{cos 6> — cos(a'— ^)), . (6) 




/ 
w sin" w &ivr — 



tan^ = % 



t ^ (.) 

w sma +«6? sma ^'^ 

The equation (6) is easily seen to express the fact that 
the centre of gravity of the system of two liquid threads 
has, in the position of equilibrium, the greatest vertical 
depth below that any geometrical displacement of the 
two liquid threads could give it. For, the centre of gravity 
of the thread AB lies on the radius bisecting AB and is at 

. a 
sin - 

a distance QtV from {Statics^ Art. i66); its ver- 

a 
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. a 
sm- 

tical depth below is therefore ir cos (- + ^), and 

the weight of the liquid AB is proportional to row?. Hence 
if z is the depth of the centre of gravity, G, of the two 
liquids, we have, by mass-moments, 

a a of ei 

= 'zw^m- COS ( — f- 6\ + 2w' sin — cos ( 0\ . . (8) 

If we make such that ^ is a maximum, by equating to 
zero the differential coefficient of the right side of (8), we 
have the result (6). Of course it follows from the elements 
of Statics that G^ is in the vertical radius 01). (The 
reactions of the tube all pass through 0, &c.) 

14. Pressure on a Plane Area. Let ABCD, Fig. 13, p. 35, 
represent a plane area occupying any assigned position in 
a heavy homogeneous liquid whose free surface is xOi/. 

Then if w (pounds' weight per cubic inch, suppose) is 
the specific weight of the liquid, and z (inches) is the 
depth, FN, of any point below xOi/, the intensity of pres- 
sure at P, due solely to the weight of the liquid, is wz. 
Hence (case 5, p. 35) the resultant pressure on one side 

of the area is . _ , v 

A . z . w, (a) 

where A (square inches) is the magnitude of the area, and z 
is the depth, GQ, (inches), of its centre of area below the 
free surface. 

If on the free surface, xOy, there is intensity of pressure 
(atmospheric or other) of Pq (pounds' weight per square 
inch), this pressure will produce its resultant, Apq, at G, 
and the total pressure on one side of the area is 

A{zw-\-p^) (^) 
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As before pointed out (p. 36) the pressure (a) due to the 
liquid does not act at G^ but at some point lower down. 

If a plane area, 5, Fig. 16, p. 40, occupies an assigned 
position in a liquid on the surface of which are superposed 
given columns of other liquids, the resultant pressure on 
the area is easily found. For, if z is the depth of the 
centre, G^ of area helow the surface EF^ of the liquid w^^ 
the pressure of this liquid is Azw^, where A is the magni- 
tude of the area. Also the column AD produces a resultant 
pressure equal to Ak^ w^ , where h^ is the thickness of the 
column ; the second column produces Ah.^ w^ ; so that the 
total pressure on S is 

Aih^w^-^-h^w^^-zw^', (y) 

and similarly for any number of liquids, the resultant 
pressure will be 

A (h^ w^-\-h<^w^'\-1i^w^'\- ,,,-^z «;J, ... (8) 

where z is the depth of G helow the mrface of the liquid^ w^, 
in which the area lies. 

Examples. 

1. If a plane area, occupying any position in a liquid, is 
lowered into the liquid by a motion of translation unaccom- 
panied by rotation, show that the point of appli( ation of the 
resultant pressure on one side of the area rises towards the 
centre of area, Gy the more the area is lowered. (See Fig. 20.) 

Draw the horizontal plane CD, touching the boundary 
of the area at its highest point, and consider the pressures 
due separately to the layer between CD and the free surface, 
ABy and to the mass of liquid below CD. Since there is no 
change in the position of the area relative to the liquid below 
(7Z), this latter pressure will always act with constant magni- 
tude and point of application, I^ ; but the pressure of the super- 
incumbent layer, always acting at G, increases in magnitude 
with a?, the distance between AB and CD. Hence of the two 
parallel forces — at I^ and G — the first remains constant, while 
the second continually increases ; their resultant, therefore, gets 
nearer and nearer to G as CD is lowered. 
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2. A triangular area of 100 square feet has its vertices at 
depths of 5, 10, and 18 feet below the surface of water; find 
the resultant pressure on the area, the atmospheric intensity 
being 15 pounds' weight per square inch. 

Ana. 1 27' 1 2 tons' weight. 

3. Find the depth of a point in water at which the intensity 
of the water pressure is equal to that due to the atmosphere. 

Ans, About 34 J feet. 

4. A rectangular vessel i foot high, one of whose faces is 6 
inches broad, is filled to a height of 4 inches with mercury, the 
remainder being filled with water; find the total pressure 
against this face, the atmospheric intensity being 15 pounds' 
weight per square inch. 

Ana. About 11 17 J pounds' weight. 

5. Into a vessel containing mercury is poured water to a 
height of 8 inches above the mercury. If a rectangular area 
6 inches in height is immersed vertically so that part lies in the 
mercury and pai-t in the water, find the length of the area im- 
mersed in the mercury when the fluid pressure on this portion 
is equal to that on the portion in the water. 

Ana. Nearly 1-39 inches. 

6. Into a vessel containing a liquid of specific gravity p is 
poured water to a height a. If a rectangular area of height h 
is immersed vertically, part in the water and part in the lower 
liquid, find the length of the area in this liquid when the fluid 
pressures on the two portions are equal. 

. V'(2a— A)^ + /A(2a— A)(i + p) — (2a— A) 
Ana. — ^^ — — ^^ -• 

7. A beaker containing liquid is placed in one pan of a 
balance, and is counterpoised by a mass placed in the other pan. 
If a solid body suspended by a string held in the hand is then 
immersed in the liquid, what will be the effect on the balance ? 

If the string sustaining the solid is attached to the arm from 
which the pan containing the beaker is suspended, and the 
system counterpoised by a mass in the other pan, will the state 
of the balance be the same whether the body is immersed in the 
beaker or not ? 
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8. A straight glass tube is bent so that the two portions, AB, 
BG, are at right angles ; it is held in a vertical plane with the 
point B downward, and the branch BG inclined at the angle a 
to the horizon ; into AB is poured a liquid of specific weight w, 
the length of the column being Z; into BG is poured a liquid 
(w\ V) ; find the position of equilibrium. 

Ana. The length of the branch BG occupied by the liquid 

of specific weight w is — -. — — r— • 

^ ° t«;(i + tana) 

9. Columns of any number of liquids which do not mix are 
placed in a narrow circular tube whose plane is vertical ; find 
the position of equilibrium. 

Ans. If the specific weights are i^j, w^, w^, ... the angles 
subtended at the centre by the threads of liquid a^, Og, a,, ..., 
and if 6 is the angle made with the vertical by the radius drawn 
to the free extremity of the liquid w^, 



tand 



ib\'{-(w^—Wi) cosa^-\-{w^—w^) co8{a^ + a^) + {w^—Wj) cos {(ii + a^ + a^)+ 
{w^—W2).aina^-\-{w2—Ws) am(a^ + a^)-\-{w^ — w^) sin (01 + 03 + 03)+.., 

10. A rectangular area, LMRS, Fig. 19, whose plane is 

vertical, has one side, LM, 
in the free surface of water ; 
show how to divide the 
area, by horizontal lines 
into n strips on each of 
which the water pressure 
shall be the same. 

Let LM = a, LR =: h, 
w = specific weight of 
liquid, and measure the 
depths, a?!, ajg, ajj, ... of the 




Fig. 19. 



successive lines of division, l^m^,l^m^^l^m^y ... each from the 
surface. 

Then the pressure on the rectangle Lm^ = - (pressure on LS) 



>j 
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and so on. Thus, instead of calculating the pressures on the 

separate strips, Lm^y L^m^, L^m^, ... and equating them to - 

n 

of the pressure on LS, we take successive rectangles each having 

OBe side LM in the free surfietce. This is simpler. 

Now the pressure on LS iBah.—.w; the pressure on Zm^ is 

2 

SB OC 

ax^ . — . w ; pressure on Lm^ is ax^ . — . to ; hence 
2 2 



x^=^^h\ .-. x^ — h/s/^^ 



n 



X, 



n ' \/ n 



11. A triangular area, ABC, has its vertex A 'in the surface 
of water, its plane vertical, and its base BG horizontal ; divide 
the area by horizontal lines into n strips on which the water 
pressures shall be equal. 

Ana, The depths of the successive lines of division are 

12. A trapezium whose plane is vertical has one of the 
parallel sides in the free surface of a liquid ; divide the area by 
a horizontal line into two parts on which the liquid pressures 
are equal. 

Let a, h be the parallel sides, the former lying in the surface ; 
let h = height of trapezium; let c=.h—a, and x = depth of 
the required line ; then x is given by the equation 

20(20?'— A')+3aA(2CB*—A^) = o (i) 

The root of this equation which is relevant lies between 

— and —J , which, respectively, correspond to the cases of 
2* 2^ 

examples 7 and 8. 

E 
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€L at/ 

By putting - = ^ and 7 = y, and depriving (i) of its 

C 19 

second term, we have 

4^^— 3^'«+^'— 3^— 2 = o, .... (2) 

where « = y + J ^. Now (2) can always be solved by either of 
the well known results, 

4 cos* ^—3 cos ^ — cos 3 ^ = o, . . . . (3) 
or 4 cosh' ^—3 cosh ^— cosh 3^ = 0.. . . . (4) 

Thus, putting z in (2) equal to 1^ cos ^, we have, to deter- 
mine e, 2+3;^-^ , . 

coB3^=^^^^^6 (5) 

But if the numerator of (5) is greater than the denominator, 
we must put z=^k^ cosh d, and d is to be found from the equa- 

cosh 3^ = ^ (6) 

In either case 3 ^ is known from a table of circular or hyper- 
bolic cosines, and thence z, &c. 

If the horizontal line is to be drawn so that the pressure on 

the upper trapezium == — of the pressure on the whole area, 

the equation for x is 

2nca? + ^nahx^ = (3a + 2c)A', 

which can be solved in exactly the same way. 

When & = o, or the area is a triangle with its base in the 

surface and vertex down, the values of z in (2) are o, -< 9 

the first of which alone is relevant to the problem, since the latter 
two give, respectively, a value of x which is > A, and a negative 
value of X — both of which are jphysimUy impossible. 

13. A cube is filled with a liquid, and held with a diagonal 

vertical ; find the pressures on one of the lower and one of the 

upper faces. 

2 -— I ___ 

Ana, —T=z W and -^ F, where W = the weight of the 

V3 V3 

liquid in the cube. 
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14. A circular area is immersed in a homogeneous liquid, a 
tangent to the circle lying in the free surface, A being the 
highest point of the circle; draw a chord, BC, of the circle 
perpendicular to the diameter through A so that the pressure 
on the triangle ABC shall be a maximum. 

Ans. The distance of BC from J^ is j^ of the diameter. 

15. A triangular area, ABO, occupies any position in a liquid; 
find a point, 0, in its area such that the liquid pressures on the 
parts BOC, CO Ay ajid A OB shall be proportional to three given 
numbers. 

Let a, )3, y be the depths oi A, B, below the free surface ; 
let the ratios of the pressures on the above areas, respectively, 
to the pressure on the whole triangle ABC be /o^, pj, p^; let z 
be the depth of 0, and put a; for z+a-^fi + y; then x is deter- 
mined from the cubic 

-ft. + _^ + _£!_ = I ... (I) 

x—a 05— )3 a?— y a + fi + y 

Assuming a>fi>y, the value of x in this equation which is 
>a is the only one relevant, because the values which are 
between a and fi and between /3 and y give negative values of z. 

The position of is completely defined by its areal co- 
ordinates, i.e., by the ratios of the areas BOG, 00 A, A OB to 
the area ABC. If these ratios are Z, w, n, respectively, the 
equations are ,, ^ ^ / ,^ v / \ 

and two similar, where z is la+ml3 + ny. When z is known 
from (i), I is found from (2) ; &c. 

16. A triangle has its base, BC, in the free surface of a liquid, 
and its vertex, A, down; find a point, 0, in its area such that 
the pressures on BOO, CO A, AOB shall be proportional to three 
given numbers. 

Ans. If the pressures on these areas ai*e to the pressure on 
ABO in the ratios Pi : P2 - Ps? ^^^ ^ ^^ ^^® depth of A, the point 
is the intersection of a horizontal line at a depth h \//o, with 
a line drawn from A to Sk point, F, in BC such that 
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15. Centre of Pressure. Hitherto we have been occu- 
pied with the calculation of the magnitude of the resultant 
pressure on one side of a plane area. We have now 
to consider the point of the area at which this resultant 
pressure acts. Except in the case in which the plane of 
the area is horizontal, this point — which is called the centre 
ofpresmire — is always lower in the area than (?, the cen- 
troid, or ' centre of gravity,' of the area. 

The position of the centre of pressure on a given area 
varies with the position (depth, orientation, &c.) of the 
area in the fluid ; and before determining its position in a 
few simple and frequently occurring cases, we shall lay down 
a general principle, founded on the remark near the end of 
Art. 13, which is often of great assistance in calculation. 
When a plane area — or, indeed, any surface whatever — 
occupies any position in a liquid, we may draw any hori- 
zontal plane whatever in the liquid and consider the column 
of liquid above this plane as playing the part of an atmo- 
sphere — i.e., as producing at all points below the plane 
a constant intensity of pressure, which is transmitted in 
virtue of Pascal's Principle. The most convenient hori- 
zontal plane for this purpose is one through the AigAest 
point of the given area. 

^ Thus, for example, if nrm, 

^^ = =j=^ ^ Fig. 20, is any plane area 

c pz:iz:zi-^ ^^ ^zi^^ z^^ whosc plane is vertical in a 

^E^^^^^^y liquid, and we wish to find the 

^zS^^='S-z; / magnitude and point of action 

^=^;^^^;==^^ of the resultant pressure on 

Fig- 20. one side of this area, we may 

draw a horizontal plane, CB^ touching the contour of the 

area at its highest point, «, and then consider separately 

the pressures due to the layer of liquid between AB and CB 

and to the body of liquid below CB. 
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With regard to the layer ACDB^ if a? is its thickness, we 
know that it produces at all points on CD and at all points 
below (Art. 13) an intensity of pressure equal to 

and since this pressure is uniformly distributed over the 
area nrm^ its resultant is (case i, Art. 11). 

Awx acting at (?, (5) 

where G is the centre of area oinrm and A the magnitude 
of the area. 

Hence, if we knew the magnitude and point, 7^, of 
application of the pressure of the liquid below CB^ we 
should have the magnitude and point, /, of application of 
the pressure of the whole liquid below AB. on the area by 
a simple composition of two parallel forces acting at G and 
I^, This we shall presently illustrate by a few simple 
examples. 

Thus we obtain the fol- a ? b 

lowing construction for the 

centre of pressure, /,on a plane 

area (Kg. 21) occupying any 

position in a liquid : through 

the highest point, », on the 

contour of the figure, draw ^ ^^Fig. 21. 

a horizontal plane, CB^ the 

free surface of the liquid being AB\ from the centroid, G, 

(or * centre of gravity ') of the figure draw a vertical line 

meeting these planes in P and Q ; suppose Jq to be the 

(known) position of the centre of pressure if the surface of 

the liquid were CB\ draw Q/q, and from P draw PI 

parallel to Q7o> meeting Gi^ in /. This point / is the 

required centre of pressure on the area. We shall presently 

proceed to illustrate this method by some simple examples. 
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Special Cases of Centre of Pressure. 

(i) To iitid the portion of the centre of pressure on a 
plane parallelogram^ whose plane is vertical^ with one side in 
the free surface. 

Let ABCDy Fig. 22, be the parallelogram. Let the 
area be divided into an indefinitely great number of in- 
definitely narrow strips, of 
which mnsr h the type, and 
let E and F be the middle 
points of the sides AB and 
CD. Then the middle point 
of every strip lies on the line 
EF. Also if X is the depth 
^'«' "• of the strip ms below AB, 

and w the specific weight of the liquid, the intensity of 
pressure is the same at all points in the strip and (Art. I a) 
equal to wx, and the resultant pressure on the strip acts at 
its middle point, i. e., at the intersection,/, o{ ms with EF, 
Hence the resultant pressure on the whole parallelogram 
acts at some point on EF, Also, since the areas of the 
strips are all equal, the series of pressures on them are 
simply proportional to their distances from AB ; therefore 
(case 2, p. 34) the point of application of the resultant 
pressure is | of FE from E. Denote this point by T. Then 

ET = iFE (a) 

If h is the height of the parallelogram, and p the 
perpendicular distance of the centre of pressure, T, from 
the surface p = %h (a^ 

If the plane of the parallelogram is not vertical, the 
same point, T, will still be the centre of pressure. For, if 
the area is inclined to the vertical at any angle, 0, and x is 
the perpendicular distance off from AB, we have 

X =fE . C0& 6 ; 
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and as is the same for all the strips, the pressnres 
on them will still be proportional to their distances /JE', &c. 

(2) To find the position of the centre of pressure on a 
plane triangle having one side in the free surface, and vertex 
down. 

Let ABD be the triangle. Divide the area, as before, 
into an indefinitely great number of strips, of which ts is 
the type. Let x be the perpendicular distance of this strip 
from the base AB. Now compare this with another strip, 
^/, whose perpendicular distance from B is also x. Let h 
be the height of the triangle, a = AB^ h = the indefinitely 

small breadth of each strip. Then t7i = —j— , a; so that 
(Art. 14) the pressure on this strip is 

^x{h-x)w (i) 

But this is also the pressure on the second strip, fs\ 

For, Ifn' = T «, and the depth of ^'»' is A— a? ; therefore (i) 

is the pressure on this strip. Since each strip is pressed at 
its middle point, and since all the middle points lie on ED, 
the resultant acts at some point on EB, Also we have just 
seen that the pressures along EB are equal at two points 
such that the distance of one from E = the distance of the 
other from B, Hence (case 4, p. 35) the resultant pressure 
acts at the middle jooint, M, of EB ; that is, 

EM=^\EB 0) 

If J» is the perpendicular distance of M from the surface 

P=\h (^') 

Also, whatever be the angle of inclination of the plane 
of the triangle to the vertical, the same point, if, is 
the centre of pressure. 
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(3) To find the position of the centre of jpressv/re on a 
plane triangle having a vertex in the free surface and its base 
horizontal. 

Let AGD be the triangle. Then a combination of the 
two results just proved will enable us to find Q, the centre 
of pressure. For, complete the parallelogram ABDC, Then 
the pressure on the parallelogram is the resultant of the 
pressures on the two triangles. But since all the narrow 
horizontal strips into which the given triangle ACD can be 
divided have their middle points (centres of pressure 
for each of them) ranged along AF, the resultant pressure 
on the triangle acts somewhere on AF, Join the point, My 
of application of one of the two parallel forces to the point, 
y, of application of the resultant, and produce MT to meet 
AF in Q, Then Q is the point of application of the 
pressure on ACl), 

OF FT 

.: AQ=^AF. (y) 

If A is the height of the triangle, and p the perpendicular 
distance of Q from the/r^^ surface^ 

/ = T^; (y) 

and, as before, the point, Q, of application of the resultant 
pressure is the same whatever be the inclination of the 
plane of the triangle to the vertical. 

The result might have been deduced directly from case 3, 
p. 34. For, if the area be divided into strips, we have 

mt = J a, where a = CZ), and x is the perpendicular from 

A on mt. Hence the pressure on the strip mt is j wa^, so 
that the pressures along AFsie proportional to the squares 
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of the distances of their points of application from A, The 
resnltant, therefore, acts at a point f of the way down 
along AF. 

These three simple cases, combined with the principle 
(see p. 4^) of regarding any column of liquid as an atmo- 
sphere, producing its resultant pressure at the centre of area, 
will suflSce for calculations concerning the centres of pres- 
sure of many plane polygonal and other figures occupying 
any positions in a liquid. 

Thus, let the area be nrm^ Fig. 10^ p. 5^^ ; and suppose 
that, if all the liquid above the horizontal plane CI) is 
removed, we know the depth, p^ , of the centre of pressure, 
/q, of the remaining liquid below CD. Then, if Zq is 
the depth of G below CD^ A = magnitude of the area, 
w = specific weight of the liquid, the pressure, ^, at /q is 

AzqW. 

Let X = the thickness of the column AD. Then the 
pressure due to this column = A xw, and it acts at 6, The 
resultant pressure (at 1) is of course the sum of these forces ; 
and if ^ is the depth of i below A£^ we have, by the theorem 
of moments, 

the point /dividing IqG so that 

IG 00 ^^ 

(4) To find the jaosition of the centre ofjaressure on a 
plane triangle occupying any po&ition in a liquid. 

Let ABC, Kg. 2,^, be the triangle ; let A be its area, 
and a, /3, y the depths of its vertices below the free surface 
of the liquid. 

We shall calculate the distance of /, the centre of pressure. 
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from a side BC of the triangle. Let jw be the perpendicular 

from A on BG. 

If through C we draw a horizontal plane, the column of 

liquid above this plane pro- 
duces a pressure equal to 
Ayw 2i,t the centre of area of 
the triangle ABC, i.e., at 
the point whose distance 
from BC is ^p» Hence 

{A yw, ij)) 

represent this force and the 




Fig. 23. 



distance of its point of application from BC. 

Consider now the effect of the liquid below this hori- 
zontal plane through C From B draw the horizontal plane 
cutting the area ABC in the line Bn, and consider separ- 
ately the pressure of this liquid on the SLiess BnC and 
Bnd. 

{a) If, for convenience, we let x and y be the perpen- 
diculars from A and B on the horizontal plane through C, 

the area BnC — A—, and the perpendicular from n on BC 

OB 

is p — . Now the pressure of the liquid below C on BnC 

acts at a point three-fourths of the way down Cm, where m 
is the middle point of Bn, and the distance of this point 

y 

from BC is fjo— . Hence the pressure on BnC and 

the distance of its point of application from BC are re- 
presented by 

^3 as 8 a?'' 



(i) Consider now the pressure on BnA due to the 
liquid below C. Treat the column above Bn Bsan atmo- 
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sphere. It produces pressure at the centre of area oi BnA\ 
and we easily find that this force and the distance of 
its point of application from BC are represented by 

There is, finally, the pressure on BnA due to the liquid 
below Bn. This acts at the middle point oi Am\ so that 
for this force we have 

The sum of these four forces is, of course, 

|^(a + ^ + y)tt^; 

and if the perpendicular from / on BC is denoted by p, we 
have, by moments (Art.. 10) with reference to BC^ 

since x = a — y, y = )3 — y. Hence 

a + Pi-y 

with similar values of q and f, the distances of / from AC 
and AB. 

Now this shows that / is the centre of gravity of three 
particles whose masses are proportional to 

^a + /3 + y, a+2fi + y, a + i3 + 2y, 

placed at A^ B, C, respectively. Or, at A we can imagine 
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two particles (a, s) ; at B two particles (y3, *) ; at C two 
particles (y, s\ where * = a + j3 + y. 

Hence the following simple construction for /: — 
Find the centre of gravity, G\ of three particles whose 
masses are proportional to a, j3, y, placed at A^ £, C respec- 
tively ; join G' to G^ the centre of area of the triangle AJBC, 
and on GG^ take qt ^ \ qq* 

It is also easily seen that / is the centre of gravity 
of three particles whose masses are proportional to a, j3, y, 
placed at the middle points of the bisectors of the sides BG^ 
CA, AB, drawn from the opposite vertices. 

And it is evident that we have also the following con- 
struction for / : at the middle points of the sides of the 
triangle imagine particles whose masses are proportional to 
the depths of these points ; then their centre of gravity is 
the centre of pressure of the triangle. 

The preceding method of finding / has been given for 
the purpose of illustrating the principle (Art. 15) that 
any column of liquid above an area may be treated like 
an atmosphere. For the following much more elegant 
investigation the author is indebted to Mr. W. S. M*^Cay, 
F. T. C. D. 

Take any point, 0, in the area ABC ; let the perpendi- 
cular from on the surface of the liquid be f, the perpen- 
diculars from on the sides BC, CA, AB being x, y, z ; 
also denote the areas of the triangles BOG, CO A, AOB 
by A^5 Ag, A3, respectively. Then evidently the line CO, 
if produced, divides the side AB into segments proportional 
to A| and Ag inversely, while BO divides AC inversely as 
Aj to A3 ; hence is the centre of mean position of the 
points A^ By C for the system of multiples Aj, Ag, A3. If, 
then, A is the area ABC, we have 

A . f= Aj . a + Ag . iS + Ag. y; . . . (i) 
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or, i£ p, q, r are the perpendiculai's from A, -B, C on the 

opposite sides, a y 

C= - .0! + ^ .y-h- .2 (2) 

Now the intensity of pressure at is f . «?, so that this 
can be considered as a superposition of intensities 

a B y 

i. e., of the intensities of pressure which would be produced 
if the sides BC^ CA^ and AB were placed in the surfaces of 

Kquids whose specific weights are - «;, ^ «;, and ^ w, re- 

spectively. Now the first of these liquids would produce a 
resultant pressure equal to 

A X — X " w, I.e., J A aw, 
3 jP 

acting at the middle point of the bisector of BC drawn 
from A (p. 5^). Similarly for the other two liquids ; so 
that the actual pressure on the triangle ABC is the result- 
ant of forces 1 . 1 a ^ 1 a 

iAato, iAfiw, JAyw, 

acting at the middle points of the bisectors ; and its point 
of application is, of course, the same as the centre of gravity 
of particles whose masses are proportional to a, ^, y placed 
at these middle points ; and this is the second of the con- 
structions which we have given above for the point /. 

For simplicity and elegance this proof of our construction 
leaves nothing to be desired. 
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Examples. 

1. A triangular area whose height is 12 feet has its base 
horizontal and vertex uppermost in water; find the depth to 
which its vertex must be sunk so that the difference of level 
between the centre of area and the centre of pressure shall be 
8 inches. , . 

Ana. Four feet. 

2. Find the depth of the centre of pressure on a trapezium 
having one of the parallel sides in the surface of the liquid. 

Ans, If the side a is in the surface and h below, h being 
the height of the trapezium, the depth of the centre of pressure 

2 26 + a* 

and it lies, of course, on the line joining the middle points of a 
and h, 

3. In the last example find the position of the centre of 
pressure by geometrical construction. 

(Break up the area into a parallelogram and a triangle, or 
two triangles.) 

4. The plane of a trapezium being vertical, and its parallel 
sides horizontal, to what depth must the upper side be sunk in 
a liquid so that the centre of pressure shsJl be at the middle 
point of the area % 

Ans, The parallel sides being a and 6, of which the upper, 

a, must be the greater, the required depth = 7 A, where h = 

height of the trapezium. a — 

5. Show how to find, by geometrical construction, the position 
of the centre of pressure on a plane quadrilateral occupying any 
position. 

6. Find the depth of the centre of pressure of a plane quadri- 
lateral in terms of the depths of its vertices and the depth of 
the point of intersection of the diagonals. 

Ans. If a, /3, y, 5, f are the depth of the vertices and inter- 
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section of diagonals, and if « = a+y9+y + d} and 2 a* denotes 
a«+^5» + y2+6^ the depth is 

I g^-2gC+Sa' 

4 «^^C * 

7. A rectangular area of height h is immersed vertically in a 
liquid with one side in the surface ; show how to draw a hori- 
zontal line across the area so that the centres of pressure of the 
parts of the area above and below this line of division shall be 
equally distant from it. 

Ans. The line of division must be drawn at a depth 

2 

8. Supposing a rectangular vessel whose base is horizontal to be 
divided into two water-tight compartments by means of a rigid 
diaphragm moveable round a horizontal axis lying in the base of 
the vessel ; if water is poured into the compartments to diflferent 
heights, find the horizontal force which, applied to the middle 
point of the upper edge of the diaphragm, will keep this dia- 
phragm vertical, and find the pressure on the axis. 

Arts, Let a be the length of the axis, c the height of the 
vessel, h and K the heights of the water in the compartments 

{h>h') ; then the required force is — {h^—V^) 117, and the pressure 

o c 

on the axis is J a (Jif^V^) «^ — 7- (h^—hf^) «?. 

16. Lines of Besistanoe. Supposing Fig. 24 to re- 
present a vertical transverse section, ABCB, of an embank- 
ment which is pressed by water on the side AB (assumed 
vertical), if we take any horizontal section, RQ, of the 
embankment and consider the equilibrium of the portion, 
SQAB, above this section, we see that it is acted upon by 
its weight and also by the water pressure which is a 
horizontal force acting at a point two-thirds of the way 
down AQ. Taking the resultant of these two. forces, its 
line of action, j»X, intersects the section i2Q in a point X, the 
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calculation of the position of wtiich ie of great importance 
in the constrnction of reservoirs, 

As the section RQ varies in position, the point X 
describes a carve which is called a line of reshtance. For 
the simple case in which the embankment is formed of 
homogeneous material and the transverse vertical section is 
a trapeziom, we proceed to give a simple role for tracing 




Kg. 14- 



the positions of the point X for any number of horizontal 
sections. 

To calculate the forces acting on the portion EQAD, 
produce RD and QA to meet in 0, and consider its weight 
as the weight, W, of RQO acting through the centre 
of gravity, G, of this triangle accompanied by an upward 
vertical force, W^, the weight of DAO acting at ff, the 
centre of gravity of the triangle SAO. 

Consider also the pressure against AQbb the pressure, P, 
of watei against OQ, the level of the water reaching tq 
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— this force acting two-thirds of the way down OQ, 
and therefore through G — accompanied by the reversed 
pressure, Iq, of the water against OA^ this force acting 
through g\ and also the reversed water pressure against 
AQ due to a constant head OA, this force acting towards 
the right of the figure through m^ the middle point 
of^Q. 

Let OQz=z y^ OA = y^, «7 = specific weight of the water, 
«?'= specific weight of embankment, m = tan DOA^ I = 
length (perpendicular to the plane of the paper) of the 
embankment. 

Then 

W=.\mlwy, P = i lwy\ W^^\mlw'y^\ T^^\ lwy^\ 

If -B is the resultant of W and P, R^ the resultant of W^ 
and iQ, we have 

It -=•- Vw^-^-m^w'^.y^^ acting at G, 

-Bq = - Vto^-^-m^ w'^.yo^j acting at g, 

and R is parallel to Rq , each making with the horizon an 
angle whose tangent is — tan DO A. To construct this di- 
rection, taking DA to represent w, produce DA to D" so that 
AD' represents «/ ; draw OD' ; then R is perpendicular to 
OD'f and is therefore of constant direction for all sections 

RQ. 

The resultant of the two unlike parallel forces R 2XG and 
i^o at ^ is part of the force acting on the portion RQAD. 
Suppose this resultant to act at the point t on the line gG 
(which, of course, passes through and through the middle 
points, iy «, of AD and DC), 
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Then 

tG __ gO^ 
''' G~g " GgxOa ' 

gO being produced to (f so that ^0 =z 0(/. Hence 

tG.GO'^gO\ (a) 

and this shows that t can be found by drawing a line 
ff parallel to On at a distance equal to gO^ erecting a per- 
pendicular at G to On meeting j^^' in/, and then drawing 
ft perpendicular to/(/. Hence R — Bq acts in the line tr 
which is perpendicular to 01/. 

With this force must finally be coupled the horizontal 
force Iw , OA .AQ acting at m in the sense mH. Denote 
this force by //. Now B-^B^ : H = OH : AO -, for 



= i ^w sec /3 . {y*'—y^\ where /3 = LAOI/^ 
= Iw . A(^ . Om sec /3 
= Iw.AQ.OH. 

Hence in the triangle O^^Tthe sides AO and Off are 
perpendicular and proportional to the forces -ff and R^Rq\ 
therefore the resultant, F^ of these forces is perpendicular 
and proportional to the side AH \ and therefore if we 
produce the lines rt and Hm to meet in jo, the line of a<^tion 
of F^ the resultant force to which the portion RQAD 
of the embankment is subject, is the perpendicular from 
JO on AH, 

Moreover F =: Iw ,AQ ,AH, and therefore this force is 
equivalent to the weight of a column of water having AQ for 
a horizontal base and having a height AH. 

As the section BQ varies, the locus of X — i. e. the line of 
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resistance — is a hyperbola, as is easily proved thus. Take 
the horizontal line through as axis of x, and OB as axis 
of j^, and let QX = x. Now express the fact that the sum 
of the moments of the water pressure against AQ (acting 
two-thirds of the way down AQ) and the weight of the 
portion RQAI) of the embankment about X is zero. 

The latter force may be resolved into the weight of RQO 
acting downwards at G and the (negative) weight of 
DAO acting upwards at p. Our equation is then 

i l^ (y -3foT - i Itv'mf (x^im^) + i lu/my^ (x—\ my^ = o. 

The left-hand side contains y —y^ as a factor. Expelling 
this, and denoting tan ^ by t^ 

{y -2/oT - 3 ^^ (y +yo) + ^^ if ^y^y +^0') = o . (^) 

is the equation of the locus, which is therefore a hyperbola. 
This hyperbola passes through «, the middle .point of 
JLD, and it has for one asymptote the line y+yo = o, i. e. 
a horizontal line at a distance OA above 0. The equation 
of the other asymptote is 

3tx-^(i-\-mt)y + 2yQ=zO,. . . . (i) 

and this line can be easily drawn by means of its intercepts 
on the axes of x and y. 

The intercept on the axis of a? is — y, or — 'jj/i so 

that if (Kg. 25) OL is drawn perpendicular to 01/, this 
intercept is —AL; therefore if A J is drawn parallel to OL 
meeting Ox in J, the asymptote passes through /. The 

intercept on the axis oty is ^ ; but 

I _ OA^ 

i-^-mt" OA^ + I/A.AB' 

now if a semicircle is described on DJ/ as diameter, it will 

¥ 2 
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cut ^ at h so that L'A . AD = A}?^ and if AK is taken 

hence by drawing As perpendicular to OK and si perpen- 
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Fig. 25. 



dicular to OA, the intercept on OJB is 3 Oi, or OT; the 
asymptote is therefore the Kne VJ. The point ^ may also 
be found by producing OK through iT to iS, so that OS = 
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3 0*, and drawing SV horizontal. Taking the vertical 
length Oy= OA^ the other asymptote is the horizontal 
line TE^ meeting FJ in E^ which is the centre of the 
hyperbola. 

Hence we have both asymptotes and one point, ?', of the 
curve, from which data the curve is easily constructed 




:>.-.^P' 



^fr- 



Fig. 26. 

by means of the property that if any line cuts the hyperbola 
and the asymptotes the intercepts between the curve and 
the asymptotes are equal. The relevant portion of the 
curve is represented by the foil line passing through i. 

If the face AB of the embankment is not vertical, 
the line of resistance is still a hyperbola. 
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As before, take AD to represent w, and AI/ to represent 
lo' ; from draw Or perpendicular to AD ; take Or as 
axis of y, and the horizontal line Ox as axis of x\ let 
Or z= ^Q^ m =^ tan i>Or, w = tan AOr, t = tan D^Or\ then, 
by the method of moments before used, the equation of the 
locus (deprived of the factory— ^q) is 

(/+^oy +j^o')-3 (^'- i)yoy-"3^V = o- • (y) 

The curve passes, as before, through the point i ; the 
equation of one asymptote, TE^ found by equating to 
zero the coefficient of the highest power of a?, is 

y = J-'^o^ (^) 

so that the asymptote is found by producing rA through A 
to A' so that rA = AA\ then drawing a parallel A^O' to 
i/O, and measuring OT =0(7. 

The equation of a line through parallel to the tangent 
to the curve at i is 

/{{t — 7i)x — {[m — n)t — 2mn] y, • • • (s) 

In any actual case all the constants, m^ n, t, y^ , will be 
given, and therefore the lines {%) and (3) can be accurately 
drawn. A construction, independent of the numerical 
values of the constants, can be given for the line (2), 
and therefore for the tangent at i. Let a circle round the 
triangle D^Oi cut Or in k\ and let a circle round AOB cut 
Or in y^ ; then. Ok' being supposed > Ok^ measure off 
a length kk^ along Ox towards the left-hand, and along Or 
measure off* a length 2 Ajy ; the diagonal (through 0) of 
the rectangle determined by these lengths is parallel to the 
tangent at /. 

A point on the other asymptote can now be easily found ; 
for, let the tangent at i cut the asymptote TE in e ; then 
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take, along this tangent, i/= ic, and we have the point c' 
on the second asymptote. 

The direction of this asymptote is that of the line 

^tx^{{m — »)^— «2^ — «^+ i}y = o, . . . (4) 

as is obvious from the terms of the second degree in (y). 
Hence when the constants are numerically assigned, the 
direction of this asymptote is easily constructed, and there- 
fore (since it passes through c') the asymptote itself can be 
drawn. 

The circles above described may be utilised for drawing 
this asymptote. For, if a perpendicular to OA at A meets 
Or in /, we see that (4) is equivalent to 

X __ y^-^irh' —rk — rl 

so that if we measure the length i (5^0 + ^ rk'—rk—rt) from 
O along Or and the length ri/ along xO produced through 
O, and draw the diagonal, through 0, of the rectangle 
determined by these lines, the required asymptote is per- 
pendicular to this diagonal. 

The construction of the curve then proceeds exactly 
as in the first case. 

The resultant force to which any portion, RQAJ), of the 
embankment, cut off by a horizontal plane RQ is subject is 
found by exactly the same construction as before — viz. 
bisect AQin m\ draw mK horizontal, to meet Olf in Il\ 
then the resultant force is perpendicular to AH and is equal 
to the weight of a column of water having AH for height 
and for base the vertical projection of ^Q. 

If we adopt the method of fictitiously completing the 
embankment and raising the level of the water to 0, as in 
the first case, we shall have the forces R and Rq acting at 
points C and / which both lie on a fixed line passing 
through ; y is obtained by taking the intersection of the 
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vertical through g with a perpendicular to OA through 
a point two-thirds of OA from 0, The resultant, R — Rq^ 
of R and Rq acts at a point, t\ on the line Og'G' which is 
found exactly as t was before found. The forces R and Rq are 
each perpendicular to OL' ; and, omitting I for simplicity, 

R =i\ wi/^ sec j8, i^o = i ^^0^ ^®^ /^» where ^ ^ Lf 01/, 

Hence the first method of finding the line of resistance, 
by tracing out the locus of X (Fig. 24), applies here also. 

Let us now consider the case in which a section of the 
embankment consists of two trapeziums, ABCD and BEFC, 
Kg. 27, the level of the water being I) A. 

We may suppose FE to represent any horizontal section 
across the second trapezium, the distance between EF and 
BC being y ; and we shall calculate the resultant force, F.^^ 
acting on BEFC by first supposing CB to be the level of 
the water, and then taking account of the weight of ABCD 
and the effect of the column of water between A and B. 

If CB is the water level and everything above is neg- 
lected, the line of resistance through BEFC is a hyperbola 
starting from the middle point of BC^ and the point b in 
which the resultant force, f^^ on BEFC cuts EF is easily 
found. This force f^ is found in line of action as before 
explained — that is, by producing EB and FC to meet in (/, 
taking BC'i BC zziv/iw^ and drawing a horizontal line, 
nR\ through the middle point, ^, of BE to meet UC in 
W', then f^^wy.BH' (5) 

Now the efiPect of the portion ABCD and the water 
column between A and B is twofold : firstly, the water 
column produces on BE a pressure, jo, acting normally at «, 

ai^d :p^wh^.BE, (6) 

or ^wy.BI, (7) 

where h^ is the height of the upper trapezium and / is the 



Liquid Pressure on Plane Surfaces. 



73 




Fig. ay. 



74 Hydrostatics and Elementary Hydrokinetics, 

point in which EB cuts AD ; secondly, the upper structure 
and water column will produce a force, i^j, acting at the 
point a in BC^ this point being that in which BC is inter- 
sected by the hyperbola before described. If m is the 
middle point of ABy and if, as before, AD : AI/ = w : w\ 
and the horizontal line mH cuts 01/ in ZT, we have 

F^^wk^.AH. (8) 

Hence we have only to find the resultant of the forces 

/g, jo, and i^j. This resultant will pass through the point 

of intersection of i^j and the resultant of /gj Pf and also 

through the point of intersection oif^ and the resultant of 

Fi.P- 

Now taking the value (7) of/?, since 

p z=. wy . BI^ and p is perpendicular to BI, 

f^ = wy . BH\ and/2 is perpendicular to BH\ 

it follows that if the resultant of p and f.^ is denoted by 

(^, /g) = '^y • Hl\ and is perpendicular to IH\ . (9) 
and this resultant intersects F^ in %, 
Again, p = wh^. BE, 

F^ = 2^^j . AHy 

so that if ^.Z/ is drawn equal and parallel to HA, we have 
for the resultant (/?, F^) 

(p, F^) = wA^ , EL and is perpendicular to EL, . (10) 

and this resultant intersects /g ^^ ^• 

Hence the line of action, rs, of i^g ^^ known. 

If EN is drawn parallel and equal to H^B, we have 

{p,F,) = tcA,.EL, (11) 

f^^wy.EN, (12) 
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hence if T is the point dividing NL so that 

the resultant of the forces (11), (12) is given by the equa- 

*'«° F^=w{h,+y).ET (13) 

(see Statics^ Vol. I, Art. 23). The line ET is, of course, 
perpendicular to rSy so that the point T may be found by 
drawing this perpendicular. 

Observe that h^-\-y \^ the depth of the line EF below the 
surface, DA^ of the water, so that we have the same rule for 
the resultant force on the section BEFC as that for the 
force on the upper section — viz. it is the weight of a water 
column having for base the vertical projection of IE and 
height ET. 

If below EF there is another section of the embankment 
in the form of a trapezium, the force F^ and the depth of E 
below AD play the same part in the calculation of the 
resultant force on this lower section as that which was 
played by F-^ and the depth of B in the calculation just 
given ; so that this process can be employed for the com- 
plete construction of the line of resistance through any em- 
bankment the section of which can be broken up into suc- 
cessive trapeziums. 

In Masonry Dams for reservoirs the vertical section of 
the upper portion, ABCD, Fig. 24, has often the simple 
form of a rectangle. If in this case the level of the water 
reaches to AD^ the top of the dam, the line of resistance is 
a parabola whose equation referred to the vertical line in as 
axis oiy and the horizontal iD as axis of x is 

so that in is the tangent at the vertex, and the directrix is 
a vertical line to the right of i at a distance from i equal to 
I AI/. The line I/H (Fig. 24) being the vertical through 
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jy^ the resultant force on any section jSQ is perpendicular 
and proportional to AH^ where H is the point (as in the 
figure) in which the horizontal line mB. through m meets 
the vertical line through 1/ \ the resultant force 

= w ,AQ, .AH. 

If the level of the water does not reach to the top of the 
dam, let the top line of the dam be A^ D^ ; then the force 
on any section i^Q is found by tracing the parabola and 
combining the force w .AQ, AH perpendicular to AH with 
the weight of the portion ADDq Aq. The result is this : 
from Aq draw ^^^ parallel to Ql/ and meeting AD in Z; 
then the resultant force is perpendicular to ZH and is equal 
to w.AQ.ZH 

(For simplicity ^ has been omitted in the calculations 
from p. 7^^. This omission amounts to considering the 
forces R, R^^ /?, &c. as those exerted per unit length 
of the embankment.) 



CHAPTEE IV. 



GENERAL EQUATIONS OF PRESSURE. 

(TAis Chapter may he omitted on first reading^ 

17. Equation of Equilibrium of a Fluid under Gravity. 
If in the case of a fluid acted upon solely by gravity 
we imagine the density not to be the same at all points, 
the expression (a), p. 38, for the intensity of pressure will 
no longer hold. For in Fig. 14, p. 37, the weight of the 
cylindrical column PiV will not be wz%y since w varies from 
point to point of its depth. But if 
V) is the specific weight at any depth 
Zy the weight of this cylinder is 
9/wdZy the limits of z being o and 
NP ; and, as before, this weight 
must be equal to the upward pressure 
on the base at P, viz. p . 8, Hence 

p = fwdz 




Fig. 28. 



dp 

• — - = w 
• • ^^ — 

az 



(0 



If, for example, the density varies directly as the depth, 
we have w = hz^ and (i) gives 

JO = I hz^. 

Equation (i) could have been obtained by considering 
the equilibrium of a very small rectangular parallelopiped, 
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PQ, Fig. 28, described with vertical and horizontal sides at 

P. For, if ^ = ai'ea of each horizontal face, and if Q is 

a point vertically below P so that PQ •= dz^ the weight of 

the element is w.sdz, where w is the weight per unit 

volume of the fluid at P. Also the downward pressure on 

the horizontal face at P is jt? . *, where p is the pressure 

intensity at P ; and since the pressure intensity at Q is 

dp 
p + -J- dz, the upward pressure on the horizontal face at Q is 
dz 

g-M ,y\ 

{p-\--r- dz\ 8. Considering the separate equilibrium of 

this elementary parallelepiped, and resolving forces ver- 
tically, we have 

(i^ + 7~ ^^) s =p .S + 1V , sdzy 

dp 

az 
as before. 

If we are measuring force in pounds' weight and length 
in inches, p will be in pounds' weight per square inch, 
z being the depth of the point in inches, and w the weight 
per cubic inch of the liquid at P in pounds' weight — 
in other words, w is the number of pounds mass of the 
liquid per cubic inch at P, 

If force is measured in poundals, the weight per cubic 
inch of the liquid at P is about 32-2 2^, where w is still 
the number of pounds mass per cubic inch at P. 

It is usual to denote the number of units of mass 
per unit volume by p. If then force is measured as a 
multiple of the weight of the unit mass, the equation 
for p is 

dp I X 

Tz^' (^) 
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But if force is measured in absolute units, the number 
of these in the weight of a unit mass being g (i. e. 32-2 
poundals or 981 dynes, according as the " British Absolute " 
or the C. G. S. system is used), w in (1) is pg^ and the 
equation ior p is 

1=''^ <3) 

"With this form of the equation, and the C. G. S. system 
of units, the student must observe that — 

p is in dynes per square centimetre, 

z „ linear centimetres, 

p „ grammes per cubic centimetre, 

g „ centimetres per second per second (about 981). 

If the fluid is of constant density, (i) gives jo = wz^ the 
result which in the previous chapters we have employed 
in the case of water. 

In the case of a gas p, or w^ is proportional to ;? : in a 
subsequent chapter we shall prove that 

T 

p = 2926.9 -p, (4) 

where p is the intensity of pressure in grammes' weight 
per square centimetre, T is the absolute temperature of the 
gas on the Centigrade scale, * is the specific gravity of the 
gas referred to air, and p is the mass of the gas in grammes 

per cubic centimetre. 

T 
Using equation (2), and denoting 2926-9 — by k\ we have 

dp __dz 

7=T' ^5) 

z being measured vertically downwards. If z is measured 
vertically upwards, we have 

dp dz 

7 = -T (^) 
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Integrate this, assuming T constant throughout the 
gas, and suppose that when z -=0 the value of p is jOq » 

then _« 

p-^p^e * \1) 

This gives the intensity of pressure at a height of z 
centimetres in the atmosphere, on the assumption of con- 
stant temperature,* being unity, and jo^ being the intensity 
of pressure at the ground. 

Suppose any gas contained in a pipe, vertical or not, 
closed at the upper end. Let 0* be the point at which 
Z'=.o and p is jp^ ; let P be any point above ; let the 
pipe at be open to the air, so that p^ is produced by the 
atmosphere in contact with the gas at 0. At the point P 
in the pipe the intensity of pressure of the enclosed gas is 
given by (7), and at P just outside the pipe the intensity 
of the pressure, p^ , of the air is given by the equation 

z 

i?i=A^"*^ w 

where h^ = 'X^%6'Q) T^ the gas and the air being assumed to 
be at the same temperature. 

Now if the gas is lighter than air — suppose hydrogen or 
coal gas — k is > >ij , and therefore 

i. e. the gas would escape into the surrounding air if an 
aperture were opened in the pipe at P. At the gas does 
not rush out of the pipe, although a communication is 
established with the air ; the gas at would diffuse into 
the air, but we may suppose that the pipe at contains a 
piston which restrains the gas and on the top of which the 
atmosphere presses. 

The higher the point P in the pipe, the greater the 
ratio of ptop^, and therefore the more rapid the escape of 
the gas when a communication is opened. Hence the gas 
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lights at the top of a house are, if the taps are opened 
to the same extent, brighter than those at the bottom of 
the house ; and, in consequence of this, it is commonly 
said that ' the pressure of the gas at the top of the house is 
greater than that at the bottom ' — a thing which could not 
possibly be true, since gravitation must diminish the 
pressure as the height increases. It is not the pressure 
of the gas that is greater at the top but the velocity of its 
esca})e. 

When a balloon ascends, the neck is, for safety, left open 
to the air, so that the intensity of pressure of the gas at the 
neck is that of the atmosphere at this point ; the gas 
does not rush out at the neck ; but if a valve is opened at 
the top of the balloon, the gas will escape for the reason 
abeady given — viz. that the intensity of pressure of the 
enclosed gas at this point is greater than that of the 
adjacent air. 

If the gas in the pipes were heavier than air, p would be 
< jDi , and the reverse of the above would be true. 

When density is measured in pounds per cubic foot, 
intensity of pressure in pounds' weight per square foot, 
and T is 460 + ^, the absolute temperature on the Fahren- 
heit scale, m 

P = ^y?fi'^'^'^ - P, (9) 

and at a height of z feet in the column of gas we have (7), 
in which k has the value given in (9). 

Since T wiU usually be a large number, if z does not 

-- z 

exceed one or two hundred feet, we may take e * = i — - , 

and we have »(^ o\ 

Z\\ — * I , » 

^ 53-3022,2 xT ^ ^ 

for the excess of gas pressure in the pipes over that of the 

G 
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outside air at a height of z feet ; and in this equation the 
pressures may be estimated in any units whatever. 

18. General Equations of Equilibrium. If the forces 
acting on the fluid are any assigned system, let the force 
per unit mass at P have for components parallel to any 
three rectangular axes the values X, Y^ Zy so that on an 
element of mass dm these forces will be Xdm^ &c. At 
P draw a small rectangular parallelepiped, with edges Pfl, 
P^, Pc, or ^aj, dy^ dz^ parallel to the co-ordinate axes. 
Then, if p is the density of the fluid at P, the mass con- 
tained in this parallelepiped is pdxdydz. 

Consider the separate equilibrium of 

zdm this fluid. If;? is the pressure intensity 

JA y \ at P, the pressure on the &ce bPc is 



J^ 



^z=I^Y^w jp . dydzy and since the pressure intensity 

^ , on the opposite face is » + -7- . dx, the 

p,. 2 pressure on the lace is 

For the equilibrium of the element, equate to zero the 
component of force acting on it parallel to the axis of a?, 
and we have 

Xdm +j) . dydz— (^P + -j- dx\ dydz = o, 

«' I'"'- <■) 

Sh,My |=,r. ..... . (a) 

% = ''• (3) 

by resolving forces parallel to the other axes. 

Each of these equations is a particular expression of the 
general result that at every point in the fluid the line-rate of 
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variation of the intensity of pressure in any direction is equal 
to the component in this direction of the external force per 
unit volume of the fluid — a result which is easily seen 
thus. 

Let PQ, Fig. 30, be an element, ds^ 
of length of any curve through P ; 
round this as an axis describe a cylinder 
of small uniform cross-section, o- ; con- 
sider the separate equilibrium of the 
fluid contained within this cylindrical 
element of volume. If ^ is the external Fig. 30. 

force per unit mass exerted on the fluid 
in the neighbourhood of P, the force on the enclosed 
fluid is F, pads; if /? is the pressure intensity at jy and// 

(which is jD + -^ ds^, the pressure intensity at Q, the forces 

on the ends of the cylinder at P and Q are pa andyo^. In 
addition to these there are side pressures which are all at 
right angles to the axis PQ, 

Resolving forces along PQ, we have 

pa—p'a + F, pads . cos ^ = O, 

where 6 is the angle between F and PQ ; and this is 

the same as dp ^ ^ , v 

-^ =zpF cos (4) 

The equations (i), (2), (3) lead to a certain condition 
which the components X, J, Z, of external force intensity 
at each point must satisfy in order that the equilibrium of 
the fluid may be possible. 

For, we have 



a 2 



(sy 
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Multiplying both sides of the first by Z, of the second by 
X, of the third by Z, and adding, we have 

^r AY dZ\ ^r/flZ dX\ ,,/dX dT^ ,,. 

■^(^- ^) + ^(-^-^) + ^%-^)=°' • (^) 

which is the necessary condition of equilibrium. 

This condition may be thus expressed : for the equilibrium 
of ant/ fluid under external bodily force it is necessary that at 
all points the restiltant force and its curl should be at right 
angles, (This term curl is due to Clerk Maxwell.) Re- 
garded analytically, (6) expresses the fact that the expression 
Xdx + Ydy + Zdz^ if not already a perfect differential, must 
be capable of being rendered so by means of a factor, 
the factor being, as we see, the density of the fluid at each 
point at which the expression Xdx-\- ... is taken. 

Since at each point p is some function of a?, y, Zy we have 

, dp J dp , dp J 

^^^Tx^'^^T/y^ Tz^'^ 

Hence from (i), (a), (3), 

dp = p{Xdx-hYdy'hZdz)i .... (a) 

from which p is known by integration. 

So far, we have assumed only that the body is a perfect 
fluid, sb that our equations all hold for compressible fluids 
as well as for liquids. 

If the fluid is a gas, jo = hp, and (a) becomes 

^ = l{Xda! + rdsf + Zdz). ... (7) 

P K 

Now in all cases in which equilibrium is possible the 
expression 

p {Xdx + Ydy + Zdz) 

must be a perfect differential — since it = dp (see p. la); 
and (6) expresses the condition that this should be the 
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case; but in many cases Xdx-^Tdy + Zdz is a perfect 
differential, i. e. the external forces have a Potential. 

Assuming that the forces have a potential, F, (a) becomes 

dp = pdr. (8) 

If the fluid is a homogeneous liquid, (i), (2), (3), give 

V^j> = pV^F, (9) 

, ^ (P d^ 
where V''=^,+ ^,+ ^,. 

In all cases in which the external forces have a potential, 
their level surfaces^ or equipotential surfaces (Sialics, 
vol. ii, Art. 327) are also surfaces of equal pressure of the 
fluid; for (8) shows that in passing from a point P to 
another close point such that dV=: o, we have dp = o. If 
the density of the fluid is variable, it will be constant 
all over a level surface of the external forces ; for, since 
in (8) the left side is a perfect differential of a fimction 
of X, y, z, the right side must be so, and this requires that 
p is some fimction of F, i. e. 

p=An (10) 

so that at all points for which F is constant p is also 
constant. 

For a slightly compressible fluid, whose resilience of 
volume is i (Art. 8), equation (8) becomes 

and for a gas, since j) = \p, where \ is a constant, 

\^ = dr. (12) 

p 

If the temperature of the gas varies, p = cp{i-hat)f 
where c? is a constant, t is the temperature at any point in 
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the gas, and a is a constant. (This will be explained more 
fully in a subsequent chapter.) Hence, in general, 

dp Xdx + Tdy + Zdz . . 

— = 7 7x > .... (13) 

and if the applied forces have a potential, F, 

dp _ dV . . 

7" c{\+aty ^^"^^ 

so that, since the left-hand side is a perfect differential and 
the right side must also be one, it is niecessary that t should 
be some function of V\ in other words, t is constant along 
each equipotential surface of the external forces. Hence 
for a gas subject to any conservative system of forces 
(i. e. forces having a potential) each level surface of the 
forces is at once a surface of constant pressure intensity and 
a surface of constant temperature. 

19. Non-conservative Forces. If Xdx + Ydy + Zdz is 
not a perfect differential, and if at any point, P, in the 
fluid we describe the surface of constant pressure, whose 
equation is ^ = const., (1) 

this surface will not coincide with the surface drawn 
through P along which the density is constant, i. e. the 
surface whose equation is 

p = const (2) 

These two surfaces will intersect in some curve, which is 
called the curve of constant pressure and constant density 
at the point P. 

We propose to find the direction of this curve at P. 

Let /, w, n be the direction-cosines of the tangent to the 
curve at P ; then if ds is the indefinitely small element 
of its length between P and a neighbouring point Q ; 
and if /? =/ (^, y, z) at P, the value oip at Q is 

f(x + lds, y + mds, z + nds)y 
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/,dp dp dp\ ^ 
i,e. » + (/^ + i«-r- + »^ ) fl*. 
^ ax ay az^ 

Hence, since there is no change ^in the value of jo, 

J dp dp dp , V 

^£+"*|+«£=° ^3) 

or, by the general equations of equilibrium, 

IX^mY^nZ^ o, (4) 

so that PQ is at right angles to the direction of the 
resultant force at P. . 

Similarly, since there is no change in p from P to Q, 
we have jp ^^ ^^ 

^^ + '^^ + '*i=°' • • • • (5) 

and therefore from (4) and (5) we have 

;:«»:«= ^^-^^:^l^-xl^X^-7^^ (6) 

dz dy dx dz dy dx ' 

Now, denoting by A, ^x, v the components of the curl of 
the force, i. a dZ dT 

~~ dy dz 



__dX_dZ 
dz dx 

_dT_dX 
~" dx dy 



{-) 



equations (5) of Art. 18 are 



^i-^Tx^<'^^°' • • • • (8) 

r^_z^+.. = o (9) 

dx dy 
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These last show that (6) become 

l:m:n =1 k: fiivy (lo) 

and the differential equations of the curve are 

dx dy dz , . 

-r = — = — ' (i^) 

from which, by integration, the equations of these curves are 
found. 

Hence the direction of any such curve at any point 
coincides with the direction of the curl of the external 
force. 

If the fluid is a gas whose temperature varies from point 
to point, we have ^ = cp(i + a^), where t is the temperature 
at P, and c and a are constants. Now the previous result 
is absolutely general, whatever be the connection between 
p and p ; and if jo and p are both constant along any curve, 
t must also be constant along the curve. 

When in any case the components of the external force 
per unit mass are assigned — of course satisfying the neces- 
sary condition (6), Art. i8 — there will be several laws 
of density which permit the fluid to be in equilibrium. In 
fact, p may be any of the integrating factors of the ex- 
pression Xdsc + Ydy + Zdz. We shall illustrate this in some 
of the following examples. 

Examples. 

1. If a mass of fluid is acted upon by attractive forces 
directed towards any number of fixed centres, find the equations 
of the surfaces of equal pressure. 

Let the fixed centres be A^, A^, ... ; let the distances of any 
point, Py in the fluid from them be r^, r^, ... ; let the forces per 
unit mass at unit distances from them be fij, fi,, .... Then 
{Statics, Vol. II, Art. 332) the forces have a potential, F, given 
by the equation n ., 
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and, the equipqtential surfaces being also surfaces of equal 
pressure, the equation of any surface of constant pressure is 

i^ + ^+... =(7. 

In the case in which there are only two centres, if one of the 
forces is repulsive, one of the series of surfaces is a sphere, viz. 

that for which C = o, since if — — — = o, each point, P, on 

the surface is such that the ratio PA^ : PA^ is constant, and the 
locus is well known to be a sphere having for diameter the line 
joining the points which divide the line A^A^ internally and 
externally in the ratio f^ : f^. 

2. If a fluid is acted upon by force whose components, per 
unit mass, are at any point proportional to 

determine a law of variation of the density of the fluid, the cor- 
responding surfaces of constant pressme, &c. 

K / denotes a constant force intensity and c a constant 
length, the components of force per unit mass will be of the 

forms ^{y^+yz+s?), &c. 

Hence 

=^p{y^+yz-\-i^dx^-p(i!?-\-zx+y?)dy + p{y?-\-xy-\-y^)dz, . . (i) 

It is to be observed at the outset that the force and its curl 

are at right angles, so that equilibrium is possible, by (6), 
Art. 18. 

The problem is to determine p, as an integrating factor, so 
that the right-hand side of (i) shall be a perfect diflerential. 
The analytical mode of procedure is to consider z at first as 
constant, and to find an integral of the equation 

{2/^+yz+ii?)dx+(s^-\-zx-\-a^)dy = o. 

This is at once found to be 

- 2x-\-z 2 ^ , 2y+z ^ 
- tan"^ — -^ + — — tan^ ^ ,_ = G, 



z 



V3 «>/3 z^z z^z 
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or (« being merely a constant) 

s?—2xy—zx—zy 
Now take the function U, where 

jj^^±y±z__ (,) 

:s^—2xy — zx—zy 

and differentiate both sides with respect to 05, y, and «, consider- 
ing all of them variable. Then, using D for the denominator of 
the right-hand side of (2), 

•\'\{Q?-^f—!!^—2XZ—2yz)dz].. . (s) 
Using (i) to simplify this, we have 

dU=^M^-\{x+y+zfdz^ ... (4) 



2<? 



-^^^dp-U'dz,hj{2) (5) 

Hence dU . 2 c* , /,v 

and since the right side must now be a perfect differential, we 
must have pD^U^ b. constant or any function of jp. Since by (2) 
DU =.x-\-y-\-z, we have, then, 

p{x-\-yJt'zf=^k, (7) 

where A; is a constant. Hence the density at any point varies 
inversely as the square of the distance of the point from the 
plane a? + ^ + 2? = o. 

From (6) we have, then, 

fkf I \ 

_ fk xy + yz-{'ZX 

c" ' x+y + z ' ^ ^ 

which shows that the surfaces of constant pressure are hyper- 
boloids. 

The direction-cosines of the line of constant density and con- 
stant pressure are proportional to the components of the curl of 
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the force, and are, therefore, proportional to y— «, «— a?, a5— y; 
and the differential equations of these lines are 

dx dy dz , . 

= — ^ = (9) 

y — z z—x x—y 

To integrate these, put each fraction equal to 6, where 6 is 
unknown. 

Then dx^e(y-z\ (10) 

dy=:e{z-x), (11) 

dz = e{x-y), (12) 

and from these, by addition, 

dx-\'dy-\-dz = o, 
whose integral is 

a; + 2^ + « = a, (13) 

where a is any constant. Hence the curves in question are 
plane curves lying in planes obtained by varying a in (13). 
Also multiplying (10), (11), (12) by re, y, « and adding, 

xdx-\'ydy-^zdz = o, 
whose integral is 

i>?+f + :^ = 6', (14) 

where h is any constant. Hence the curves lie on spheres 
obtained by varying h ; and as they are plane curves, they are 
circles. 

Of course they lie on the surfaces of constant pressure. 

But, as previously pointed out, this is only one special law of 
density which we have investigated. Many other laws may be 
found thus. 

From (5) we have 

dU+mdz = j^,dp (15) 

Now if <^ is any integrating factor of the left-hand side, 
— ^ = constant will express a possible value of p. But any- 
function of the foim 



■h'^(^-ir) 
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will render the left-hand side a perfect differential ; hence 



P = 



■*(*s?) M 



where <^ is any function, will express a possible value of p. In 

h 
particular, choosing <^ (v) = -r > ^® ^^® 

which gives another simple law of density. The surfaces of 
constant pressure remain the same as before ; for, when (15) is 

multiplied across by Yf% <f> (« — 7^ ) , if c?p = o, we have still 
z — -—z=iG. The actual value of p is, of course, different ; for 

/* T T 

p will now be proportional to / <^ (^ ~ 77) • ^(^ "" Jf) » 
^r«— —J, suppose. 

3. If the components of force per unit mass are proportional 

(y+af, ez, -c(y+a), 

find a law of variation of density, the corresponding surfaces of 
constant pressure, and the curves of constant density and con- 
stant pressure. 

Ans, p = 7 -X . p=^ k(x ), showing the surfaces 

of constant pressure to be hyperbolic paraboloids ; the curves of 
constant density and constant pressure are right lines. 



or 



Also p = -. :^ .(blx ^ ; so that 



P = 



{x{y'\-a)-'Cz} 



2 



will also be possible. 

4. If the components of force per unit mass are proportional 



to 



X 



—a, —Vh^—z^—{x—aY, z, 



find the same things as in the last problem. 
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the curves are circles determined by the intersections of planes 
y^=C with cylinders (a;— a)*+«* = C\ 

Generally, p = J ==r • <^ ( ^h^^^^{x^af-y). 

5. The components of force being proportional to 

cy—hz, az—cx, hx—ay, 
show that the sm*faces of constant pressure are planes passing 

X 7J Z 

through the line - = ^ = - , and the curves of constant pressure 
and constant density are right lines parallel to this. 

6. In a spherical mass of homogeneous liquid, self-attracting 
according to the law of nature, find the pressure intensity at 
any point. 

Ana. If y is the constant of gravitation, at any point, P, 
distant r fix)m the centre, F= 2 7ryp(a*— ^r*), where a is the 
radius of the sphere (see Statics, Vol. IT, p. 299, 4th ed.). 

[The homogeneity of this is thus verified : if m denotes mass, 



m' 



/denotes force, and I denotes length, we know that y '-re" =/> 



• M ^«^ ^^ ^k« • ^i .^^ ^ M ^^ «r« «% ^«4 mm,^ ^ 



P 



also p = ~ ; hence p is of the nature ^ , as it ought to be. 

Since the pressure intensity in a homogeneous sphere is thus 
proportional to the square of the density, we see the nature of 
the assumption made by Laplace {StaticSy vol. i, Art. 174) in 
the case of the Earth — that in passing from stratum to stratum 
the change in the pressure intensity is proportional to the change 
in the square of the density.] 

20. Equations of Equilibrium in Polar and Cylin- 
drical Co-ordinates. Let P, Fig. 31, be any point in a 
fluid, at whiehL the components of force acting on the fluid, 
per unit mass, are X, Z, Z parallel to the rectangular axes, 
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Osc, Oy, Oz ; and let the position of P be defined by the 
usual polar co-ordinates, viz. the radius vector OP ( = r), 

the colatitude, TOz (= Q\ and the 

longitude, xOn (= <^), this last 

^\^ being the angle between the plane 

\ a?0 and the plane containing P and 

,.'''''\ I the axis of z. The arcs in the figure 

/ /^-^/'O y^ are those determined on a sphere 

Jcj^f/^,---^''^^ whose centre is and radius OF by 

\ / the axes and the line OP. 

"'' Sometimes it is convenient to 

^^^' ^^' consider the resultant force per unit 

mass at P as resolved into three 
rectangular components corresponding to radius vector, 
latitude, and longitude, i. e. components along OP, along 
the line at P perpendicular to OF in the plane FOz^ and 
along the tangent at P to the parallel of latitude. 

Producing the great circle zFn to T so that wjT = zF = ^, 
the second of these directions is parallel to OT ; and since 
the third is at right angles to the plane TOz at P, if 
we produce the arc xy io Q so that y Q = a?» = 0, the 
line OQ is parallel to the tangent at P to the parallel of 
latitude. 

Let JR be the component of the force-intensity (i. e. 
force per unit mass) at P in the direction OF ; let be its 
component in the second and <I> its component in the third 
of these directions. 

Now, the axis of x being in any direction, we have 
proved the equation 

so that if ds is the element of length of a curve drawn 
in any direction at P, and S the force-intensity along the 
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tangent to this curve at P in the sense in which ds is 
measured, it follows that 

dp 



ds 



=ipS. 



Taking ds along OP, we have ds = dr ; taking ds along 
the meridian zP at P, we have ds = rdO ; and taking 
d» along the parallel of latitude at P in the sense OQ, 
we have ds = r sin 6 d(t>, since the radius of the parallel 
of latitude is r sin 6. Hence the equations of equilibrium 

are , 

^P ^n 7? \ 



dr 
dp 

Is 

dp 
d^ 



=:z pr.Q, 



= prsin^. 4>. 



(I) 



Eguations of equilibrium in Cylindrical Co-ordinates. By 
the cylindrical co-ordinates of P are meant the distance, z, 
of P from the plane xy^ the perpendicular distance, f, of P 
from the axis of z^ and the longitude, 0, i. e. the angle 
between the plane xz and the meridian plane zOP. Hence 
if ^, ^1, <I> denote the components of force-intensity at P 
parallel to Oz^ perpendicular to Oz, and along the tangent 
to the parallel of latitude. 



dp 
dz 
dp 
dC 
dp 



Tf— P^i' 



\ 



} 



(2) 



= prsin^. <I>. 
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Examples. ' 

1. If a homogeneous liquid is acted upon by gravity, and each 
particle is, in addition, acted upon by a force emanating from a 
vertical axis proportional to the distance of the particle from 
that axis, find the intensity of pressure at any point. 

Adopting the C. G. S. system, measuring forces in dynes 
and masses in grammes, Z •=. —g (the axis of Z being drawn 

vertically upwards), Z^-= f.-, where / is a constant force in 

dynes and a a constant length in centimetres, and 4> = o. 
Hence 

dp ^P j: ^ dp , . 

£=-pr, rr^^-a' d^=°' • • • (3) 

and since dp =i ^ dz •\' -^dC-\- -fr ^<^> we have 
-^ dz dQ d<p 

dp=^-pgdz + pf,-dC; (4) 

... i) = -p(7«+^.CHC, (5) 

where C is a constant. If on the free surface p = 2>o a* all 
points, and the origin is taken at the intersection of the axis of 
z with this surface, we have 

which shows that all the surfaces of constant pressure are para- 
boloids of revolution round the axis of «, their parameters being 

— -r .a. 

/ 

2. If the fluid is compressible and follows the law that p is 
proportional to p at each point ; then, supposing that if at each 
point the intensity of pressure were p^, the density would be p^, 

we have pz=i p^. — , and (4) becomes 

f=g(-^+» « 
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the integral of which is 






p^Ce^^ '" % (8) 

where C is a constant. If the origin is taken as hefore, C is the 
constant intensity of pressure on the free surface, and the 
surfaces of constant pressure are still paraboloids of revolution. 

3. If a mass of homogeneous liquid surrounds a sphere of 
uniform density, and is subject to the attraction of this sphere 
as well as to a force emanating from a fixed axis through the 
centre of the sphere and proportional to the distance, as above, 
we may employ either the general equations of Ait. 1 8 or cy- 
lindrical co-ordinates, or we may take as co-ordinates r and f 
simply. Thus, if the attraction of the sphere (not represented 

in the figure) per unit mass at P is represented by A; 3 , where 

e is a constant length in centimMres and k a constant force in 
dynes, we have 

l = -''*^5 | = P/^; (9) 

and since dp -s^ •— d/r ■\- —^dC^^ we have 

^ C 
dp'^-ph-;^d/r-\-pf-^d(i, (10) 

... ^= p^^+^f^ + C', (11) 

where C is a constant. If Oz cuts the free surface where r=^Ri 
and if />o ^ ^® pressure intensity on the free surface, 

4. Suppose a homogeneous sphere at rest surrounded by an 
atmosphere whose particles attract each other and are attracted 
by the sphere according to the law of nature ; it is required to 
find an equation for the intensity of pressure at any point of the 
atmosphere. 

The surfaces of constant density in the atmosphere will be 
spheres concentric with the nucleus. Let P be a point in the 

H 
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atmosphere distant r from the centre, 0, and M = mass of 

nucleus. Then, if y is the constant of grayitation, with the 

units of the C. G. S. system the attraction at F per unit mass is 

yM 

^—r- due to the nucleus, and in addition to this there is the 
r 

attraction of that portion of the atmosphere contained within 

the sphere of radius OF ; the portion outside this sphere, since 

its layers of constant density are spherical shells with centre 0, 

exerts no attraction at P (Statics, vol. 11, Art. 319). 

To find the attraction due to the portion of the atmosphere 

within the sphere of radius OF, describe a sphere of radius x, 

less than OF ; let p^ be the density (grammes per cubic cm.) on 

its surface, and describe another sphere of radius x + dx; iheu 

the mass of the shell contained between these spheres is 

47rp'a5*cfo3, and its attraction per unit mass at F is 4'3ryp' —-j- 
(StaticSy ibid.). ^ 

Hence the equation for p a.t F is, since the resultant force is 
directed from F to 0, 



I dp yM 4 Try 



where a is the radius of the nucleus. 

To form a differential equation for jp, multiply both sides by 
r^, and then differentiate both sides with respect to r. Now 
observe that p' is some function of x, and that we are differ- 
entiating the integral at the right-hand side with regard to its 
upper limit, so that the result of this differentiation will be the 
function under the integral sign with the upper limit, r, substi- 
tuted for X (see Williamson's Integral CalcuLus, Art. 114, or 
Greenhill's Diff, and Int, Cal,, Art. 207). 

Hence d 7^ dp 

gT , , 

in which p = hp, where k = 2926'9 — , as will be seen in a 

subsequent Chapter; therefore 

|(j|) + ^V = o. ....„) 
The integral of this equation can be presented in a series If 
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4 'Try 

-p- is denoted by ft, a particular value of p is given by the 

equation p = — - . Now assume 

^ = P' ^4> 

where (f> is an unknown quantity, and change the independent 

variable from r to - • 

I ^ . 

Denoting - by x, and putting log <^ = ^, equation (3) be- 
comes ^ 

^^ + ,^e*-^)^o (5) 

Let - be denoted by c, and expand ^ in powers of a— c 
according to the formula 

where y\fQ, ("T") > ••• ^^ ^^® values of ^ and its differential 

coefficients at the surface of the solid nucleus, i. e. where x = c. 
In calculating the successive differential coefficients 






by successive differentiations of (5) in terms of the unknown 
and arbitrary constants ^^ and (-r-) , it will be found con- 







venient to take e^^ = A and ( -^-^ = - -S, so that A and B 

^dx^o c 

are the two arbitrary constants which belong to the integral 

of (5).. 

It will be seen that all the coefficients in (6) at the right-hand 

side vanish for the particular values A = i, i5 = o, and the in- 
tegral then obtained is i/f = o, i. e. <|) = i, or 2> = — 2 * 

fxr 

-. ^ '' 

H JJ 
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21. Centre of Pressure. Hitherto in finding the position 
of the centre of pressure on a plane area we have confined 
our attention to areas of simple forms, such as triangles, 
quadrilaterals, &c. We shall now consider a plane area 
of any form occupying an assigned position in water, 
or other liquid, subject to the action of gravity only. Let 
the area be rnm^ Fig. 20, p. 52. If we draw at a depth z 
below the surface AB oi the liquid a horizontal line, and 
another line parallel to this at the infinitesimal distance dz 
below it, denoting the length of the line intercepted by the 
area mm by y^ the pressure on the strip contained by these 
close lines is wzydz^ where w = specific weight of the 
liquid ; and this pressure acts at the middle point of 
the strip, therefore its moment about AB is wz^ydz. Now 
the whole pressure on the area rnm\& Azw^ where A is the 
magnitude of the area and z the depth of (z, its centre 
of area ; hence if ^ is the depth of the centre of pressure, 

fzHdz , . 

in which y is a known function of z when the form and 
position of the area are assigned. 

The position of the centre of pressure may be otherwise 
expressed thus. At any point in the surface of the liquid 
draw two rectangular axes, Ox, Oy, and draw the axis of 
Oz vertically downwards ; break up the area rnm into 
infinitesimal elements ; let a?, y, z be the co-ordinates of 
any point, P, in the area at which the element of area is dS, 
Then the pressure on this element is wzdS. Hence the 
co-ordinates of the centre of pressure, /, are 

fxzdS fyzdS fzHS 
~7^dS' fzdS ' fzdS' 

If at afl points on the contour, rnm, of the area we draw 
vertical lines terminated by the surface of the liquid, the 
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centre of gravity of the cylinder of fluid enclosed by these 
lines and the area mm lies on the vertical through /, 
midway between / and the surface. For, if rfo- is the pro- 
jection of d Son the free surface of the liquid, the elementary 
cylinder standing on dS has for volume zda, and the co- 

ordinates of its centre of gravity are a?, y, - ; hence the 

co-ordinates of the centre of gravity of the whole cylinder 
are fxzdcr fyzdcr . fz^dcr 

fzd(T fzd(T ' fzda- 
and if is the angle between the plane of the area r ;tw and 
the horizon, it is evident that d(T = cos 6 .dS, so that 
in the numerator and denominator of each of these last 
expressions we may replace da hjdS, and the result is 
then obvious. 

The position of the centre of pressure on a plane area can 
be very easily expressed with reference to the principal 
axes of the area at 
its centre of gra- 
vity, G^. Thus, let 
CDH (Fig. 32) be 
the plane area, its 
plane being in- 
clined to the ver- 
tical at any angle, 
; let GA and G£ Fig. 32. 

be its principal 

axes at G, intersecting the surface of the liquid in A and 
£; let GN(=^ K) be the perpendicular from (r(in the plane 
of the area) on the line AB^ and let GN make the angle 
a with GA, 

The equation of AB with reference to GA and GB as axes 
of X and y^ respectively, is 

X cos a +y sin a —h = o ; 
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and if P is any point in the area at which the element of 
area dSv& taken, the perpendicular Pn from P on AB is 
^— a? cos a— y sin a, if a?, y are the co-ordinates of P with 
reference to GA and GB, Hence the perpendicular, P^, 
from P on the surface of the liquid is 

{h'-x cos a —y sin a) cos ^, 

and the pressure ondS ia 

w(A— X cos a—y sm a) COB 6 ,dSy ... (a) 

where w is the weight of the liquid per unit volume. Now 
take the sum of the moments of the elementary pressures of 
which (a) is the type about GA and equate it to the 
moment of the resultant pressure, A x GT. w, where A is 
the area and GT the perpendicular from G on the surface. 
If (^, rj) are the co-ordinates of /, the centre of pressure, 
we have 

w Ah coQ B , r\ -=. w cos 6 J* {A — x cos a —y sin a) yd S . (2) 

z= — w cos $ sin ay*y^ d S, 

the other integrals vanishing since the principal axes at 

the centre of area are those of co-ordinates. Now J^y^dS 

is the moment of inertia of the area about GA, which 

we shall denote by A . k^^ k^ being the radius of gyration 

of the area about GA. Hence, finally, 

^2 
-n =--|-cosa; (3) 

and in the same way, equating the moment of the whole 

pressure about GB to the sum of the moments of the 

elementary pressures of the type (a), we have 

^2 
^ = - y sin a (4) 

Thus the co-ordinates are independent of the inclination 
of the given plane area to the vertical, as we have previously 
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pointed out, so that if tlie area were turned round tlie line 
AB in which its plane intersects the surface of the liquid 
through any angle, the centre of pressure, /, would continue 
to be absolutely the same point in the area. 

The expressions (3), (4) lead at once to an obvious geo- 
metrical interpretation, viz. — construct the ellipse whose 
equation with reference to GA and GB is 

1- ^— = I • 

take the pole, Q, of the line AB with reference to this 
ellipse; the co-ordinates of Q are ( — £, — r;), so that if 
the line Qff is produced through (? to /so that GI— QG, 
we arrive at /, the centre of pressure. 

These expressions (3), (4) give us at once some simple 
results concerning the motion of the centre of pressure 
produced by various displacements of the given area. 

Thus, if the area is rotated in its own plane about G, 
while G is fixed, the only variable in the values of f , »; is a ; 
and if this is eliminated from (3), (4), we have 

which is the locus described in the area by the centre of 
pressure — viz. an ellipse. 

To find the locus described in this. case by the centre 
of pressure with reference to fixed space, refer its position 
to the line GN and the horizontal line through G in the 
area as axes of of and j<', respectively. If (a^, y') are the 
co-ordinates of / with reference to these axes, we have 

^ = a?' cos a — y sin a, 
r; = a?' sin a + j^ cos a. 
Substituting the above values of £, r;, and eliminating a, 
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which shows that / describes a circle in fixed space, the 
centre of the circle being on the vertical through G, 

Again, if the area is lowered into the liquid without 
rotation, h is the only variable in (3) and (4), by eliminating 
which we have ^ ^2 



^ = ^,tana, 



(7) 




which shows that / describes a right line in the area ; and 

it describes also a 
right line in space, 
for (7) gives a 
linear relation be- 
tween x\ y\ and 
constants. 

Let us next sup- 
pose the plane of 
the area to have 
any position what- 
ever, which we 
shall define in the 

usual way by the 
Precession and Nutation angles ^, <^, ^. 

Take the vertical Gz' as axis of /, and any two rectangular 
horizontal lines, Gx\ Gy\ as axes of x' and y\ Let Gx^ Gy 
be the principal axes at G in the plane of the given area, 
while Gz is the axis perpendicular to this plane. 

Then, since the direction-cosines of Gz with reference to 
the axes of x^ y, z are 

— sin V^ sin Oy cos V^ sin ^, cos 6, 

the length of the perpendicular from any point (a?, y, o) in 
the given area on the free surface AB is 

^ + a? sin i/r sin —y cos i/r sin Q, 
This multiplied by w d% gives the pressure on the element 
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of area, and the total moment of pressure about Gx is 
— Ak^w cos i/r sin 6, Hence, as before, 



k 



2 



^= -|- sin V^ sin (9, (8) 

^2 
r; = — -^ cos \/^ sin ^ (9) 

Suppose the area to be rotated, Kke a rigid body, round 
any line, GL^ fixed in space, the direction-cosines of this 
line being I, m, n with reference to the space axes G^a?', Gy\ 
G/. Then the angles between GL and the principal axes 
Gx^ Gy, Gz are all constant, and if we denote their cosines 
by A, /i, i;, respectively, we find, by eliminating and V^ 
from (8) and (9) by means of the constants X, /i, i;, the 
e(}uation 

which gives the curve described in the area by the centre 
of pressure 

This agrees with (5) for the case in which the plane of 
the area is always kept vertical ; for in this case 

= - 9 xj/ = —a, V = I, n = Oy A = fx = o. 

If the line GL is any one in the plane of the area i; = o, 
and the locus described by / in the area is a right line, 

4' + ^^+^=° ("^ 

Examples. 

1. Find the position of the centre of water pressure on a 
circular area whose plane is vertical and whose centre is at a 
given depth. 

Take as the principal axes of reference at G the vertical and 
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horizontal diameters, and let h be the depth of Q, Then in (3) 
and (4) we have a = o and h^ = ^j' = ^ r", where r is the 
radius of the circle. 

Hence ^ r^ 

so that / is on the vertical diameter at a depth A H — 7 from 
the free surface, ^ 

If the area is just immersed, h = r, and the depth of / is 

In the case of an elliptic area whose centre is at a depth ^, 
and whose major axis makes an angle a with the vertical 

f = =- cos a, ry = r sm a, 

4A 4^ 

where a and h are the semi-axes. 

2. Find the pressure on a plane vertical area whose position 
is given in a slightly compressible liquid. 

Supposing, definitely, the units of the C. G. S. system 
adopted, we have for the intensity of pressure at any point P, 

i=» (■) 

where z is the depth of P in centimetres below the free surface. 

Also from (y), p. 22, x^ = - x"' where h is the resilience of 
volume. ^^ ^ ^^ 

These give by integration 

9 = ^, (2) 

where p^ is the density at the surface of the liquid. Now since 
k is very great, we may neglect 75 , and we have 

which indicates a uniform density superposed on a density vary- 
ing directly as the depth. 
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SabstitutiDg this in (i), we have 

i' = m(* + f94 •••■•• (3) 

Let A be the magnitude of the given area, and z the depth of 
its centre of area. 

If dS is the element of area at P, the whole pressure is fpdS", 
and ii fi^dSy which is the moment of inertia of the area about 
the line AB (Fig. 32) in which its plane intersects the surface, 
is denoted by A A', while fzdS =• Az^ the resultant pressure is 

in dynes. Dividing this expression by ^, we have the pressure 
in grammes* weight. 

3. Find the position of the centre of pressure on any vertical 
area which is symmetrical with respect to its principal axes at 
its centre of area, when immersed in a slightly compressible 
fluid. 

With the notation of p. 103, and denoting the radius of gyra- 
tion of the area about the line AB (Fig. 32) by X, we have 

f=-^cos«{x+fg(.A'-A^)|, 

4. Assuming the resilience of volume of sea water to be, in 
C. G. S. units, 2'33 x io^° (see p. 22), and that i mile= 160933 
centimHres, find the fractional increase in density at a depth of 
I mile in the ocean. 

A7i8, From the equations 

1 = 9^^^' 
we have .^dp 

9 



Po 2.33 X io^°— 98ipo« 
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where p^ is the density at the surface. Taking p^ = 1-026, we 
find at the depth of a mile 

= , nearly. 

Po 142-8 

5. Assuming the resilience of volume of sea water to be con- 
stant at all depths, find what the depth of the ocean should be 
at a point where the density of the water is double the surface 
density. 

Ans, Nearly 71-92 miles. 

6. Kepresent graphically the densities of sea water at points 
on a vertical line drawn downwards from the surface. 

Let be the point on the surface, OA the vertical line drawn 
downwards to the point, A, at which the density would be 
doubled; produce OA to G so that OA = AC; draw a hori- 
zontal line, CHj through C, Then if the densities at various 
points on OC are represented by ordinates drawn at these points 
perpendicularly to OC, their extremities trace out a hyperbola 
whose centre is C and asymptotes CO and CJB^. 

7. If the density of a fluid varies as any given function of the 
depth, find the depth of the centre of pressure on a plane 
vertical area. 

Ans. If p = f(z\ the depth of / is - ^fjfltl ' 

/f(z) dS 

8. A rectangular area, ABCD^ has one side -4^ in the surface 
of water and its plane vertical. If it is rotated about a hori- 
zontal axis at A, find the curve described in the area by the 
centre of pressure so long as the whole area continues immersed. 

Ans. If AB =z 2 a, AD = 26, the centre of pressure traces 
out a right line in the area. This line is thus constructed : let 
G be the centre of area of the rectangle, m and n the middle 
points of DC and CB respectively; take a point p on Gm such 
that Gp = \Gm, and a point q on Gn such that Gq=i \€hi\ 
then the line joining ^ to 9' is that described in the area by the 
centre of pressure. 

9. A plane area of any form occupies a vertical position in 
water. If it is rotated in its plane about any point in the area, 
find the curve traced out in the area by the centre of pressure. 
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Ana* Let be the point about which the area turns, G the 
centre of area, a, ^ the co-ordinates of with respect to the 
principal axes at ^, A = the perpendicular from on the sur- 
face of the liquid, the radii of gyration being as in p. 103 ; then 
the equation of the locus referred to the principal axes at G is 

which will be a hyperbola, an ellipse, or a parabola according as 

GO >h, GO < K or GO = h. 

If is in the surface of the liquid, so long as none of the area 
is raised out of the liquid by rotation about 0, the locus is a 
right line. Thus if a plane polygon of any shape has a corner 
in the surface of the liquid round which the polygon is turned, 
the centre of pressure describes a right line so long as the whole 
area remains immersed. 

10. Find the position of the centre of pressure of a semicir- 
cular area whose diameter is in the surface of water. 

Atis, If r is the radius of the circle, the centre of pressure 
is at a distance ^ r from the horizontal diameter. (The centre 
of gravity of a semicircle is — from the centre.) 

11. If the diameter is horizontal and at a depth A, find the 
depth of the centre of pressure. 

Ana. - • ^-7- below the horizontal diameter. 

4 4^ + 3^^ 

12. Find the position of the centre of pressure on a semicir- 
cular area whose bounding diameter is vertical with one ex- 
tremity in the surface of water. 

4^ 
Ana. Its distance from the vertical diameter is — , and its 

depth is I r. 3'"" 

(The point is on the vertical through the centre of gravity, G, 

of the area, since this is one of the principal axes at G.) 

1 3. Find the position of the centre of pressure on a semicir- 
cular area completely immersed in water, the bounding diameter 
being inclined at an angle a to the horizon and having one 
extremity in the surface of the water. 
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Ana, The distances of the centre of pressure from the 
bounding diameter and the diameter perpendicular to it are,' 
respectively, 

r 3-71 cos a + i6 sin a . r ^-Tisina 

and -• 



4 4 cosa+3 7r sma 4 4 cosa + 3 tt sina 

1 4. An eUiptic area is immersed vertically in water ; if it is 
displaced by rolling along the surface of the water, find the locus 
described in the area by the centre of pressure. 

Ana, A similar, similarly placed, and concentric ellipse 
whose axes are each \ of the corresponding axes of the given 
ellipse. 



CHAPTEE V. 



PEESSUBE ON CUEVED SUEPACES. 

22. Principle of Buoyancy. If any curved closed 
surfece, M (Fig. %^ p. 5), be traced out in imagination in 
a heavy fluid the pressures exerted on all the elements 
of this surface by the surrounding fluid have a single 
resultant, which is equal and opposite to the weight of the 
fluid enclosed by Jf. 

This is evident, because the fluid inside Jf is in equili- 
brium under its own weight and the pressure exerted on 
its surface by the surrounding fluid ; hence this pressure 
reduces to a vertical upward force equal to the weight 
of the fluid inside M and acting through the centre of 
gravity of this fluid. 

This is obviously true whatever be the nature of the 
fluid — liquid or gaseous, homogeneous or heterogeneous. 

If the curved surface M is not one merely traced out 
in imagination in the fluid, but the surface of a solid body 
displacing fluid, the result is the same — 

the restdlant pressure of a heavy fluid on the surface of any 
solid body M is a vertical upward force equal to the weight of 
the fluid which could statically replace Jf, and this force 
acts through the centre of gravity of this replacing fluid. 
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F^g. 34. 



Let Fig. 34 represent the solid body, which we may 
imagine to be a mass of iron, the surrounding flui4 being 
water, air, or any fluid acted upon by gravity. The body 
is represented as held in its position by cords attached 
to fixed points, (7, i?, ..., and the arrows represent pressures 
exerted on its surface by the fluid at various points. 

Now it is quite clear that if the iron body were replaced 

by one having exactly 
the same surface and 
occupying exactly the 
same position, the pres- 
sure on each element of 
its surface would be 
identically the same as 
before, of whatever sub- 
stance the new body 
maybe. Ifthenewbody 
were of wood, or instead of being solid were a thin hollow 
shell, it might be necessary to keep it in the position re- 
presented by means which prevent its rising up out of the 
fluid ; but we are not at all concerned with the forces which 
keep the body M in equilibrium ; our object is merely to 
ascertain the resultant, if any, of the fluid jsressiires exerted 
in the given position on its surface. 

In general, a number of forces acting in various lines 
which do not lie in one plane have no single resultant : 
their simplest reduction is to two forces whose lines of 
action do not meet (Statics, vol. ii., chap. xiii.). But it 
is remarkable that the pressures exerted on the various 
elements of any closed surface by a heavy fluid Aave a single 
resultant ; and the truth of this we see by imagining the 
place occupied by M to be occupied by a portion of the fluid 
itself, placed in the vacancy without disturbing any of the 
surrounding fluid. 
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With regard to this replacing fluid, observe two things : 
firstly, it is in equilibrium ; secondly, it is kept so by its 
own weight and the very same system of pressures as that 
which acted on the body M, since this body and the re- 
placing fluid present identically the same surface to the 
surrounding fluid. Hence, then — 

the system of pressures has a single resultant which is a 
vertical upward force equal to the weight of the statically 
replacing fluid and acting/ through the centre of gravity of this 
fluid. 

The centre of gravity, JT, of the replacing fluid is called 
the centre of buoyancy ; and, so far as the general principle 
of buoyancy is concerned, there is no relation between II 
and the centre of gravity, (?, of the body ; nor is there any 
relation between the weight, W^ of this body and the 
weight, Jy, of the displaced fluid. 

If the fluid is water, or any homogeneous liquid, the 
resultant pressure is the weight of the liquid which would 
flow into the vacant space if M were removed ; but if the 
density of the fluid is different in different layers, we must 
not imagine the replacing fluid to be that which would 
flow in when M is removed, but rather to be a continuation 
of the surrounding fluid placed in the vacancy without any 
disturbance of the external fluid, and having the same 
snr&ces of equal density as this fluid. The distribution of 
this replacing fluid is unique and determinate, as will be 
subsequently proved. 

Cob. I, Pressure of uniform intensity exerted over any 
closed surface produces no resultant. 

For, imagine the closed surface to be one traced out in 
a perfectly weightless fluid — or a very light gas — whose 
surface is subject to any pressure. 

The intensity of pressure will be uniform throughout the 
whole fluid, and therefore over the given surface ; and by 

I 
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what has just been said, the resultant pressure over this 
surface is equal to the weight of the enclosed fluid — that is 
to say, zero. 

This result can, of course, be proved mathematically ; for, let 
dS be an element of the surface at any point, P, (x, y, z)^ let p 
be the constant intensity of pressure, and let the origin of co- 
ordinates be any point inside the surface. Then there is no re- 
sultant force parallel to the axis of x ; for, if the element.cZ/S' be 
projected orthogonally on the plane yz by a slender cylinder, and 
the sides of this cylinder be produced through the plane yz so as 
to meet the surface again in an element of area dS' at a point 
P\ the projections of dS and dS' on the plane yz are numeri- 
cally equal but of opposite signs ; hence the pressures 'pdS and 
pdS' at P and P' neutralize each other in the direction of the 
axis of X ; and in the same way the pressures at the ends of all 
other cylinders parallel to the axis of x neutralize each other in 
this direction, so that there is no force parallel to this axis ; and^ 
similarly, no force in any direction. 

Thus the area of the projection of any closed surface on any 
plane must be considered as zero. In symbols, ffdydz taken 
over any closed surface is zero. 

In fact, in several investigations of mathematical physics, 
each element, dB, of a surface may usefully be represented by a 
vector, i. e. a directed magnitvde, by drawing at the mean point, 
P, of the element dB a normal to the surface from the suiface 
into the surrounding space — always from the same side, or 
aspect, of the surface into this surrounding space — ^taking a 
length on this normal proportional to the area of the correspond- 
ing element, d8, and marking the end of this normal length by 
an arrow head. The orthogonal projection, or component, of 
this marked line along any line, Z, will then represent the pro- 
jection of dS on any plane perpendicular to L, Some of these 
marked lines, or vectors, will have components along L in one 
sense and others will have components in the opposite sense ; 
and thus we understand more clearly the mathematical result 
that the sum of the projections of the same aspects of the ele- 
ments, dS, ... of any closed surface on any plane is zero. 

In the same way there is no resultant moment of the pres- 
sures round any line. For, if o-j, o-j, 0-3 are the projections of 
dB at P on the planes yz^ zx, xy, respectively, the components 
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of the force _pc?iS' parallel to the axes of x, y, z are po*!, po'a, i^Cg; 
and the moment of this force about the axis of x is 

p{ycr^-Z(r^ {a) 

Now if the perpendicular from P on the plane yz is produced 
through this plane to meet the surface again in P'^^ the element 
of area, dS^'', cut off at P''" by the slender cylinder described 
on the contour of dS at P parallel to the axis of «, will have for 
projection on the plane xy the value — o-g, and the co-ordinate 
y being the same for P^" as for P, the moment round the axis 
of aj of the pressure at P^'' will supply the term — yo-g, which 
destroys the first part of (a). The second part is similarly 
destroyed by the pressure at P'\ the point in which the parallel 
from P to the axis of y meets the surface again. 

Heuce there is no moment of the pressure about any line. 

Analytically this result is expressed thus : 

// {y dx dy ^zdzdx) = o 
for any closed surface. 

The result of this Corollary may also be thus stated: 
given any closed curve, plane or tortuous, in space ; if 
a sor&ce of any size and shape be described having this 
curve for a bounding edge, and if pressure of uniform 
intensity be distributed over one side of this surface, the 
resultant of this pressure is the same whatever the size and 
shape of the surface. 

Hence if the curve is plane, the resultant pressure on any 
surface having it for a bounding edge is the same as the 
resultant pressure on the plane area of the curve. 

Cor. %. The principle of Archimedes. 

The particular case in which the solid body M which 
displaces fluid is in equilibrium solely under the action cf its 
own weight and the fluid pressure over its surface furnishes the 
Principle of Archimedes. 

The resultant of the system of fluid pressures must then 
be exactly equal and opposite to the weight of the dis- 
placing body. 

1% 
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Thus, let Fig. ^^ represent a heavy body whose centre 
of gravity is G, floating in equilibrium in a heavy fluid. 

The surface over which 
the fluid pressure is ex- 
erted is ADB which is 
not a closed surface ; but, 
as there is no pressure due 
to the fluid exerted over 
the free surfiice, LM^ of 
the fluid, we can suppose 
Fig. 35. the immersed surfiice 

ADB to be closed by the 
section of the body made by the horizontal plane AB, 
Hence the resultant of the pressures is the weight of the 
fluid that would fill the space ADB ; and if H is the centre 
of gravity of this fluid, the resultant pressure acts up 
through H^ so that G and H must be in the same vertical 
line. Hence there are two distinct conditions of equi- 
librium of a body floating freely in a heavy fluid, viz. 

1°. the weight of the body must be equal to the weight of the 
fluid which it displaces; and 

2^, the centre of gravity of the body and the centre of gravity 
of the jluid that would statically fill its j)lace (centre of 
buoyancy) must be in the same vertical line. 

We have hitherto supposed that the only fluid displaced 
by the body is that represented in the vessel below the 
surface LM ; but if above this there is air, whose weight is 
considered, there is also displaced a volume of air repre- 
sented by ACB, and the resultant effect of the air is to pro- 
duce an upward vertical force, even though (as in the figure) 
the air pressure exerted by the air actually in contact with 
the displacing body should be a downward force ; for, we 
must remember that the surface LM of the lower fluid is all 
subject to air pressure which is (by Pascal's Principle) 
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transmitted undiminished all through this fluid, so that the 
lower part, ADBy of the surface of the body is really acted 
upon all over by air pressure of constant intensity. Now 
by Cor. 1, the resultant of this system of air pressures on 
the curved surface ADB^ is the same as if the pressure was 
applied over the lower side of the plane area AB in which 
the surface LM cuts the body. The resultant air pressure 
is, therefore, an upward force equal to the weight of the air 
that would statically fill the space AGB^ and it acts through 
the centre of gravity of this a;r. 

The case of a balloon floating in the air is also an instance 
of the principle of Archimedes ; the force of buoyancy is the 
weight of the air that could statically replace all the solid por- 
tions of the balloon and the gas which it contains. It must not 
be supposed that, since the balloon is a comparatively small 
body, the intensity of the air pressure is constant all over 
its surface — a not unnatural error ; for, if this air pressure 
were of constant intensity all over the surface, its resultant 
would be absolutely zero, as we have already seen, and there 
would be no force of buoyancy. If the medium surround- 
ing a body is ever so slightly acted upon by gravitation, 
its intensity of pressure cannot be constant, and hence the 
densities of the air at the top and at the bottom of the 
balloon are not the same. 

28. Introduction of Mctitious Forces. In the case in 
which a body is partially immersed in a fluid, or a part of 
the body is in one fluid and the remainder in another, it is 
often very convenient to introduce fictitious forces of buoy- 
ancy in one part of the calculation and to take them away 
in another. 

Thus, suppose Fig. 35 to represent a body of which the 
portion ALB is immersed in water while the portion ACB 
is in vacuo. Then the actual force of buoyancy is due to 
the volume ALB of water ; but we can complete the volume 
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of the displaced water by supposing the portion ACB to be 
also surrounded by water, and then supposing that there is 
a downward force, in addition, due to the action of this por- 
tion ACB of water taken negatively. Thus the actual force 
of buoyancy — viz. an upward force at 5^ equal to the weight 
of the volume ABB of water— can be replaced by an upward 
force equal to the weight of the whole volume ABBC of 
water acting at the centre of gravity of the homogeneously 
filled volume ABBC (not G^ the c. g. of the body, unless the 
body is itself a homogeneous solid), together with a down- 
ward force equal to the weight of the volume ACB of water 
acting at the centre of gravity of the homogeneously filled 
volume ACB, 

In the same way, if the portion ACB is in a liquid of 
specific weight «?i, and ABB in one of specific weight w,^^ 
we may regard the force of buoyancy as consisting of an 
upward force equal to the weight of the whole volume 
ABBC of the liquid w^ together with a downward force 
equal to the weight of a fictitious liquid of specific weight 
«?2~^i acting at the centre of gravity of the homogene- 
ously filled volume ACB. 

24. Resultant Pressure on an unclosed curved surflEU^e. 
Suppose BCBA^ Fig. 36, to repre- 
sent any unclosed surface in a heavy 
fluid, and suppose its bounding edge 
to be a plane curve so that the sur- 
face can be closed by a plane base, 
represented by AB. It is required 
" to find the resultant of the fluid 
Fig. 36. pressures exerted on one side of 

the unclosed surface. 
Closing the surface by means of the plane base AB^ the 
resultant of the pressures all over the outside of the com- 
pletely closed surface is the vertical upward force, L repre- 
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Bented by the line HL drawn throngh the centre of gravity, 
E, of the fluid which would fill the volnme. But if P is 
the resaltant fluid pressure on the plane base AB, acting at 
the centre of pressure, /, the force L is the resultant of P 
and the resultant pressure over the unclosed part. This 
latter force, Q, is therefore found by producing the lines of 
action of L and P to meet — at 0, suppose, — and drawing 
On. and Om to represent L and P, respectively ; then the 
required force Q is represented by the line OQ which is 
equal and parallel to mn. 

If the fluid is a homogeneous liquid of specific weight w, 
if ^ is the area of the plane base A£, z the depth of the 
centre of area of AB below the free surface, and ^'is the 
volnme of the closed snr&ce, 

P = Azw, and L = Fw. 

Hence if tf is the inclination of the plane base AB to the 
horizon, Q ^ JO >/ r^ + zFAz cos e + A^z^ ; 
horizontal component of Q = Azio sinfl, 
vertical component of Q = {Alcosd— V)w, 

Examples. 

1. Suppose a right cone whose axis 
downwards to be filled with a liquid; find 
the resultant pressure on one-half of the 
curved surface determined by any plane 
containing the axis. 

Let ACB, Fig. 37, be the vertical 
plane of section, and ACDB the half of 
the carved surface on which wo desire 
to find the resultant liquid pressure. 

Consider the separate equilibrium of 
the fluid contained between this curved 
surface and the triangle ACB. It 
is kept at rest by ita weight, the 
pressure of the remaining fluid on the 
area ACB acting at /, the centre of pressi 



vertical and vertex 
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and by the pressure of the curved surface ACDB. The weight 
acts through G, the centre of gravity of the semi-cone ; and if 
on the diameter, OD, which is perpendicular to AB, we take the 

point n such that Oi = — , where r is the radius of the base, 

this point n is the centre of area of the semicircle ADB, so that 
G lies on nC and Gn = ^Cn [Statics, Vol. I, Art. 163). The 
point / is half way down OC (Art. 15). If P is the pressure on 
the triangle ACB, h = height of cone, 

F — lrh^w; and W^^itr^hw, 

where W = weight of liquid. The lines of action of P and W 
meet in a point c, whose position is thus completely known ; 
and by drawing cP and cW to represent P and W on any scale, 
the diagonal through c of the rectangle thus determined will 
represent Q, the resultant pressure of the curved surface on the 
fluid in the semi-cone. The line cQ is drawn to represent this 
pressure, and this force reversed is the pressure of the fluid on 
the surface. 

2. If the cone is closed by a base, and the axis is held hori- 
zontal, find the resultant pressure on the lower half of the 
curved surface. 

Ans. If X and Y are the horizontal and vertical com- 
ponents of the resultant pressure, 

X = P + ^-)r'«,. 



Y = (i + ^)r'hw, 



and the line of action of the pressure passes through a point 
whose distances from the base and the axis of the cone are 

h 7r+8 _ r 377-1-16 
- . and - • 

4 TT+o 4 3^ + 4 

(see example 10, p. 109). 

3. If a hollow cylinder is filled with liquid and held with its 
axis vertical, determine the magnitude and line of action of the 
resultant pressure on one half of the curved surface cut off by a 
vertical plane through the axis. 
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Ana^ It is a horizontal force equal to i^hw acting in a line 

- from the base. 
3 

4. If the cylinder is closed at both ends and held with its 
axis horizontal, find the resultant pressure on the lower half of 
the curved surface. ^ 

Ana, A vertical force = (2 + -jr^hw, 

5. In example 2 find the magnitude and line of action of the 
resultant pressure on the upper half of the curved surface. 

Ana, If X and Y are the horizontal and vertical com- 
ponents of the pressure, 

y=(i-"^)r2Aw;, 

and the line of action of the resultant passes through a point 
whose distances from the base and the axis of the cone are 

h 8—77 J r 16 — 377 
- • and - • • 

4 6'-'7r 4 3^ — 4 

6. A spherical shell is filled with liquid ; find the magnitude 
and line of action of the resultant pressure on the curved surface 
of either hemisphere cut oflf by any vertical central plane. 

Ana. The line of action passes through the centre of the 
sphere; the horizontal component is nr^Wy and the vertical 

7. A spherical shell is filled with liquid ; find the magnitude 
and line of action of the resultant pressure on each of the hemi- 
spheres into which the sphere is divided by any diametral 
plane. 

ATia, If 6 is the inclination of the plane section to the hori- 
zon, the pressure on one hemisphere is the resultant of two 
forces 11 7^ w and ^irr^w, respectively perpendicular to the plane 
section and vertical, tlie lines of action of these forces including 
an angle 6, while the pressure on the other curved surface is the 
resultant of the same forces including an angle tt—O; and both 
pass through the centre. 
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8. If a hole is made in the top of the shell and fitted with a 
funnel, find the height to which the funnel must be filled with 
the liquid in order that the resultant pressure on one of the 
hemispheres shall be a horizontal force. 

Atis, The height = r (f sec ^— i). 

25. General Principle of Buoyancy. In Art. 22 we 
have enunciated the principle of buoyancy in the case in 
which the buoyant medium is acted upon by the attraction 
of the earth — that is, the principle has been applied in the 
case of a heavy fluid of uniform or variable density, com- 
pressible or incompressible. It is evident that the same 
principle holds in general for any medium the particles of 
which are acted upon by any system of external forces, 
electric, magnetic, or other. 

Thus, in Fig. 38, let AB be a closed surface traced out in 
imagination in a medium of any kind the particles of which 

are acted upon by any sys- 
tem of forces, and let the 
resultant of these forces on 
the particles contained 
within the surface AB — if 
they have a single resultant 
at all — be a force repre- 
sented by OF, Then, con- 
sidering the separate equilibrium of the portion of the 
medium within AB^ we see that this portion is kept in 
equilibrium by the force OF and by the pressures (repre- 
sented as normal, though not necessarily so) exerted by the 
smTOunding part of the medium on the various elements of 
the surface AB, It follows that these pressures have a 
single resultant, 0F\ exactly equal and opposite to OF. 

Hence if AB were the surface of a foreign body the par- 
ticles of which are subject to the same external forces as 
those acting on the medium, though the resultant, 22, of 





Fig. 38. 



Fig. 39- 
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these on the body AB may now be different both in mag- 
nitude and in direction from OF^ the resultant of the pres- 
sures exerted on this body by the surrounding medium will 
still be 0F^\ and in order that this body should be in equi- 
librium without the aid of further forces (tensions of cords, 
&c.) it must take such a position in the medium that R is 
exactly equal and opposite to OF^ — a condition which it 
may or may not be possible to fulfil. 

Again, in Fig. 39, let M be any foreign body immersed 
in a medium — ^air, suppose, — and let its molecules be subject 
to the attractive and repulsive forces of two magnetic poles, 
N and 8 ; suppose the resultant action of these poles on the 
body to reduce to two equal and opposite forces, P, P, form- 
ing a couple ; and, to eliminate the effect of gravitation, 
suppose the body supported by a cord attached to its centre 
of gravity, G, Then the body is also acted upon by the 
pressures of the surrounding medium on its various elements 
of surface. What is the resultant action of these pressures ? 
To answer this question, we must imagine the place of the 
body occupied statically by a portion of the medium itself. 
If the magnetic forces do not produce any effect on the 
particles of the medium, the pressures on the elements of 
surface of the replacing medium are simply equivalent to a 
vertical upward force acting through the centre of gravity 
of this portion of the medium and equal to its weight — 
which would usually be a very small force ; but if the 
medium is affected by magnetic forces, and if the resultant 
action of these forces consists of a couple, Q, Q, the result- 
ant action of the surrounding medium must consist — ^in 
addition to the previously mentioned small gravitation 
force of buoyancy — of a couple equal and opposite to the 
couple Q, Q. Hence, neglecting gravitation forces, if the 
foreign body is in equilibrium, it must place itself in such 
a position that the magnetic couple, P, P, produced on it ; 
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together with the magnetic couple of buoyancy, — Q, — Q, 
are in BtdbU equilibrium with the couple produced by the 
torsion of the suspending cord. 

If the moment of the couple P, P, is greater than that 
of the couple Q, Q of buoyancy, the position of stable equi- 
librium of the body M will be different from that assumed 
on the contrary supposition. Thus, if J[f is a bar of iron, 
the couple P, P is greater than the couple Q, Q, and the 
bar will set axially, i. e. in the line N8 joining the two 
magnetic poles ; but if -3/ is a bar of bismuth, Q, Q is 
greater than P, P, and the bar will set equatorially, i. e. at 
right angles (or inclined) to the line N8. 

Such is, in a general way, the explanation of the beha- 
viour of diamagnetic bodies in a magnetic field, or of mag- 
netic bodies placed in media more strongly acted upon by 
magnetic forces than are the bodies themselves. 

Examples. 

1. A solid homogeneous right cone floats in a given homo- 
geneous liquid ; find the position of equilibrium, firstly, when 
the vertex is down and base up; and, secondly, when the base is 
down and the vertex up. 

Let ty', F, A be the specific weight, volume, and height of the 
cone ; let w be the specific weight of the liquid, and x the length 
of the axis immersed when the vertex is down. Then since the 
volumes of similar solids are proportional to the cubes of their 
corresponding linear dimensions, the volume of the displaced 

liquid = p- F. Hence, equating the force of buoyancy to the 

weight of the cone, 

^' Yw = Yuf, 
nr 

/. a3 = A( — ) . 
In the second case, if x is the length of the axis above the 
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liquid, the volume of the displaced liquid = Ti — ,g J F, and we 
have 

X = h(i ^ • 

^ w ^ 

2. A solid homogeneous isosceles triangular prism floats in 
a given homogeneous liquid ; find the position of equilibrium in 
each of the two previous cases. 

If X is the depth of its edge below the surface, h the height of 
the isosceles triangle which is the section of the prism by a 
plane perpendicular to the edge, and A the area of this section, 
since the areas of similar figures are as the squares of their 

corresponding linear dimensions, j-^ A h the area of the face of 

the immersed prism in the first case, and if Z = length of 
edge, the volume of the prism is Z-4, so that the volume of the 



X 

h 



.2 



T^Vw= Vvf, 



X 



In the second case, 

(i- J)Fi.;=Ft£;', 



w ^ 



X 






3. A uniform rod, AB^ of small normal section and weight W 
has a mass of metal of small volume 

and weight - W attached to one ex- 
° n 

tremity, J5;, find the condition that 

the rod shall float at all inclinations 

in a given homogeneous liquid. 

Let AB = 2 a, let m be the middle 

point of AB^ Fig. 40, G the centre of 

gravity of the rod and the metal, v/ 

the specific weight of the rod, w that 

of the liquid, and s the area of the normal section of the rod. 
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Fig. 40. 
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; and SG=- 



AIbo G must be the 



centre of bnoyancy if the rod floats in the oblique position repre- 
sented, and the length, £C, of the displaced column of liquid 

= a, BO thftt if the weight of this column =: (i + -) ^i 

both conditiona of equilibrium will be Batiafied, whatever be the 
inclination of the rod. Equating the weight of the body to the 
force of buoyancy, 



(■ + ;)' 



8tl/=- 



.: (n+i)'«/=n.*w, 
which is the relation required between the apecifio weights. 

4. A solid homogeneous cylinder floats, with its axis vertical, 

partly in a honkogeneou^ liqaid of specific weight w, and partly 

in one of specific weight Wj, 

A the former resting on the 

latter ; fiad tlje position of 

equilibrium. 

Let h be the height of the 
cylinder, i the area of its 
base, to its specific weight, 
and e the thickness of the 
upper liquid column. 

Then if we assume the top, 
A, of the cylinder to project a 
distance x above the upper 
surface of the upper liquid, as 
in Fig. 41, and equate the weight of the cylinder to the sum of the 
forces of buoyancy due to the displacements of the liquids, we 
l«Te hw = cw,+{h-c-x)w„ (1) 

(^) 
If c[^i -^ > A (i f, we must write 

--H-5)-»(-^)|' • ■ ■ '^> 

and it would appear that the position of equilibriam is one in 




-K'-B-'i'-'^)- 
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which, as in Fig. 42, ii is below the upper surface of the upper 
liquid by the distance 

c(i ^) — ^(i ), (4) 

in virtue of the usual interpretation of a negative co-ordinate in 
algebra. 

To take a numerical case, suppose c = ^ A, and 

then X = — Y^> ^^^ ^^ would appear that A i& \h below the 
upper surface of the upper fluid. 

Now if we had originally assumed A to be, as in Fig. 42, at 
an unknown distance, a?, below the surface, our equation would 

have been hw^ {c--x)wM^--c^-x)w^, .... (5) 

.-, a?=c— ^-^ , (0) 

which disagrees with (4), and which in the particular numerical 
case gives a? = JA, instead of a; = ^A, which we had been led to 
expect by interpretation of the negative value (3). 

Why the disagreement ? Because the continuity of the values 
of variables in algebra and algebraic geometry finds no corre- 
sponding characteristic in the hydrostatical conditions. In fact, 
the supposition that the negative value (3) harmonises with the 
physical assumptions leading to the first solution is untrue ; for, 
in this solution we assume that, whatever be the unknown posi* 
tion of equilibrium of the body, the whole colurmi of tlie upper 
liquid is operative in producing its force of buoyancy, as is 
evident from the first teim, cw^, at the right-hand side of (i); 
whereas the supposition that A is below the upper surface of 
this liquid is an explicit assumption that the whole column of 
the liquid may not be so operative. Hence we ought not to 
expect the two solutions to agree. 

In the case, therefore, in which the value of a: in (2) is nega- 
tive, the connect result is (6) and not (3). 

5. A heavy uniform bar, AB^ of small cross- section is freely 
moveable round a horizontal axis fixed at one extremity, ii, at a 
given height above the surface of a homogeneous liquid in which 
the rod partly rests ; find the position of equilibrium and the 
pressure on the axis. 



128 Hydrostatics and Elementary Hydrokinetics. 




Let AB = 2 a ; let A be the height of A above the liquid ; let 
8 = area of cross-section of the rod ; let v/ and w be the specific 

weights of the rod and the liquid ; 
and let = the angle between AB 
and the vertical. 

Then if BO is the part immersed, 
the centre of buoyancy, H, is the 
middle point of BC. If W=. weight 
of rod, W =^ 2a8v/; also 

BC =^ 2 a— A sec 0, 

,\ the force, Z, of buoyancy 

= (2 a— A sec 6) aw. 

The rod is in equilibrium under the action of Z, TT, and the 
pressure at A, which last must be vertical and = W^L, 
Taking moments about A for equilibrium, 

W.AGBme = L,AH^me, (i) 

and if we reject the factor sin 6, i. e. omit the consideration that 
sin ^ = o gives one position of equilibrium (the vertical one), we 

^^^® 4aV=(4a«-A2gec2^)«;, (2) 



I'ig. 43. 



cos ^ = — I 7 ) . 

2 a ^w—w ^ 



(3) 




The oblique position re- 
quires w to be greater than 
v/ and also 



w > 



4 a* 



w 



/, 



so that, for example, if the 
bar were of metal and the 
liquid water, the only posi- 
tion of equilibrium would be 
the vertical one. 



Fig. 44. 



6. A uniform square board, 
A BCD J is moveable in a ver- 
tical plane about a smooth 
horizontal axis i&xed at the comer ^1, at a given height above 
the surface of a liquid; find an equation for its position of 
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equilibrium, assuming the figure of the immersed portion to be 
a trapezium. 

Let 6 be the inclination of AB to the vertical, AB =i 2 a, 
height of A above liquid = 2A, te;'= specific weight of board, 
w = specific weight of liquid ; let FQ be the line of floatation, 
and draw QR parallel to BG. 

Then we must equate the moment of the weight of the board 
about A to the moment of the force of buoyancy about A. But 
we may consider the force of buoyancy as consisting of two 
forces, viz. that due to the weight of the portion QECB acting 
upwards through m, the centre of gravity of this parallelogram, 
and that due to the weight of the triangular portion FQE acting 
upwards through w, the centre of gravity of this triangle. 

Now the area of QECB = 4 a {a— h sec 6), and the distance 
of m from the vertical through A = half difference of distances 
of C and Q =: a (cos ^—sin 0)—h tan 6. Also the area 

FQE=^ 2 a^ tone, 

and distance of n from vertical through A 

= i (dist. of P+dist. of ^-dist. of Q), 

by ex. 6, p. 33, and therefore 

dist. of n = f {a (cos 6 -h sec 6) — '^h tan 6}, 

Also distance of G from vertical through A is a (cos ^— sin ^). 
Hence the equation of moments about A is 

4a (a— A sec 6) {a(cos^— sin^)— A tan^} w 

+ ^a^ tanO {a(cos^ + sec^)— 3^ tan^} w 

=^ 4a^v/ (cos 6 — sin d), 

or (3 cos' ^—2 sin^ cos'*^+sin^)a*— 30^ + 3^^ sin^ 

= 3a^ — cos^ d (cos ^— sin d), 

7. Solve the previous problem on the assumption that the 
unimmersed portion is triangular. 

Let F, Q be now the points in which AD and AB, respectively, 
cut the surface of the liquid. Then we may consider the force 
of buoyancy, i. e. the weight of FQBGD, as consisting of the 
weight of the whole ABGD (of specific weight w) acting up- 
wards at Gf together with a downward force equal to the weight 
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of a triangular portion PAQ acting at the centre of gravity of 
this triangle. Hence the forces which give equal and opposite 
moments about A are ^c^{w—w^ acting upwards at G and 
^h^w cosec 2 6 acting downwards at the centre of gravity of the 
triangle PAQ. Now (ex. 6, p. 33) the distance of this point 
from the vertical through A =.^h{coid—ia.nO). Hence, on 
expelling the factor cos ^— sin ^, the equation of moments be- 
comes 3^3(^_^/) gin2 2^-4A»i4;(cos^ + sin^) = o, 

or if we take <^ as the inclination of the diagonal AG to the ver- 

tical, since ^ = d>, we have 

4 ^» 

3a^(w? — it?') cos^ 2(^—4 A^ie; ^^2 cos <^ = o. . . (a) 

The factor expelled indicates the vertical position of A G — a 
position which is db priori evident. 

26. Equilibrium of a Body in HeterogeneouB Fluid. 
If the fluid in which the body CADJB, Pig. 35, is floating 
under the influence of gravity alone is one of variable 
density, the positions of equilibrium are still found by the 
principle of buoyancy — viz. that the weight of the body is 
equal to the weight of the fluid displaced, and that the 
two centres of gravity are in the same vertical line. 

Thus, supposing the specific weight, w, of the fluid 
at any depth, z^ to be any given function of z, dmw a 
horizontal section of the body at depth z, and let A be the 
area of this section. Drawing another horizontal section at 
depth z-^dz, the volume between these sections is AdZy 
so that, i{ W = weight of body, 

r= fwAdz, 

where c is the depth of the lowest horizontal tangent 
plane to the surface of the body. This equation will 
determine c. 

We shall confine our attention to a few simple examples, 
as the question is one of small importance. 
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Examples. 

1. If a uniform solid cone floats, vertex down, in a fluid in 
which the density is proportional to the depth, find the length 
of the axis immersed. 

Let w/ be the specific weight of the cone, and let the specific 

weight of the fluid at depth z be represented by v/ -^, where ^ 

P 
is some constant length. Taking a section of the cone at a dis- 

tance x from the vertex, A = -j-^*7^; therefore 

J Trr^ hw' = ^^ u/ I 0^ (A' — x) dx, 

K being the length of the axis, A, which is immersed. From 
this we have K={^^W)i. 

2. If the cone in the last is replaced by a solid cylinder, find 
the length immersed. 

Am, A'=(2i3A)i 

3. Find the height at which a spherical balloon of given 
weight and radius will rest in the atmosphere, assumed of uni- 
form temperature, and the variation of gravity being neglected. 

A718, If r feet = radius, A = height of centre of balloon, w^ 
the mass in pounds of a cubic foot of air at the ground, B = 
mass of balloon, and h has the value given in (9), p. 81, the equa- 
tion which determines h is 

h 

TiJ^ Wq [r cosh 7 — ^ sinh -] e * = ^. 

4. Find the position of the centre of buoyancy of the balloon 
on the same suppositions. 

Ans, Its distance below the centre is 

T T 

(r^-f- 3 A^) sinh 7 — 3^r cosh - 



T . T 

r cosh 7 — A; sinh •= 



K 2 
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27. Stability or Instability of Equilibrium. In de- 
termining the j)ositions of equilibrium of a system in 
Hydrostatics, and in Statics generally, we are not, so far, 
concerned with the nature of the equilibrium. A particular 
position which we determine by the ordinary statical 
equations (those of resolution and moments of forces) may 
be one which exists only theoretically and could not exist 
in practice, because it may be one from which if the system 
is displaced, ever so slightly, and then abandoned to the 
forces in action, the displacement becomes greater and 
greater, instead of being corrected and destroyed. If a 
position {A) is one in which the conditions of equilibrium 
are all satisfied, and if the system is displaced by any 
means, or imagined to be displaced, into a position (^') 
very slightly differing from the first, and in this new 
position abandoned to the forces in action, then, unless the 
forces are such as to drive the system back from (^') to (J), 
the equilibrium is unstable and is practically useless. Thus, 
a pin resting a horizontal plane of glass will theoretically 
be in equilibrium if it stands vertically on its point ; but 
this position does not practically exist, because it is unstable 
for the slightest displacement. A uniform rod, AB^ freely 
moveable round a smooth horizontal axis at the end A 
is theoretically in equilibrium if it is placed vertical with 
the end B uppermost, but, again, this position does not 
practically exist. 

Before discussing particularly the criteria of stability or 
instability, we may take a few simple examples in which 
the principle to be employed is obvious. 

Thus, to find whether the oblique position of the rod AB 
in example 5> P» 1^8, is stable or unstable, imagine the 
rod displaced into the position A'B\ such that the small 
angle CAC'=. bS ; then if the sum of the moments about A 
of the forces acting on the rod in this position is in 
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the sense opposed to that of the angular displacement, 
these forces will drive the rod back into the position AB^ 
and the equilibrium will be stable. 

Generally, without assuming that AB is a position of 
equilibrium, let M be the sum of the moments of the force 
of buoyancy and the weight about ^ in a clockwise sense. 
Then we have 

and the positions of equilibrium are determined by putting 
M'=-o. These have been determined in the example 
referred to. Now if when Q is changed to ^ + 5^, the 
increment of -3f is 8 if, and if 8 if and hQ have the same 
sign, the newly introduced forces produce a moment which 
is in the sense of the displacement and the equilibrium 
is unstable. In other words, if in any position of equilibrium 

is + , the equilibrium is unstable, 



dM 



is — , the equilibrium is stable. 



de 

Examining first the vertical position, ^ = o, we have 

de %^^ ^ ' ^ 

so that this position is stable when Ji^w > 40^ {w — w')^ i.e. 
when the oblique position does not exist. 

Examining the oblique position (when it exists), we have 

-— - = — 5^2 «; sin^ 6 sec^ 6. 
do ' 

which value is necessarily negative ; therefore the oblique 
position, when it exists, is stable. 



134 Hydrostatics and Elementary Hydrokinetics. 



Examples. 

1. Find whether the equilibrium of the body in example 6, 
p. 128, is stable or unstable in the positions determined. 

Calculate the sum, M, of the moments of the forces about A, 
in a clockwise sense, in any position, 6 ; and supposing to be 
increased by 8 6, let bMhe the change in the value of M, Since 
the sense of M is opposed to that in which 6 increases, \i hM 
and hO have the same sign, the restoring moment will be in- 
creased by the displacement, and the equilibrium will be stable. 

In other words, the equilibrium will be stable if -r^ is positive 
in the position of equilibrium. 

Now we fiud, as in the example quoted, if I is the thickness 
of the board, 

M=. — (cos — sin ff) [3 a' {w—'u/)—^}i?w{cob6'\- sind) cosec* 2 d]. 

We may, for simplicity, omit I, or consider it to be the unit 
of length, since its actual value is immaterial to the discussion. 

It will be more simple to take <^, the inclination of ilC to the 
vertical as the variable ; then 

/- 
M = sin <^ [3 a' (w^w^) — 4 V2 h^ w cos <^ sec^ 2 <^] ; . (i) 

and in any equilibrium position the equilibrium will be stable 
or unstable according as -j-r- is negative or positive. 
Examining the symmetrical position, <^ = o, we have 



dM 4 V2 



[^a^{w—v/)^4 V2h^w\ 



d4> 3 

which shows that in all cases in which w' > w the equilibrium 
is stable ; and, in fact, the equilibrium is stable if 

w^ 4 \/2 h^ 
— > I — ;, 

w 3 « 

and unstable if — is less than this. 

w 



s.^=i-^ (3) 
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When the symmetrical position, </> = o, is stable, the inclined 
position does not exist, as is seen thus : let 

w 3 « 

where h is any number. 

If k is positive, the symmetrical position is stable, and if A; is 
negative, this position is unstable. Then (i) becomes 

Jf = ^^'i«7 sin</)[i— A;— cos</) sec^ 2 <^], . . . (2) 

and the inclined position is given by the equation 

cos 

cos* 2 </) 

Now this equation cannot be satisfied by any admissible value 
of </) if A; is positive, because the least value of the left-hand side 
is I, which it has when (f> = o. Hence, unless k is negative, 
{3) cannot be satisfied by any admissible value of </>. 

When the symmetrical position is unstable, the inclined is, of 
course, stable. 

2. Find the conditions of equilibrium of a solid body floating 
in a liquid of greater density than the solid; and show that 
when it is in stable equilibrium the height of the common centre 
of gravity of the solid and liquid is a minimum. 

If a body be floating in a liquid contained in a cylindrical 
vessel and be pressed down through a small distance, Az^ show 
that the common centre of gravity of the body and the liquid 
will be raised through a height 

B (Azy 

A-B' 2h ' 

where A and B are the areas of the cross- sections of the cylinder 
and the body in the plane of floatation, and h is the height of 
this plane above the base of the cylinder. {Mathematical 
Tripos, 1878.) 

The first part is evident from the general principle that the 
centre of gravity of any material system (consisting, in this case, 
partly of a solid and partly of a liquid) under the action of 
gravity and of forces which do no work in displacement (pres- 
sures exerted by the sides of the containing vessel) assumes the 
lowest position possible. 
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Let z be the height of the centre of gravity of the body and f 
that of the centre of gravity of the liquid that would occupy the 
place of the immersed portion above the base of the cylinder ; 
W = weight of body, Y = volume of liquid displaced, w = spe- 
cific weight of liquid. Let CD be the original surface of the 
liquid, and let the line of floatation be marked on the body and 
denoted by FN\ let G'jy be the new surface of the liquid, and 
let,0'2>' be at a height Aoj above CD, 

Then, since the volume of the liquid is unaltered, 

^A« = (ii-5)Aa; (i) 

Now take the sum of the mass-moments of the body and the 
liquid about the base in the new position, and we have 

Subtracting from this the mass-moment before displacement, 
and observing that W = Fw, there remains 

J-4«^(2^Aa;-|- Aa'^)— J5«^(Aa; + A^f) (2A-h Aaj— Ais), . (2) 

of which, by (i), the terms of the first order in the small quan- 
tities cancel — as they must by the principle of virtual work ; 
so that (2) becomes 

which by (i) is , ABw ^ „ 

Dividing this by the sum of the weights, Ahw^ of the body 
and liquid, we obtain -n a « 

for the amount by which the centre of gravity of the compound 
system is raised. 

28. Principle of Virtual Work. The general principle 
of Virtual Work may be thus stated : if any material system 
is in equilibrium under the action of forces applied at given 
points in the system^ and if we imagine these points to receive 
any small displacements whatever in space hut not in the 
material system itself , the sum of the quantities of work done 
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for suck displacements ly all the acting forces, external and 
internal to the system^ is zero, or, at most, an infinitesimal of 
the second order if the greatest displacement in the system 
is regarded as an infinitesimal of the first order. 

It is fully explained in Statics, Vol. I, Chap. VII, and 
Vol. II, Chap. XV, that the internal forces may or may 
not enter into the equation of Virtual Work, according 
to the nature of the displacements imagined. Thus, if an 
internal force* consists of the tension of a string connecting 
two points. A, B, of the system, this force will not enter 
into the equation if in the displacements of A and B the 
distance between them is unaltered. Also if the internal 
force is the reaction at a smooth joint. A, connecting two 
bodies in the system, its virtual work will be zero if in the 
displacements the bodies are still represented as connected 
by the joint. If the connection were represented as severed, 
the stress would do work which must be included in the 
equation. 

Now in Hydi'ostatics we have often to deal with forces 
whose points of application in the material system would 
be displaced not merely in space but in the material system 
itself (and whose magnitudes would also be slightly altered 
— though this is of no real consequence) if the system were 
actually displaced into any close position; and in such 
cases a danger of error arises in applying the equation of 
Virtual Work. 

We shall illustrate this by solving the problem of 
example 5, p. 128, by the principle of Virtual Work and 
determining whether the equilibrium of the rod is stable or 
unstable. 



* More properly stress — ^with a view to the double aspect of every 
internal force in a Byatem. What we call a force external to a given system 
wonld also be a stress (with equal and opposite values) if both the bodies 
between which it is exerted were included in the system. 
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For any small angular displacement of the rod, from an 
equilibrium position, about the axis A^ the sum of the works 
of the force of buoyancy and the weight W vanishes. 

In applying this condition it is not impossible that 
the student would proceed thus : let C he the depth of H 
below the surface and z the depth of G ; then the equation 
of virtual work is 

But 2/ = {2a^ksQcO)sw and C = a cos d — \h, 

/. 8C= — flsin^. 8^, while ^ = acos^ — ^, 

/. hz = — asin^ .8^, 

so that the above equation gives 2/ = ^, a result which is 
known to be false. 

The fallacy involved in this solution is the following. 

In applying the equation of virtual work to characterise 
a position of equilibrium, we must imagine the points 
of application of all forces to remain the same in the body ; 
we contemplate simply displacements of these points in 
space — not in the body as well ; and, strictly speaking, we 
do not contemplate new forces introduced by the displace- 
ment, although if such newly caused forces are of infini- 
tesimal magnitude and their points of application receive, in 
the displacement, only infinitesimal motions, the introduction 
of such forces will not influence the validity of the equation. 

The above expression for 8 f is not the one proper to the 
equation of virtual work. 

For, if the imagined new position of the rod is AB^^ the 
new centre of buoyancy, H\ is the middle point of the 
immersed portion C'jB', and the 8 f above is the difference of 
level of H and //' ; whereas if we take AT = AHy J is the 
contemplated displacement of the original point, H^ of 
application of the force Z, and the value of 8f proper 
to the equation is the difference of level of H and /. 
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Now it is easily seen that the f of / is 

f -_ (« .f J ^ sec ^) sin ^ 8 ^, 

so that the proper value of 8 f is — (a + i ^ sec 0) sin ^ . 8 ^, 
and the equation of virtual work is 

i (a + i^ sec 6) sin ^8^— Wa sin ^8^ = o, 

which gives the correct value of d. 

To find the work done in forcing the rod down into the 
fluid from one inclination, a, to any other, <^, take it in any 
position, AB^ and let us find the amount of work done by 
the force of buoyancy and the weight in reaching the 
position AB\ the angle BAB^ being 8^. The work of the 
force of buoyancy is the work of L in the displacement of 
Hto J plus the work of a small force of buoyancy corre- 
sponding to the submergence of a small element of length 
above C, and this latter work is an infinitesimal of the 
second order. Hence if 8 F is the work done by the forces 
acting on the body, 

8r=-i;8C+^8i, 
in which 8f has the second of the above values. Thus 

— = - {(4a2— A^sec^^) w— 4fl^«?'} sin^ (o) 

.\r=:-f {4a^{w-^w')-A^wsec^e}8mede 

= - { ^4a^ (w^vf) -i-A^w sec a sec <!>} (cos 0— cos a). 

As regards stability or instability, a position of equilibrium 
is one of stability if the amount of work done by the forces 
in reaching it from a given position is a maximum ; for, in 
that case, any other forces applied to disturb the system 
would have to do positive work. Hence any position of 
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equilibrium will be stable or unstable according as it makes 

■j-^ negative or positive. 

Assuming that the oblique position given by (3) exists^ 
we have for it 

r—rp = -^swh^ sec^ sin^ 6, 

which is essentially negative ; therefore the oblique position 
is stable. For the vertical position 

which is positive when the oblique position exists, and 
in this case the vertical position is therefore one of in- 
stability. When the oblique position does not exist, the 
above expression on the right is negative, and the vertical 
position is (as is evident a priori) stable. 

The value of V could also be calculated from the moment, 
-3f, of the acting forces about A ; for the work done by 
a couple of moment M for a small displacement of the body 
to which it is applied \q M .hO \ hence 

hV=M.he 

= - sin ^ {4a2(«;-«;')- A2 w sec^ 0} . hQ, 

which is identical with (a). 

As another example of the application of the principle of 
virtual work, consider the case of two thin uniform rods, 
ABy BC (Fig. 45), each of specific weight w\ freely jointed 
together at the common extremity B^ and resting partly 
immersed in a homogeneous liquid of specific weight Wy the 
rod AB being freely moveable round a horizontal axis fixed 
at -4 at a g^ven depth, 2^, below the surface of the liquid. 
It is required to determine the position and nature of the 
equilibrium. 
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Let AB —2a, BC =. ih^ s — area of normal section of 
each rod, B = inclination of AB and = inclination of BC 
to the vertical. Let (r, & be the centres of gravity of the 
rods, and IS, H' their centres of buoyancy, H being the 
middle point of the immersed portion Am, and H' the 
middle point of Cn, 

The positions of equilibrium can be easily found by 
elementary principles. Thus, considering the separate 




Fig- 45. 

equilibrium of the rod BC^ we see that the reaction of AB 
on BC is a vertical upward force at B equal to W^—L'\ 
and since the moments of W^ and L' about B are equal and 
opposite, we have at once 

C^=2i{i-(i-^)*|, . . . . (1) 

= 2,kb, suppose. 

Thus, L' is known ; and then taking moments about A 
for the separate equilibrium of AB, we have 

Am^ = ^ka {{a + il){2 — k)'-%b}\ . . (a) 

and these two equations determine the position of the 
system. 

To obtain the equation of virtual work, imagine 6 to 
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increase by 8^ and by S<^, and calculate the vertical 
descents of the points H, G, ff, H\ the points H and H' 
being- sopposed not to shift their positions in the rods. If 
the vertical descents of these points are, respectively, 8 f, 8^, 
82', hCy the virtual work, 8 F, done by all the forces is 
given by the equation 

hr=^-LhC^Wbz-{'W'h:/-^L'hC\ . . . (3) 

and this virtual work must be put equal to zero for the 
position of equilibrium. 

Now AH = A sec ^, and if AB turns round A through 
8^, the vertical descent of R is -^5^.8^ . sin ^, so that 
8f = A tan 6 ,hd. To get the vertical descent of n\ ob- 
serve that if B did not move, the vertical descent of H' due 
to an increase of <t> would be — -Bj?^80 .sin<^ ; but B 
descends through a distance 2a sin .hO \ hence 

8C'= i^asind. 8^-55"' sin <^8<^. 

But BW= h-\-{a cos ^ — A) sec ; and we have 

8C = Atan^.8^; hz = asmO .hO, 

hz' = %a sin^.8d— dsin<^. 80, 

8^ = 2fl sin^. 8^— {^ + («cos^— A)sec0} sin<^. 8<^. 

Also W=. Q,asw\ W':=.%haw\ L =z zAswsecO, 

i'= 2SW {b^{a cos — k) &ec <!>}. 

Substituting these values in (3), and collecting the co- 
efficients of the independent variations bO and 80, we have 

bF= 2s {{a^-\'2ab)w'—%abw-^hhosec^6 

+ 2«(«cos^— A)«?sec0} sin * bO 
+ 2* {J^(««? — M^') — (acos^— A)^«?sec*^} sin0 . 80 . (4) 

Now since the position of equilibrium is obtained by 
putting 8 F = o, we must have the coefficients of 8^ and 
80 each equal to zero ; and thus we obtain both 6 and 0. 



N 
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Equating to zero the coefficient of h 0, we obtain at once 
the result (1). 

It is manifest that the expression (4) for 8 F is a perfect 
differential, since 

dV 

H-2a(acos ^ — ^)wsec</>} sin d, . (5) 

dV 

-7— = 28 \h^ (w — w')—{a cos Q-^Kf w sec^ <^} sin (^, . (6) 

and it is evident that we get identical results by differen- 
tiating (5) with respect to </> and (6) with respect to Q, 

To find F, the potential work of the forces, in any 
position, integrate (6) with respect to <^ and add an unde- 
termined function of ^. Thus 

F= — 2B {^^(w — w?')cos0 + («cos^— A)2 wsec <^} 

+ 2«./(tf). . . (7) 

Taking — of both sides of (7) and equating the result to 
dQ 

Jq in (5), we find 

f (e) = {{d^^Q.ah)vf^2ahw--K^w^^(t^e] sind, . (8) 
.*. f(Q) = — {(a^ '\' 2a})) w' — 2ahw] cosO — k^w sec 6 -{• C, 
where C is a constant. Hence 

— = — Ua^ -{- 2ab) w^ ^ 2ab w} cos 0--A^w&ec 

^b^(w— w^) cos (t> — {a cos 6 — Ay w sec (t> + C, . . (9) 
This may be put into a more simple form by putting 

Am -=. 2x and Bn = 2y. 

_ ^ A A(a — x) 

Thus cos 6 = -: cos = — ^^ , 

a? xy 

V 
and if we put 7- = ^y and 
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TT -^ a—x /B \ , . 

U = —-{•wx-\ l—'^wy). . . . (lo) 

X X ^y '^ ^ ^ ^ 

Hence 
dXJ 1 ( , .B \) dU a-x f B^ , , 

For the position of equilibrium — = o ; and — = o ; 

T> 1 

therefore y = (— ) ; wai?' = A-\-%a{Bwfy . . (12) 

which agree with the previous results, and the first shows 
that B must be positive, i. e. w must be > w\ 

For the stability of equilibrium, V must be a maximum, 
and for a maximum or minimum (see Williamson's Differ" 
ential Calculus, Chap, X.) 

d^r d^V rd^y\ 

— • > ( ) • 

d(x^ dy^ ^dxdy^ 

d^V 2{, .B x) d^U 2Ba-x 

^U a . B 



a . ^N 



dxdy x^^ y' 

and since in the oblique position (distinct from = o) this 

d?^TJ . d^TJ . 

value of , vanishes, and -^ is essentially positive, the 



mm § / 

condition is simply that -j-^ must be positive ; i e. 



dy' 
a— a? must be +, (13) 

and this is necessarily the case. 

d'^JJ , d^V , 
Since -j-n is + ^ -3-9 is — , and the value of V which we 
ax d(xr 
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are discussing is therefore (Williamson, above) a maximum 
and not a minimum. Hence from (12), 

Restoring the values of A and -B, this gives as the condi- 
tion for stability ^' a^-\-Aah 

— •< -1 — . 

29. Positions of equilibrium of a freely floating body. 
A given body, provided that its weight is less than that of 
an equal volume of water, may be placed in several positions 
of equilibrium in the water. 

We shall lay down a few definitions of terms in common 
use with regard to freely floating bodies. 

The section of floatation of a floating body (Fig. 47) 
is the section of the body made by the surface, LM^ of the 
liquid. In Fig. 35 the section of floatation is represented 
by the horizontal line AB, 

The area of floatation is the area of the section of floata- 
tion. 

The displacement is the volume of the displaced liquid, 
which is the volume included between the section of floata- 
tion and the surface of the immersed portion of the body. 

In Fig. 35 the displacement is the volume represented 
in projection by the curve ALB. 

In all possible positions of equilibrium of a given body 
floating freely in a given liquid the displacement is constant. 
For, if ^ is the weight of the body, V the displacement, 
and w the specific weight of the liquid (i. e. the weight 
per unit volume), the first condition of Cor. 2, Art 22, gives 

W 

w 

which shows that the displacement is constant. 
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Hence, without any reference to the second necessary 
condition of Cor 2, Art. a a, all possible positions of equili- 
brium are exhausted by describing planes so as to cut off a 

volume — from the body. AH planes which cut oflF this 

volume are (without reference to the second condition) 
possible planes of floatation ; that is, if we mark the ex- 
terior surfiawje of the body along the curve in which it is 
cut by any such plane, and we then place the body in the 
liquid so that this curve lies wholly in the free surface, LM, 
of the liquid, we shall obtain a position in which the body 
will float when left to itself, provided the second condition of 
Cor. 2, Art. 22, is fulfilled in this jpositio7i. Of course, as a 
rule, this condition will not be ftilfilled, so that of the 
(infinite) number of possible positions, as above defined, only 
a small number will satisfy both of the conditions that 
must hold. 

All the planes which cut off the constant volume 

JF 

— from the body envelop a surface called the surface of 

floatation, while the corresponding centres of buoyancy 
trace out a surface called the surface of buoyancy. 

Now it is evident that, in order that a plane cutting 

W 
off the volume — should determine an actual area of floata- 

w 

tion, the right line joining (?, the centre of gravity of the 
body, to the corresponding centre, J?, of buoyancy must be 
at right angles to this cutting plane, because in a position 
of equilibrium of the body the line GH is vertical, while 

the section of floatation ("which cuts off the volume — ^ is 

^ w ^ 

horizontal. 

We shall now show that in every j30sition of equilibrium 
the line GH is normal to the surface of buoyancy at R, 
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Let AB (Fig. 46) be a plane cutting off a volume ABB 
from a homogeneous body ; let -ff be the centre of g^vity 
of this volume; let A'B^ be 
another plane differing slightly 
in position from AB and cutting 
off an equal volume, A^Bff\ and 
let H^ be the centre of gravity 
of this new volume. Then the 
line HH^ is ultimately parallel 
to the plane AB, For, regard 
the volume ABB as consisting 
of the portion A'BB and the 
thin wedge ACA'\ and also re- 
gard the volume A!BB^ as con- 
sisting of the portion A'BB and 

the thin wedge BCB^, Let n be the centre of gravity of 
the portion A'BB which is common to both volumes, g the 
centre of gravity of the first wedge and / that of the 
second. Then to find H we join g to n and divide gn at H^ 




Kg. 46. 



so that 



similarly 



gE volume of A'BB 
Hn volume of wedge ' 

g'H' _ volume of A'BB 
H'n volume of wedge 



a H a'H' 
Hence ^f- = -=7- . and therefore the line HE' is parallel 
Hn Hn 

to g^^ and therefore when the wedges are both made inde- 
finitely thin, the line g^ then lying in the plane AB, the 
line HE', which then becomes a tangent at E to the locus 
of E, is parallel to the plane AB. Since this is true what- 
ever be the orientation of the new cutting plane A!B^, the 
assemblage of lines EE' which touch the surface of buoy- 
ancy at E form the tangent plane to this surface at E, 
which plane is therefore parallel to the cutting plane AB. 
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It now follows that all positions in which a given body can 
float freely in a homogeneom liquid are obtained by drawing 
normals^ GH^^ GH^y GH^, .». from the centre of gravity^ G, 
of the body to the surface of buoyancy ^ and placing the body so 
that any one of these normals is vertical. For, the line GH 
must be vertical — that is, it must be perpendicular to the 
plane of floatation ; and as the tangent plane at ^ to 
the surface of buoyancy has been proved to be parallel to the 
plane of floatation, the line GH must be the normal to the 
surface of buoyancy at H, 

When the contour of the floating body is a surface of 
continuous curvature, the surface of buoyancy is, of course, 
a surface of continuous curvature ; but when the contour of 
the body is not of continuous curvature (as in the case of a 
ship with a closed deck when all geometrically possible dis- 
placements — ^involving the submersion of the deck, the keel 
being above the surface of the water — are considered) the 
surface of buoyancy will be a broken or discontinuous sur- 
face. 

As an example of a surface of buoyancy of discontinuous 
curvature, take the case in which the body is a triangular 
prism, the vertical section of which through its centre of 
gravity is a triangle AJSC (Fig. 47), and consider all pos- 
sible displacements of the body in the plane of this triangle. 

If, for definiteness, we assume the specific weight, w, of 
the fluid to be to the specific weight, w\ of the body as 16 
to 9, the volume submerged will be yV ^^ *^® volume of the 
body. We are therefore to draw all possible lines, such as 
ZM, across the face of the triangle A£C cutting off areas, 
ZBCM, equal to ^\ of the area ABC. 

The immersed area will sometimes be triangular, and 
sometimes (as in the figure) quadrilateral. To trace out the 
locus of the centre of buoyancy when the vertex A alone is 
above the liquid, the line LMis to be drawn so as to cut off 
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the triangular area LAM = ^^ ABC ; hence if AM = y, 
AL = ^, AC = i, ^5 = e, we have 

yz^i^hc, (i) 

Let the first position of the cutting line pass through B^ 
and let the line revolve clockwise so that it assumes the 
position LM in the figure ; then it will reach another posi- 
tion in which it passes through C, When the line passes 
through B^ we have z •=. c^ .*. y = tV * = -^Qj suppose ; the 




Fig. 47. 

catting line is then ^Q, and the immersed area is the tri- 
angle QCB, whose centre of gravity is the point Cj. 

In the second extreme position y =:h^ .\ z =• ^^c ^ AS, 
suppose; the cutting line is BC, and the immersed area 
is the triangle RGB, whose centre of gravity is b^. The 
centres of gravity of all the intervening quadrilateral 
areas will lie on a curve, c^Hb^y between the points c-^ and 
b^. This curve is easily proved to be a portion of a hyper- 
bola having asymptotes parallel to AB and AC. For, AM 
and AL being y and ^, the co-ordinates of the centre of 
gravity of the triangle LAM with reference to AC and AB 
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are (Jy, ^z), while those of ABC are (i5, \c) ; and if (»?, C) 
are the co-ordinates of H, the centre of gravity of the 
quadrilateral LBCM, the Theorem of Mass Moments (Art. 10) 

9f+i^ = ¥^' (3) 

which by (i) give 

i}^i-9ri){^c-^C) = ^io, ... (4) 

showing that the locus of 5^ is a hyperbola whose centre is 
at the point {\\ i, \^ c). 

Let the cutting line still revolve clockwise from the posi- 
tion RCy so that R moves towards A ; then the immersed 
area will be a triangle whose vertex B is submerged, and 
the locus of the centre of gravity of this triangle will be a 
portion, h^ ig, of another hyperbola whose centre is B and 
asymptotes BA and BC, the point h^ being the centre of 
gravity of the triangle ABP cut off when the revolving 
line is in the position AP^ the point P being such that 
BP-^BC. 

Thus there is an abrupt transition from one curve to 
another at the point b^. 

As the cutting line still revolves clockwise from the posi- 
tion APy the locus of H will be a portion, ig ^3, of a hyper- 
bola whose asymptotes are parallel to CA and CB, the 
immersed area being a quadrilateral until the line reaches 
the position Q'^, such that CQ' = yV b. After this the 
immersed area will be a triangle with the vertex A im- 
mersed, the locus of H being a portion, a^ Ag, of a hjrperbola 
whose centre is A and asymptotes ABy AC^ and the im- 
mersed area will continue triangular until the line reaches 
the position CR' such that ARf = xV ^ > and so on. 

Hence the vertical section of the surface of buoyancy 
consists of portions of six different hyperbolas whose points 
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of intersection are ^i, ij , ^3, ^3, . . . . The number of normals 
that can be drawn from 6, the centre of gravity of the 
prism, to this broken locus of H will determine the number 
of positions of equilibrium of the prism. 

Examples. 

1. A rectangular block of specific weight it/ floats in a liquid 
of specific weight w with one face vertical ; find the curve of 
buoyancy and the positions of equilibrium, the same face being 
always kept vertical. 

Ans, Let the sides of the vertical face be 2 6, 2 c, and sup- 
pose that in the initial position the side 2 c is vertical ; then, so 
long as the upper edge 2 5 is out of the liquid and the immersed 
portion a quadrilateral, the curve of buoyancy is a parabola, 
concave upwards, whose equation with reference to the hori- 
zontal and vertical lines through the initial centre of buoyancy 
as axes of x and y is 

The initial position is one of equilibrium (which may or may 
not be stable), and other positions are obtained by drawing nor- 
mals from the middle of the face to this parabola, provided that 
these normals fall within the relevant portion of the parabola. 
Now the relevant portion terminates at the point whose co-or- 
dinates are (- > —-•-), this point being the centre of buoyancy 
V3 t^ 3>" ^ 

when the immersed area begins to be triangular. In order that 
it should be possible to draw a normal within the limits the y of 



w' c 



the point at which it is normal must be < — • - , and hence 

-. >6 — (i--— ). 
cr w ^ 3 w? / 

To this portion of a parabola succeeds a portion of a hyper- 
bola which is the curve of buoyancy so long as the immersed 
area is triangular ; this, in turn, is succeeded by another portion 
of a parabola ; and so on. 

2. Find the surface of buoyancy in the case of a right circular 
cone immersed in a homogeneous liquid with its vertex down- 
wards. 
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Ans, So long as no part of the base of the cone is sub- 
merged, the surface of buoyancy is a hyperboloid of revolution. 

Let a be the semi-vertical angle of the cone, p the perpendi- 
cular from the vertex, F, on any plane cutting the cone, and (o 
the angle which p makes with the axis of the cone. Then the 
plane through jp and the axis will cut the cone in two lines, VA , 
VBf which intersect the given cutting plane in the points A^ B, 
which are the extremities of the major axis of the ellipse. If 
VA = ^j, VB = r^, we have 

VA = — 7^— T. VB = — ^ : ; 

COS (ft) + a) cos (ft)— a) 

hence AB =z -~ ^-k— ; and the semi-minor axis 

cos^a— sin^o) 

(cos^a— sm'*ft))« 

If Y is the volume of the displaced liquid, F= - x area of the 
ellipse cut off. 3 

Tx TT *^ P^ sin a sin 2 a 

Hence F= — ; r . From this it follows that the 

6 (cos^a— sin^ft))2^ 

product VA . VB is constant, and since the co-ordinates of the 
centre, (7, of the ellipse are the halves of the sums of those of A 
and J5, if we rotate the cutting plane so as to confine the 
motions of ^ to one plane, the locus of (7 is a hyperbola having 
the generators VA, VB for asymptotes. Hence for all possible 
positions of the plane, the locus of (7 is a hyperboloid generated 
by the revolution of this curve about the axis of the cone. But 
if H is the centre of buoyancy in any position, H lies on the 
line VC, and VH =. |F(7; hence the locus of -ff" is a similar 
hyperboloid. 

If Z, m, n are the direction cosines of p with reference to any 
two rectangular axes of x and y through the vertex and the axis 
of the cone, we have l^ -^m? =z sin^ o) ; and if a?, y, « are the co- 
ordinates of (7, F4 = rj, VB ^r^y we have 

, . Z sin a 

^ ^ '^^ 2 sin ft) 

, . m sin a 

y = (^1— n) — > 

^ * -' 2 sm ft) 
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^ = (^1 + ^2) 



cos a 



Also, since ^ = ^(cos^a— sin^a))^, where A: is a given con- 
stant, it follows that the locus of is 



cos^a 



a^ + y^ __ 



sin* a 



= Ar*. 




Fig. 48. 



30. Geometrical Theorem. In connexion with the 
question of the stability of floating bodies the following 
theorem is important. 

A volume AKB, Fig. 48, being 
cut off from a solid body by a 
plane section ALBL\ any other 
plane, J^LB'L\ making a small 
angle with the first plane and 
cutting off an equal volume, 
A!KB^^ must pass through the 
centroid (or 'centre of gravity '), 
C, of the area ALBL\ 

For, at any point, P, in the plane section ALBL' 
describe a small element of area, dS ; let the perpendicular, 
P«, from P on the line, LL\ of intersection of the two 
planes be denoted by x ; let 6 ^ be the angle between the 
two planes; and round the contour of dS draw pei*pen- 
diculars to the plane of dS^ these forming a prism which 
intersects the plane A'LB^L' in a small area at Q. Then 
Z Q«P = 6^, QP=a?8^, and the volume of the small 
prism is very nearly xdS.bO. Hence the new volume 
A^KB^ = vol. AKB'\-hO/xd8, the prisms in the wedge 
VLBB^ being taken positively, while those in thjB wedge 
L'LA!A are taken negatively. If the two volumes cut off 
are the same, we must have 

fxdS =^ O, (a) 

the integration including all the elements of area of the 
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plane section ALBL\ Now, by the theorem of mass- 
moments the right-hand side of (a) is Ax, where A is the 
area of the plane section, and x the distance of its centroid 
from the line LL' ; hence 5^ = o, i. e. the centroid of the 
area must lie on LL\ 

A visible representation of this fact is obtained by 
holding in the hand a tumbler partly filled with water and 
imparting to it small and rapid oscillations which cause the 
surface of the water to oscillate from right to left ; the 
planes of the successive surfaces of the water can then be 
seen to pass always through the centre of the horizontal 
section. 




Fig. 49. 



31. Small Displacements. Metacentre. Suppose a 
body, ACB, Pig. 49, floating in equilibrium in a homo- 
geneous liquid to receive any small displacement ; it is re- 
quired to find whether the equilibrium is stable or unstable. 
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Every displacement can be regarded as consisting of two 
kinds of displacement — viz. a vertical displacement of 
translation, upwards or downwards, which diminishes or 
increases the volume of the displaced liquid, and a rotatory 
or side displacement which leaves the volume of the dis- 
placed liquid unaltered. 

If the displa<jement is small, these component displace- 
ments can be treated separately, and it is evident that 
equilibrium for the first kind of displacement is stable. 

We shall confine our attention, then, to displacements of 
rotation which leave the volume of the displaced liquid, 
and therefore the magnitude of the force of buoyancy, un- 
altered. 

Let G be the centre of gravity of the body, AxBaf the 
section of floatation before displacement, H the centre of 
buoyancy (i. e. the centre of volume of the immersed 
portion AOB) before the displacement, and let this section 
of floatation be supposed to be marked on the surface of the 
body. 

The body is represented as slighty displaced, the new 
section of floatation being J^xB'x' ; the new centre of 
buoyancy (centre of volume of A'CB^) is jy, which must 
be. somewhere very close to J?, the centre of volume of 
ACS. 

If the body, having been displaced to the new position, 
is then left to itself, it will be acted upon by two forces, 
viz. its weight, W, acting through G, and the force of 
buoyancy, -£, (which is equal to W^ since the volume of the 
displaced liquid is constant,) acting vertically upwards 
through H'. These forces form a couple. 

Now it is clear that if the line IfL cuts the line GH 
above 6, in a point Jf, the body will be acted upon by a 
couple which tends to destroy the displacement ; while, if 
M is below 6, the moment of the couple, being in the 
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sense of the displacement, will cause the body to fall 
farther from the position of equilibrium, which is therefore 
unstable. 

It may happen, on account of the shape of the body and 
the position of the axis, afx^ of displacement, that the 
veiidcal line through H^ does not intersect the old line 
GH of centres of gravity. At present we shall confine our 
attention to cases in which it does intersect GH, and sub- 
sequently we shall find the condition that such intersection 
shall take place. 

Manifestly if 6 is below H, the equilibrium will be 
stable, and the consideration of this case may be dismissed. 
The case in which G is above H is very important inas- 
much as it is the case of ships generally, and especially 
that of large ironclads, in which so much of the mass is in 
the upper portion. 

If p is the length of the perpendicular from G on the 

line H^L, the moment 

L ,p (i) 

of the new force of buoyancy about G is called the moment 
of stability. 

To calculate jo, or the position of the point M — which 
point is called the metacentre — replace the actual force of 
buoyancy due to liquid A!CB' by a force of buoyancy con- 
sisting of three components, viz., 

{a) an upward force due to liquid ACB, 
(d) an upward force due to liquid Bxx'S^, 
[c) a downward force due to liquid Ax'xA!, 
The two sections of floatation intersect in the line «/, 
and since the volumes ACB and A'CB^ are equal, this line 
xod must pass through the centroid, 0, of the section of 
floatation (Art. 30). 

Since the volume of the wedge BxafB^ = the volume of 
the wedge AxxA\ the forces {b) and (c) being the weights 
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of these wedges of liquid, form a couple, each acting 
through the centre of gravity of the corresponding wedge ; 
while force {a) is L acting up through H, 

Also i/ . jD = the sum of the moments of these forces 
about the axis through G perpendicular to the plane of 
displacement. Now since the forces [h) and {c) form a 
couple, the sum of their moments about all parallel axes is 
the same, and hence the sum of their moments about the 
horizontal axis through G = the sum of their moments 
about x(xf\ which latter we shall take. The wedges may- 
be broken up into an indefinitely great number of slender 
prisms perpendicular either to the plane A^xB^x' or to the 
plane AxBaf, Taking the latter mode, at any point P in 
the area AxB(xf describe an indefinitely small area dS^ and 
round its contour erect perpendiculars which will cut off a 
small area at Q on the plane J!xBx', Let AOB be the 
diameter at perpendicular to x'x ; take Ox and OB as 
axes of X and y ; let the perpendicular Bn from P on x'x 
be y, and let Q be the small angle, Q«P, through which the 
body is displaced round x'x. Then the volume of the 
prism PQ is Qyd8\ its weight (reversed for buoyancy) acts 
at the middle point of PQ, and may be resolved into the 
components ^wy^xS cos ^ parallel to PQ and ^«?^rf5 sin ^ 
parallel to Pn ; i.e. into components OwydS and ff^wydS in 
these directions. 

The moment of the latter, being of the second order in 0^ 
may be neglected, while the moment of the former is 

Swy^dS {%) 

By integrating (2) throughout both wedges, we obtain 
the sum of the moments of the forces {h) and ((?), since they 
both give moments of the same sign about xx\ 

Hence the moment of buoyancy due to the wedges is 

ewfy'dS, (3) 
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the integration extending all over the section AxBx' of 
floatation. 

If A is the area of this plane section, and k its radius of 
gyration about the axis xx' of displacement, (3) is 

6w.A^. (4) 

The moment of the force {a) about (?, in the sense of the 

previous moment, is 

-L.GH.e (5) 

Hence, if F is the volume of the displaced liquid, since 
L = Vw^ the moment of the whole of the forces of buoyancy 
about the horizontal axis through G perpendicular to the 
plane of displacement is 

ew(AJk^-^F.GH); (6) 

and, equating this to (i), we have, since j» = 6 . GM^ 

T.GM=:A/i^-V.GH, (7) 

.-. 3M= ^ (8) 

which determines the position of the metacentre, M. 
For stability, therefore, 

^>SG (9) 

Displacements of constant volume may take place round 
any diameter of the section, AxBx\ of floatation provided 
that the diameter passes through the centroid of this section 
(Art. 30) ; and since for all such displacements both A and 
F are constant, equation (8) shows that the metacentre will 
be highest when the displacement takes place round that 
diameter about which the moment of inertia of the section 
of floatation is greatest, and lowest if it takes place round 
the diameter about which the moment of inertia is least. 
These two diameters are the principal axes of the section of 
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floatation at its centroid. If ^2 ^^^ K ^^^ ^^ greatest and 
least radii of gyration of the section of floatation about its 
principal axes, and M^y M^^ the corresponding metacentres 
for displacements round them, 

ffM, = '^. HM,=^.. . . . (10) 

The equilibrium will, then, be least stable when the dis- 
placement taiies place round the diameter of least moment 
of inertia, which in the case of a ship is the line from stem 
to stem. 

Since Fw = JFy (8) can be written 

32. Experimental determination of Metaoentre. The 
height of the metacentre above the centre of gravity of a 
ship can be found experimentally by means of a plumb-line 
and a moveable mass on the deck. Suppose one end of a 
long string fastened to the top of one of the masts and let 
a heavy particle haug from the other end of the string. 
Now if a considerable mass, P, be shifted from one side of 
the deck to the other, the ship will be tilted through a 
small angle which can be measured by means of the pen- 
dulum if the bob of the pendulum moves in front of a 
vertical sheet of paper on which the amount of displacement 
of the bob can be marked. If I is the length of the string 
and % the distance traversed on the paper by the bob while 

the mass P is shifted across the deck, - is the circular 

measure of the whole angle of deflection of the ship. 

Let Q be the centre of gravity of the ship, ^the weight 
of the ship and moveable mass together, 2 h the breadth of 
the deck, a the perpendicular from G on the plane of the 
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deck, and 2 the whole angle, - , of deflection. Then, on 

account of the symmetry of the ship, we can in Fig. 49 take 
the line HG as passing through 0, 

Let the mass P be at B, and take momenta of the forces 
acting about G ; then 

}F.GM.e^P{b-\-ae), 

The value of a is usually much smaller than - , so that^ 
with sufiicient accuracy, we have 

where = — 

IS 

Thus, in a ship of 10,000 tons the breadth of whose deck 
is 40 feet, if a mass of 50 tons moved from one side to the 
other causes the bob of a plumb-line 20 feet long to move 
over I o inches, the metacentric height is about 4!^ feet. 

The metacentric heights of large war vessels vary from 
about 2 J feet to 6 feet. 

Examples of the Metacentre. 

1. A unifonn rectangular block, of specific weight to', floats, 
with one of its edges vertical, in a liquid, of specific weight w] 
find the relation between its linear dimensions so that the equi- 
librium shall be stable. 

Let 2 a, 2 6 be the lengths of the horizontal edges, and 2 c the 

length of the vertical edge, and let h<a. Then the equilibrium 

is most unsafe when a displacement is made round the longest 

diameter of the section of floatation. If x is the length of the 

vertical edge immersed, 

w 
a? = 2c — J 
w 
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and therefore „^ / v/\ 

HG-sn c\\ )• 

\ it?/ 

Also l^'=^\h^ round the axis of most dangerous displacement, 

W 
and F= — , where W = 8a6cM7'= weight of body. Hence 

HM^ ^„ 
6 etc 

so that for stability r — > > c( i ), that is 



b 

- > 
c 






2. If the floating body is a solid cylinder, floating with its 
axis vertical, find the condition for stability. 

Ans, If r is the radius of the base and h the height, 



r 






3. If the floating body is a solid cone, floating with its axis 
vertical and vertex downwards, find the condition for stability. 

Aii8, If r is the radius of the base and h the height, 



r 



J&- '■ 



4. If the floating body is a solid isosceles prism whose base is 
uppermost, find the condition for stability. 

Ans, If 2h is the length of the shorter side of the base 
and h the height of the prism. 



h> 



V S)*~ '• 



5. If the cone in example 3 floats with its vertex uppermost, 
find the condition for stability. 






M 
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We have assumed that n% Fig. 49, lies, in the plane of 
displacement, and we can easily see that this will not be the 
case unless the axis, x'x, of displacement is a principal axis 
of the section, AxBx\ of floatation. For, if we seek the 
co-ordinates of H' (which is the centre of volume of the new 
volume A'CB") we may regard, as before, the volume A'CB' 
as *resQlved' into the original volume ^CB, the positive 
wedge B^xBx\ and the negative wedge A'xx^A, Hence if 
X is the distance of the point P from the line OB and £the 
distance of H' from the vertical plane containing OB^ we 
*iave Y^^^ efxydS, 

since the volume of the prism PQ is QydS^ and its volume- 
moment about OB is OxydS, the integration extending all 
over the area AxBx\ 

This shows that £ = o only when Ox and OB are prin- 
cipal axes at 0. In the case of a square or circular section 
of floatation, every axis through is a principal axis, and 
hence R' always lies in the plane of displacement. 

In general, therefore, a small angular displacement round 
a diameter of the section of floatation produces a moment 
of the forces not only round this axis but also round the 
perpendicular axis in the plane of floatation, the eflect of 
which would be to produce small oscillations of the body 
about this axis. 

The question of stability, however, is not aflPected by this 
consideration, since any small angular displacement, ^, 
round an axis x'x could be resolved into two separate small 
angular displacements 

^ cos a and sin a 

round the two principal axes at 0, where a is the angle 
made by afx with one of these principal axes ; and if the 
equilibrium were stable for small displacements round the 
most dangerous of the principal axes, it would be so for the 
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given displacement round x'x. On the other hand, if the 
equilibrium is unstable round one of the principal axes, it 
will be unstable round all axes in the section at 0, unless 
these axes are inclined at indefinitely small angles to the 
other principal axis — supposing the equilibrium to be stable 
for displacements round this axis. 

33. SurflEkces of Bevolution. When the figure of the 
floating body is that of a surface of revolution, take the 
origin, 0, of co-ordinates at its lowest point, the axis of 
X being vertically upwards and that of ^ horizontal. Then 
if {Xy y) are the co-ordinates which determine the surface of 
floatation in the erect position, and (x\ y) those belonging 
to any other parallel section, we have 

hence HM=—^ (0 

Also, by mass-moments, 



therefore 



OHxTT r y^ dx' ^ttT x'y'^ dx'-, 
Jo Jo 

y* + 4/ x'/^dx' 
0M=- ^ (2) 

4/ /^^a? 
Jo 

Thus, to determine the figure of the floating body when 
HM is of constant length whatever be the depth of im- 
mersion, let HM = wi in (i). 



Jo 



"bl 2 
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Differentiate both sides with respect to x\ then (see 
Williamson's Integral Calct^lus^ Chap. VI) 

which shows that the generating curve is a parabola ; hence 
when a paraboloid of revolution floats in a liquid the height 
of the metacentre above the centre of buoyancy is constant 
for all depths of immersion. 

Example. 

Find the nature of the generating curve so that for the surface 
of revolution and for all depths of immersion the height of the 
metacentre above the lowest point shall be any assigned function 
of the co-ordinates of the section of floatation. 

Let OM = (f) (05, y) in (2) ; then, writing instead of 
<f> {Xf y) for shortness, 

\y'+r^y^d^=<\>r y^d^ (i) 

Differentiating with respect to x, and putting ^ for —^ 

p^+xy» = y'<l> + {^+p'^)JJy^^dx.. . . (2) 
Dividing out and again differentiating, 



dx 



py^+(x—4>)y^ ) 

d<f> d<f> 
dx dy 



= y' (3) 



This is the differential equation of the required generating 
curve. 

If, for instance, the metacentre is at a constant height, a, 
above the lowest point, we know that the curve is a circle, 
and this appears at once from (2), since <f> = a, 

•'• py-\-x = a, .'. ydy + {af^a)dx=^ o, .*. {af—af + y^ = o*. 
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34. Metacentric Evolnte. Suppose a body of given 
mass to float in a liquid ; then if we consider all possible 
displacements — and not merely small displacements — ^in 
which the volume of the displaced liquid is constant, the 
lines of action of the forces of buoyancy will envelope a 
certain surface fixed in the body. This surface is called the 
metacentric evolute for the given displaced volume. 

As a particular case, consider the displacements of a 
square board, ABCD^ Fig. 50, floating in a liquid of double 
its own specific 
weight. The dis- 
placement is al- 
ways half the 
volume of the 
board ; and when 
the board floats 
with AB hori- 
zontal, the centre 
of buoyancy is ZT, 
the metacentre be- 
ing M^ such that 
HM = i fl, where 
2a=iAB. In this 
position the equi- 
librium is unstable. The curve of buoyancy for positions 
intermediate to those in which the surfaces of floatation 
are J)B and CA is the portion J'HJ of a parabola whose 
parameter is % a. The lines of action of the forces of buoy- 
ancy are always normals to this parabola, and their envelope 
is the evolute, Q-3fefQ', of the parabola. The positions in 
which DB and CA are in the surface of the fluid are posi- 
tions of stable equilibrium, the metacentric heights GQ and 

GQ,' being each — a. 




Fig. 50. 
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In general, for the displacements of any body in one 
plane — the volume of the displaced liquid being constant — 
the metacentric evolute is the evolute of the curve of buoy- 
ancy in the plane. 

35. StabiUty in two Fluids. Let BAOB, Fig. 51, re- 
present a body floating partly in a homogeneous fluid of 

specific weight v/ and partly in one 
of specific weight w, the latter being 
the lower, and suppose the position 
of equilibrium to be found. We 
may evidently imagine the volume, 
DAB^ of the upper fluid completed 
by adding the portion AOB, and all 
the forces in play will be those due 
to an immersion of the whole 
Fig. 51. volume in a fluid of specific weight 

v/ and an immersion of the portion 
AOB in one of specific weight w — v/. 

Let G be the centre of gravity of the body; G' its centre 
of volume, i. e. the centre of gravity of the whole volume 
supposed to be homogeneously filled ; H the centre of 
volume of the portion in the lower fluid before displace- 
ment ; M the metacentre corresponding to this lower fluid 
(of specific weight w—w^ ; V the volume of the lower and 
V that of the upper fluid displaced. The position of M is 

Ai? 
given by the equation HM = -^ • 

For simplicity we have assumed (?, G' and H in the 
original position to lie on the same vertical line ; but the 
method of investigating any case in which they are not 
thus simply situated will be readily understood from the 
simple case supposed. 

The points G\ (?, Jf, H may in any individual case have 
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relative positions different from those represented in the 
figure. 

We may evidently suppose the displacement to be made 
round some diameter of the section AB through its centroid, 
in which case the wedge forces of buoyancy at the section 
ai-e equivalent to a couple, whose moment in the present 
instance is AB{w^v/). 

The equilibrium will be stable if the sum of the momenta 
of the forces acting on the body in its position of displace- 
ment round an axis perpendicular to the plane of displace- 
ment, drawn through G or through any other convenient 
point, is in a sense opposed to that of the displacement. 

Now, iiW=: weight of body, the forces in action are W 
acting down through (?, together with V{w^w^) acting up 
through M, and ( V-\- F^) vf up through G'. The sum of 
their moments about H in the sense opposed to the angular 
displacement is 

Q{V(w-^vf).HM^{V^V')w\HG'^W.HG), 

and if the expression in brackets is positive, the equilibrium 
is stable. 

It is sometimes more convenient to take the restoring 
moment about the lowest point, 0, of the axis of the body. 

In the above expression we may put W = Fw 4- F^ vf\ 
and it is evident that if the centre of gravity, G, of the 
body coincides with its centre of volume, G\ the condition 
becomes simply HM>HG — ^as is evident a priori^ 

Example. 

A circular cone the length of whose axis is 20 inches is 
formed of two substances whose specific gravities are 3 and 8, 
the denser forming a cone whose axis is 1 2 inches long and the 
other forming the frustum which completes the whole cone ; it 
is immersed, vertex downwards, in a liquid whose specific 
gravity is 14, on top of which rests a liquid whose specific 
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gravity is i, the whole cone being immersed; show that for stable 
equilibrium the radius of the base must be greater than ii'639 
inches. 




36. Floating Vessel containing Liquid. Suppose a 
vessel, represented in Fig. 52, to contain a given volume of 

liquid of specific weight v/ and to 
float in a liquid of specific weight 
w. If the vessel receives a small 
angular displacement, there will 
be a force of buoyancy due to the 
external fluid acting upwards 
through its metacentre M\ the 
line of action of the weight of the 
contained fluid acts through its 
new centre of gravity and it in-^ 
^&- 5*- tersects the line GM in w, the 

metacentre of this contained fluid. 
This force acts downwards, and W^ the weight of the vessel 
acting through its centre of gravity, (?, also acts downwards. 
The weight of the internal fluid may assist either in pro- 
moting stability or in promoting instability according to 
the position of m. If, as in the figure, m is below (?, this 
force promotes stability. I( F = volume of displaced 
external fluid, r'= volume of internal fluid, the restoring 

moment is ^, tt j^-mm- firr r^'nr\ 

6 (w V. GM-\- w V\ GM). 



Examples. 

1. Find the least height to which a uniform heavy cylindri- 
cal vessel of negligible thickness can be filled with water so that 
when it is placed with its axis vertical in water the equilibrium 
may be stable. 

Ana. Let h be the distance of the centre of gravity of the 
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vessel from the base, W the weight of the vessel, and A the area 
of the base ; then the least height to which it can be filled is 

n- ^ 



2 Aw 



2. If the cylinder contains a liquid of specific weight v/ and 
floats in a liquid of specific weight w, with its axis vertical, find 
the condition of stability. 

Ana, Let v/ '=-n,w^ W=^Aew, and x = the height to which 
the cylinder is filled ; then, for stability, the expression 

2 w (w— i) a?- + 47M»5+ 2 c'— (n— i) r^— 4c/t 

must be positive. 

3. If a uniform hollow cone of negligible thickness contains a 
liquid of specific weight v/ and floats in a liquid of Bpecific 
weight w with its axis vertical and vertex downwards, find the 
condition of stability. 

Ans. If X is the length of the axis occupied by the internal 
fluid, y the length occupied by the external fluid, h the whole 
length of the axis, I the distance of the centre of gravity of the 
cone from the vertex, r = radius of base, tc;'= nw, Tr= weight 
and V = volume of cone, and if W = m. Vw, we have 

and for stability the expression 

must be positive. 

4. A thin vessel in the form of a surface of revolution contains 
a given quantity of homogeneous liquid and rests with its vertex 
at the highest point of a rough curved surface, find the condi- 
tion of stability for small lateral displacements. 

Ans. Let W be the weight of the vessel (without the liquid), 
h the distance of its centre of gravity from the vertex, V the 
volume of the liquid, w its specific weight, z the distance of its 
centre of gravity from the vertex, A the area of the free surface 
of the liquid, k the radius of gyration of this area about its dia- 
meter of displacement, p and p' the radii of curvature of the 



170 Hydrostatics and Elementary Hydrokinetics. 

vessel and the fixed surface in the plane of displacement ; then 
the restoring moment is proportional tp 

r 

and if this expression is positive, the equilibrium is stable. The 
restoring moment is equal to this expression multiplied by 

>, where is the small angular displacement of the vessel. 

(See Statics, vol. ii., Art. 279, 4th ed.) 

5. In the last example find the position of the metacentre. 
Ans. If H is the centre of gravity of the contained fluid, 






6. If the vessel is a paraboloid of revolution resting on a hori- 
zontal plane, the weight of the liquid being P and the latus 
rectum of the parabola 4 a, the condition for stability is 

Tr(2«-A)>|pr— ^y. 

37. Stability in Heterogeneous Fluid. We shall now 
suppose that a body floats in a fluid of variable density 
which is subject to the action of gravity. The level sur- 
faces of the external force being horizontal planes, these 
planes will also be surfaces of constant density. Hence if 
w is the specific weight of the fluid at any point whose 
depth below the free surface, LN^ Fig. 53, of the fluid is C 
we have ^, .v , . 

Suppose the dotted curve to represent the original 
position of the floating body, and that the full curve ACS 
represents its position when it has received a slight angular 
displacement, 6^ round any assigned horizontal line Ox — 
which we suppose to be perpendicular to the plane of the 
paper. 



Pressure on Curved Surfaces. 



171 



Take the vertical plane througli the original line joining 
G and H^ the centres of gravity of the body and of buoy- 
ancy, which is perpen- 
dicular to Ox as plane 
of yz^ the point, 0, in 
which this plane cuts 
Ox being taken as 
origin, the vertical Oz 
as axis of z^ and the 
horizontal line, Oy, per- 
pendicular to Ox as 
axis of y. Thus the 
displacements of all 
points of the body take 
place in planes parallel 
to the plane of y^r. 

The section of floata- 
tion of the body in the 
displaced position is 
represented by A^ B\ 

Suppose AB to be the section of the body made by the 
plane LN in the original position ; ajid in this position let 
b be the distance between the line GH and the axis Oz, 
Let h be the height of above LN. 

The equation of the plane A £^ i^ z — h=. o^ and this was 
the equation of AB in the original position ; but by rotation 
in the sense indicated in the figure the equation of AB in 
its displaced position becomes z^6y—h^ o^ and therefore 
the old and newpositions of the plane ^5 — and of every plane 
horizontal section of the body — ^intersect on the axis Oz. 

Suppose P' to be any point in the body whose original 
position was P (the latter point being supposed to be 
marked in fixed space and not in the body) ; and let a?, ^, z be 
the co-ordinates of P with reference to the fixed axes at 0. 




Fig. 53- 
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Then the co-ordinates of P' are {x^y—Ozy z + 6^\ so that 
the density of the fluid which would exist at P' if the body 
were removed would be, by (i), 

f{z+etf^h),oxf{c-^er/\oxw+e/^, . . (2) 

since the depth of P' below the surface LN is z-\-Qy — h, 
Hence when the element of volume dxdydz at P is carried 
to P', it will experience a force of buoyancy 

{w + ey — )dx(lydz', (3) 

and since the points P are all those included within the 
original volume, BCA, immersed, the corresponding forces 
of buoyancy will omit the wedge B^rB and include the 
wedge Ar a! — the latter not, in reality, contributing any 
force of buoyancy at all in the displaced position, while the 
former does. We must therefore specially include the 
wedge ^tB and exclude ArA\ 

Let Wq be the specific weight of the fluid at the surface 
LN ; let dS be the area of any element of the surfece AB 
(such as that represented at P in Fig. 49) ; then if y^ is 
the distance of this element from the line through r parallel 
to Ox^ the volume of the small cylinder standing on dS, as 
in Fig. 49, is Oy^dS. Also let x^ be the x co-ordinate of 
the element dS^ and let c be the original depth of G below 
the horizontal plane xOy, Then we have, in their new 
positions, 

the co-ordinates of P a?, y—Oz^ z + 6y, 

„ G o, h^ec, c + Ob, 

„^^ i^^y^o-^^y ^ + ^^0- 

Now we shall calculate the sum, i, of the moments of 
the forces of buoyancy round the horizontal axis through G 
parallel to Ox in the sense opposite to that of the displace- 



» >j 



5> a 
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ment, i. e. counterclockwise as we view the figure. If a 
force having components X^Y^Z acts at the point {x^y^z), 
its moments round axes through the point (a,/3,y) parallel 
to the axes are Z{y—p)^T{z—y\ and two similar ex- 
pressions (Statics, vol. ii., Art. 20a). 

In the present case only the ^^-component of force exists, 
and this at P' is the expression (3) with a negative sign, 
while at the new position of the surface element dS it is 

-Qw^y^dS. (4) 

Hence we have 

Z=: 1 1 1 (^-^^y-j-) {y—6''0{z-'C)} doodydz 



^^ofyoiyo-^)^^' ' (5) 



Now observe that we neglect 6 ^ ; also if W is the weight 
of the volume ACB of fluid originally displaced, 

fffwydxdydz^- W.b^ 

since the y oi H was originally b. Hence the term inde- 
pendent of 6 in (5) disappears, as it must, of course ; and 
we have 

L = 6 1 1 1 (y^—hy^-^dxdydz—O I I lw{z--c)dxdydz 



■^e^Jiyo^-i>/o)ds. . (6) 



Observe also that w is a function of z alone, so that the 
first triple integral can be written in the form 

[//(j<'-«y)^^^y]^^^^ • • • • (7) 

and if A denotes the area of any section for which z is 
constant (i.e. any section of the body parallel to AJB\ k 
the radios of gyration of this section round the line in its 



/I 
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plane parallel to Ox, at the point where Oz cuts the section, 
and y the distance of the ' centre of gravity ' of the area 
from this same line, the double integral in the brackets in 

^7^'' M^^-m, (8) 

so that the first integral in (6) is 

dw 



e 



^fA{i^^by)f^dz (9) 

The second integral in (6) is —dW.ITG, and the last is 
6wQAQ{lc^ — hy^^ where Jcq is the radius of gyration of the 
section, AB^ of floatation (whose area is Aq) round the line 
through r parallel to Ox, and ^q is the distance of the 
' centre of gravity ' of the section from this line. Hence 
(6) becomes 

^=rA{k^-lyy~dz + w,A,{k,^-h^,)-W.HG. . (lo) 

For stability this must be a positive moment; and in 
the particular case in which w is constant and the displace- 
ment is made round a diameter of the section AB^ it is 
obvious that we get the same condition as in Art. 31. 

But the forces of buoyancy will also, in general, produce 
a moment round the horizontal axis through G parallel to 
Oy, i.e. a moment tending to turn the body across the 
plane of displacement. If M is this moment, we have 

3I=U^(? + 6y-J-^xdxdydz + 6wQjxQy^ydS. . (11) 

Let P denote the product of inertia, ffxydxdy^ of any 
section round axes in its plane parallel to Ox and Oy at the 
point where the section is cut by Oz ; then 



3/ _ r-pdw 



=/^ J^" + ^«^« ('*) 
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This moment will not exist if P is zero for all sections, 
or if the fluid is homogeneous and P is zero for the surface 
of floatation. 

Let us now calculate the work done in the displacement 
of the body round Ox. 

The work which would be done on a material system by 
force the components of whose intensity at {x,^,z) are 
X, l^^for any small displacement whose typical components 
are hx^hy^hz is 

f{Xbx+rby + Zbz)dm; . . . . (13) 

and if the displacement is produced by small rotations, b6^ , 
8^2 5 ^^35 round the axes of co-ordinates, we have bx = ybO^ 
—xb02i with similar values of by and bz. Hence, if 
ZyMyN are the typical moments of the force intensity 
about the axes, the work is 

IbO^ + MbO^ + Nbe^ (14) 

In the present case the only rotation is that about Ox, 
.\ 8^2 = 8^3 = o. Consider the moment L as that of the 
forces of buoyancy in the displaced position ACB, and 
calculate the element of work done by these forces in any 
further small displacement by which the angle is increased 
by do. Then the infinitesimal element of work done in 
this further displacement is 

J^dd. (15) 

But (taking the forces of buoyancy alone), 
Z = ^JfJ(w + ey^)(y^0z)dxdydz--0w,/y,^dS.{i6) 

= ^Wb^e^/AP^£dz--V{c + HG) + WQA^]kA .{17) 

= — »'d—JE'd, suppose; (18) 

and the integral of this expression from = to 6 = 6 
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expresses the work done by the forces of buoyancy in the 
displacement from the initial position of the body (re- 
presented by the dotted contour) to that represented by 
AGB. Hence the work is 

-Vbe--iKe^ (19) 

The work done by the weight of the body is simply 
IFbz, in which bz must be accurate as far as 6^; i. e. 
bz = b0 — ic6^. Hence the work done by all the forces is 

- ^' |/^-^ ^£dz-W.HG + «.o^o V| . • • (20) 

and this, with reversed sign, is the work which must be 
done against the forces to produce the displacement. 

Examples. 

1. If a solid homogeneous cone float, vertex down, in a fluid 
in which the density is directly proportional to the depth, find 
the condition of stability. 

An8. If, as at p. 131, A' is the length of the axis immersed 
and h is the height of the cone, the equilibrium will be stable if 

cos^ a < —7- , where a is the semivertical angle of the cone. 

2. Determine the condition of stability of a solid homogeneous 
cylinder under the same circumstances. 

Ana, If r is the radius, h the height of the cylinder, and W 
the length of the axis immersed (see p. 131), the condition of 
stability is 7^>^'(A-§y). 

3. If a spherical balloon of weight B is held at a given height 
by a rope made fast to the ground, find the work done in dis- 
placing it about the ground end of the rope through a small 
angle. 

An8, If h is the height of the centre of the balloon and W 
the weight of the displaced air, the work is 

where TThas the value given in example 3, p. 131. 
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38. Green's Equation. Let ABC^ Fig. 54, be any 
closed surface ; let U and V be any fiinctions of a?, y, 2?, 
the co-ordinates of any point P at which 
an element of volume ^12 is taken ; and 
let V^ stand for the operation 

then if we take the integral -^„ - . 

fUV^VdO. 

throughout the volume enclosed by ABC, the result can be 
expressed in terms of another volume-integral taken through 
the same space and of a surface-integral taken over the 
bounding surface ABC. Thus, let Q, be any point on the 
surface, at which an element of area dS is taken and let dn 
be an element of the normal at Q drawn outwards into the 
surrounding space (in the sense of the arrow). Then we 
have (see Statics, vol. ii, chap, xvii, Section iv.) 



juv^r.da^fu^.ds 



_r(dudr dUdr dUdr. . 

J ^dx dx dy dy dz dz^ • • V / 

In exactly the same way, if </> is any other function of 
a?, y, Zy we have 

Cu(— — — <h— — <h~\ d£l 
J ^dx dx dy dy dz dz^ ' 

^ fu — dS-^f (^^ ^^ dUdF. 

~ J dn' J ^dx dx dy dy dz dz^' ' ^ ' 

The first of these is known as Green's equation ; the 
second is a modification made by Sir W. Thomson. 

By assigning to U various values (such as a constant 
value, the value F, &c.) we obtain (as shown in Statics 

N 
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above) varioas remarkable theorems with physical appli- 
cations. 

A most remarkable consequence of (2) is this. If <t> and 
V are any two functions satisfying the equation 

d dV d ^dV d dV , , 

at all points within a closed surface, ABC^ and if the value 
of V is assigned at every point, Q, on the surface itself, its 
value at each internal point, P, is determinate. 

For, if possible, let there be two different functions, viz., 

r =f{x, y, z) ; 

each satisfying (3) and such that r= V at each point, Q, 
on the surface, while V is, of course, not equal to V^ at each 
internal point P. Denote F— V by f ; then ^ satisfies (3). 
Now employ (2) for the volume and surface of ABC^ and, 
moreover, choose for U the value f. Then 

J ^dx '^ dx dy dy dz dz^' 

=/,4f...-/4(g)V(|)% («/]....„ 

But each term under the integral on the lefb-hand side 
vanishes, and the surface-value of f which enters into each 
term of the first integral on the right also vanishes ; there- 
fore the second integral on the right vanishes ; but since 
each term of this integral is a square, we must have each 
term equal to zero, i. e., 

^=0 ^=0 ^=0 

dx ^ dy ^ dz ' 
must hold for all points inside ABC ; and this requires that 
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^ is constant for all internal points, and /. zero, since it is 
zero at the surface points. 

Hence there cannot be two functions, F, V\ satisfying 
(3), agreeing at each surface point, while differing at 
internal points. If, therefore, any one function, /"(a?, y, z\ of 
the co-ordinates is known to satisfy (3) and to have at each 
point on the surface an assigned particular value, it is the 
only one applicable to the points enclosed by the surface. 

The application of this result to the case of fluid pressure 
is obvious. If at each point of any fluid-mass the external 
forces satisfy the equation 

dX dY dZ 

+ :7::+.77 = 0' (5) 



dx dy dz 



• •.' ■ ^ f ■ I ir(Ju:«v - « •« 



I, equations (1), 



(^)» (3)» P- 82, give 

d 1 dp d 1 dp d 1 dp ,^. 

-^ ^ + :7 :r+:7 / = o- • • (^) 

ax p dx dy p dy dz p dz ^ * 

Hence if ABC is the surface of a foreign body immersed 
in the fluid, the distribution of the fluid which could, under 
the influence of the given external forces, statically replace 
the body is determinate since the value of the pressure in- 
tensity is assigned at each surface point, Q. At each 
internal point, P, the pressure intensity is determinate, and 
if p is, for the given fluid, a given function of j^ — say /(i?) 
— ^the value oip at P is given by the equation 

where V is the potential function of the external forces, 
involving the co-ordinates of P. This is the result referred 
to in p. 113. 



N a 
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Example. 

If in the midst of a mass of fluid which is not self-attract- 
ing there is a solid body which attracts its own particles and 
those of the fluid according to the law of inverse square of dis- 
tance, and if the surface, -4, of this body is one of constant po- 
tential, prove that the intensity of pressure, p, of the fluid at any 
point, P, is less than the intensity of pressure, p^y at any point 
(m A by an amount given by the equation 



p = ;^o- 



' fpE^dil, 



where y is the constant of gravitation {Statics^ vol. ii.. Art. 3 1 5), 
M is the mass of the solid body, p is the density of the fluid at 
any point at which the attraction per unit mass due to the body 
ia Ej dil is an element of volume, and the integration extends 
over the space included between the surface A and the equi- 
potential surface, Sy described through F, 

In Green's equation (i) for U choose jj—^^q and let Fbe the 
potential at any point due to the solid body. Then we have 

/(^_^„) V^F..12=/(^-p,)|r.^-/(|f + ...)m, (X) 

in which the surface-integral on the right is taken over the sur- 
face A and over the surface Sy and the element of normal dn is 
drawn into the space outside the volume enclosed by A and S; 
this space is therefore the interior of the solid body and the ex- 
terior of S, so that dn in the integration over A is measured 
towards the interior of M. 

Now we know that (StaticSy vol. ii., Art. 329) V*F= 4wyp', 
where p^ is the density of the attracting matter (to which V is 
due) at the point to which V applies ; and as there is none of 
this attracting matter at any of the points within the volume 
(that included between A and S) included in the integration, 
V^ r = o. Again, at every point on the surface of A we have 
p—Po = °> therefore the part of the surface-integral on the right 
which relates to the surface A is zero. Further at every point 
on S p IB constant ; hence the surface-integral is simply 



(p-I>o)J 



f-. 
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and is confined to the surface S. Moreover, at every point in 
the fluid — = pX, &c., and -T = — ; hence (i) becomes 

o = (p-Po)J^<iS-JpR'dn. (2) 

Now {Statics, ibid. ) 

rdV 

J^'^^=-*-'y^' (3) 

80 that the required result follows at once from (2) and (3). 

39. Line-Integrals and Surface-Integrals. If any 

directed magnitude, or vector, has for components u, v, lo 
along three fixed rectangular axes, the magnitude which 
has for components A, /n, v along these axes, where 

dw dv 
du dw 

Tz-di = ^^ (*) 

dv du ^ ... 

'di'^Ty^'"' ^3^ 

has been called the * curl ' of the given vector by Clerk 
Maxwell. (In the theory of Stress and Strain, and in the 
motion of a fluid, it is convenient to define the curl as 
having the halves of the above components.) 

Any vector and its curl possess the following fundamental 
relation : the line-integral of the tangential component of any 
rector along any closed curve is equal to the surface-integral 
of the normal component of its curl taken over any curved 
surface having the given curve for a hounding edge, (See 
Statics^ vol. ii, Art. 316, a.) 

If /, my n are the direction-cosines of the normal at any 
point of such a surface, and dS the area of a superficial 
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element at that point, while ds denotes an element of 
length of the bounding edge of the surface, the theorem is 
expressed by the equation 

J(^lX + nitx + nv)dS=J(u-£ + v£ + w£)ds. . (4) 

Now we are often given the components of curl, A, /x, r, 
and from these we require to determine the vector from 
which they arise. In view of such a problem, the following 
fact is useful. If we can find, by any means, some par- 
ticular values, ^Qi Vq, Wq, of the components of the required 
vector which will satisfy the equations (i), (i), (3), the 
general values of «, Vy w are simply 

1^ = «^o + ^ ' ^^^ 

'' = ^0 + ^' ^^) 

w = Wn + -^i (7) 

" dz 

where (p is any function whatever of se, y, z. This is 
evident, because if we substitute Uq , Vq , Wq for u, v, w in 
(i), (a), (3), we have, by subtraction, 

d{w-w^) ^ d{v-VQ) 
dy dz 

and two analogous equations ; and these signify that the 
expression 

(?/ —u^ dx + {v—VQ) dy-\-{w—w^ dz 

is a perfect difierential of some function of a?, y, z. If this 
function is denoted by </>, we have the results (5), (6), (7). 

Of course it is a necessity from (i), (2), (3) that any pos- 
sible components of curl of a vector should satisfy the 
identity d\^dji^dv_ 

dx dy dz~~ ^ ' 
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Thus, it is not possible to determine a vector the com- 
ponents of whose curl are a?, y, z ; but it is possible to 
determine one whose components of curl are a?, y, —2z. 
The values «^o = f ^<?, t^o = — \zx^ Wq = Ja?y will give these 
latter components of curl ; so will the values u^ = ^z, 
Vj = —zx, w^ = o. But it is obvious that if <f> denotes the 
function \ xyz^ these two sets of components are related thus 

''« = ''^+^' ^0 = ^1 + ^ ^''- 
In the line-integral along the closed curve the vector 

whose components are -7-> -t-j -^ ^^7 ^ rejected, if 

is a single- valued function. 

Stokes's method of determining values of u^ v, w from the 
given values of A, fi, j; will be found in Lamb's Treatise on 
the Motion of Fluids^ p. 150. 

Examples. 

1. Given any unclosed curved surface in a heavy homogeneous 
liquid, is it possible to express the total component of pressure, 
on one side of the surface, parallel to — 

(a) a horizontal line, 

(6) a vertical line, 

by an integral taken along the bounding edge of the surface 1 

Ana. The first is possible, but not the second. If a hori- 
zontal line is drawn at the surface of the liquid, which is taken 
as the plane of £c, y, the component in the first case is flzdS^ 

and this = '— ^ I z^ -^ da. This result is evident from elemen- 
tary principles ; because, if through the edge of the surface we 
describe a horizontal cylinder whose generators are parallel to 
the axis of a?, and take a section of this cylinder perpendicular 
to its axis, the horizontal component of the pressure on the 
curved surfiice is equal to the pressure on this plane section, 
and is therefore independent of the shape and size of the given 
surface. 
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2. Given any unclosed curved surface in a heavy homogeneous 
liquid, is it possible to express the sum of the moments of the 
pressures, on one side of the surface, about — 

(a) a horizontal line, 

(6) a vertical line, 

by an integral taken along the bounding edge of the surface 1 

Ana. The second is possible, but not the first ; for, 

{mzx—lyz)dS=:iz^(x— + 3/^) <^«; 

and the result also follows from elementary principles, by closing 
the surface with a fixed cap described on the bounding edge, and 
then imagining the given surface to vary in size and shape, while 
retaining its bounding edge. 



CHAPTER VI. 



GASES 



40. Definition of a Perfect Gas. When defining the 
modulus of cubical compressibility of a substance (Chap. I) 
the law which regulates the compressibility of gases was 
given. We may accept this law as an adequate definition 
and say that — 

A perfect gas is a jltiid whose resilience^ or compressibilifi/, 
of volume, when its temperature is constant, is numerically 
equal to its intensity of pressure. 

It was shown (Art. 8) that the expression for the re- 
silience of volume of any substance is 

dp 
dv 

and that if this is equal to p, we have by integration 

jpv = const (a) 

If the volume v was v^ when the intensity of pressure was 
jOqj we must therefore have 

JP'^ = Pq% {&) 

If we take a given mass of gas and assume that at no 
point in it is there any intensity of pressure due to the 
weight of the gas, the pressure-intensity must be regarded 
as the same at all points and equal to whatever value 
it has at the surface. Let us suppose the gas contained in 
a cylindrical tube fitted with a gas-tight piston which can be 



p 
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weighted with various loads ; then the volume of the gas 
will vary with each pressure intensity ; and if its tem- 
perature remains unaltered, 
we can graphically represent 
its various states as expressed 
in the fundamental equation 
(jS), thus : draw any two 
rectangular axes^ Ov^ Op, and 
let the volumes assumed by 
the gas be measured, on any 
scale, along Ov^ while the in- 
tensities of pressure are mea- 
sured on any scale along OP. 
If, on these scales, OJf and 
ON represent respectively 
any volume and the corres- 
ponding intensity of pressure, 
the point, P, whose co-ordinates are OM and ON will 
graphically represent the state of the gas ; and all points, 
such as P, whose co-ordinates satisfy {0) will be found on 
a rectangular hyperbola passing through P and having the 
axes Ov and Ojp for asymptotes. 

Thus, then, the curve of transformation of a given mass of 
gas at constant temperature is a rectangular hyperbola. Such 
transformation is called an isothermal transformation. 

The figure exhibits the fact that when the intensity of 
pressure is infinitely increased the volume of the gas 
becomes infinitely small, and that when the intensity 
of pressure is infinitely reduced, the volume becomes 
infinitely great. 

The first result would be strictly true for a substance 
whose transformations strictly follow the law (a) for all 
values of p ; but it will be readily understood that there 
exists no gas for which (a) holds indefinitely, and that when 



Fig. 55. 
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the intensity of pressure is very greatly increased the gas 
may approximate to, and actually become, a liquid. 

The law (a) was arrived at experimentally by Boyle and 
by Mariotte, and was not deduced as a mathematical conse- 
quence of the physical definition of a gas which we have 
given at the beginning of this Article. It is generally 
known in this country as the law of Boyle and Mariotte^ and 
it may be formally enunciated as follows — the temperature 
remaining constant^ the volume of a given mass of gas varies 
inversely as its intensity of pressure. 

The experimental verification is as follows. Let HABK 
(Fig. 56) be a bent glass tube of uniform section — at least 
in the leg AH which is closed at the top. 
Let the gas to be experimented upon be 
enclosed in the branch AH by means of a 
column, ALB^ of mercury, the branch 
LBK of the tube being open to the atmo- 
sphere. Suppose matters arranged so that 
when the gas in AH is in equilibrium of 
temperature with the surrounding air, 
after the pouring in of the mercury has 
ceased, the surfaces A and B of the mer- 
cury are at the same level in both branches. 
Then the intensity of pressure at any point 
in the surface A is equal to that at any 
point in ^ ; so that if p^ is the atmospheric intensity of 
pressure, p^ is also the intensity of pressure of the gas in AH, 

For simplicity denote p^ by the height of the barometer 
at the time of the experiment. 

Let this height be h (inches or millimetres), and let 
Vq (cubic inches or cubic millimetres) be the volume of the 
gas AH, If w is the weight of a unit volume (cubic inch 
or cubic millimetre) of the mercury, we havej^^ =z w ,h. 

Let us now, by pouring mercury slowly into the open 




Fig. 56. 
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branch at JT, reduce the volume of the gas in AH to half 
its value. If CH =^ i AH, the mercury is to be poured in 
until its level in the closed branch stands at C after all 
disturbance and heating effect due to the pouring in of the 
mercury have subsided. If we now read the difference 
of level between C and the surface of the mercury in the 
branch LK, we shall find it exactly equal to A, the height 
of the barometer. Equating the intensity of pressure at C 
due to the imprisoned gas to the intensity of pressure due 
to the mercury and the atmosphere, we see that the former 
must be equal to Pq + wA^ i. e., the new intensity of pressure 
= 2jOq, while the new volume is ^ i^q . 

Again, let EH = | AH, and let us pour mercury in at K 
until the volume of the imprisoned gas is EH, i. e., J Vq. 
We shall then find that the difference of level between E 
and the surface, F, of the mercury (not represented in the 
figure) in the open branch is 3 times the height of the 
barometer, i. e., 3 A, so that the intensity of pressure of the 
gas in EH is Pq + ^wA, or 4Pq. 

Hence we have the following succession of volumes and 
pressure intensities for the gas, its temperature being 
the same all through, 

If, in the same way, the volume is reduced to -f?^, the 

difference of level of the mercury in the two branches is 
found to be (»— 1) ^, so that the new intensity of pressure 
is 7lPq ; and from these results we see that in each case the 
volume of the gas is inversely proportional to its intensity 
of pressure, as expressed by equation (^3). 

The law of Boyle and Mariotte may also be verified 
m the following simple manner by means of a single 
straight tube, about 1 mm. in diameter. 

Let AD be a tube of uniform section closed at the end A 
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and open at J) ; let a portion, AB of the tube be filled witb 
air or other gaa, and let a thread of merenry, SC, of length 
I, separate this gas 
from the external air, q' a" 

"When the tube is 
held horizontal and all 
disturbance has sub- 
sided, let the Yolume, 
v^, of the gaa AB be 
read ; its intensity of 
pressure is the same 
as that at C, i,e., p^, Fig. 57. 

the atmospheric in- 
tensity. Now let the tube be held in a vertical position 
with the closed end A' downwards and let the gas occupy 
the volume A'B", or v'. Its intensity of pressure is now 
equal to that at £" due to everything above £', i. e., pg + icl, 
where w = weight of unit volume of mercury. If A is the 
height of the barometer during the experiment, p^ = wi, and 
if p' is the intensity of pressure in A'B', 

p'=w(A+r}. 

Finally, let the tube be held vertically with the closed 
end A" uppermost, and let the volume of the gas he A"Ji", 
or 1/'. If its intensity of pressure is p", the intensity 
ftt C" is p"+vl dne to everything above C" ; but pg is 
also the intensity of pressure at C" since that is a point in 
the external air. Hence 

/■ = w(l-l). 
Hence, as regards volume and intensity of presBUie, we have 
the succession of states 

{v„,w,i}, {v',w(i + l)}, {i>",»(A-/), 
and we find on trial that 

VgA = v'(i + l) = v"(i~l), 
according to the requirements of Boyle's law. 
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Keference lias already been made to the change of a gas 
into a liquid by compression. To this we shall subsequently 
return. At present we shall merely remark that Boyle's 
law is not accurately obeyed by any known gas, but 
the approximation is very close in the case of all gases 
when they are not near the state in which, either by 
increase of pressure or by diminution of temperature, lique- 
faction begins. When any gas is near the state of 
liquefaction, its volume decreases more rapidly with in- 
creased pressure than it would if it followed Boyle's law. 
'"When it is actually at the point of condensation, the 
slightest increase of pressure condenses the whole of it into 
a liquid.' (Clerk Maxwell's Theory of Heat^ Chap. I.) 

41. Law of Dalton and Gay-Lussac. The volume of 
a given m^s of gas may be altered by heat as well as 
by pressure. The law relating to this change was dis- 
covered independently by Dalton in 1801 and by Gay- 
Lussac in i8oa ; and, apparently, it was discovered fifteen 
years previously by M. Charles, although not published 
by him. It is this — 

The intemity of pressure heing constant, the volume of a 

given mass of gas, when its temperature is raised from the 

freezing to the boili^ig point of water, increases by a fraction of 

the volume at the first temperature^ which fraction is the same 

for all gases. 

In short, the law is that all gases have the same coeffi- 
cient of expansion, and that this is independent of the 
magnitude of the (constant) intensity of pressure under 
which they expand. 

The fraction in question is, with certain reservations 
to be mentioned presently, 

so that if we measure degrees of heat by the Centigrade 
thermometer, this is the fractional increase of volume for 
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100°. The rate of expansion per degree is also found 
to be uniform, and is -003665, which we shall use in 
the form 1 *. 

Hence if Vq denotes the volume of a given mass of any 
gas at 0° C, and v its volume at f C, we have 

''=''0(1 + ^). (1) 

whatever be the intensity of pressuj'e ; and if v' is its 
volume at if^ we have 

, — ,/• • • • o • (2) 

273-fiJ 273 + ^ ^ 

If the point from which the temperature is reckoned on 
the Centigrade thermometer is removed 273° below the 
ordinaiy zero, i. e., the point at which water freezes when 
its surface intensity of pressure is that due to a standard 
atmosphere (indicated by a mercurial column 760 mm. in 
height), the expression 273 + 1 indicates the newly measured 
temperature, and is always denoted by T^ and called the 
absolute temperature of the substance, the new point of 
reckoning being called the absolute zero of temperature. 

If it were possible to have 7=0, that is ^ = — 273°, for 
the gas-snpposing the substance to remain a gas at 
all temperatures with constant coefficient of expansion, 
^4tj — equation (i) would give 

t; = o, 

i. e., the gas would be reduced to zero volume. As the 
substance does not satisfy the above supposition, but alters 
its state in the process of lowering the temperature, the 

* The fraction is more accurately s- , but the above is usually taken 

^ 272.85 ^ ^ 

for simplicity. Clerk Maxwell {Theory of Heat) gives various values ; thus, 
and y the latter deduced from experiments of Thomson and 



373^ 273.7 

Joule. 
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consequence is not realised, and it would thus appear that 
the notion of an absolute zero of temperature at — 273° C is 
a gratuitous error. Indeed, if the conception of absolute 
temperature rested on no other foundation, we might simi- 
larly argue from the coefficient of expansion of platinum, 

for instance, that since for this body v =^ Vq(i H -p — j > 

nearly, where Vq is its volume at zero and v its volume 
at f^ if we make t = —37699 we shall arrive at the absolute 
zero of temperature. 

The truth is that the measure of absolute temperature 
rests on quite another basis, that it is intimately connected 
with the coefficient of expansion of a perfect gas, and that 
273 + ^ is properly to be regarded as measuring the absolute 
temperature of a body whose temperature indicated by 
a Centigrade thermometer is t. This will be shown later on. 

Adopting absolute temperature, then, equation (2) gives 



V ^;' 



Of course in the expression of the law of Dalton and 
Gay-Lussac it is not necessary to signalise the particular 
temperature corresponding to the freezing of water as pos- 
sessing any special reference to the expansion of gases. 

The law may be stated thus : all gases expand, per degree^ 
hy the same fraction of their volumes at any common tempera-* 
ture. This is obvious because their volumes at any tem- 
perature, r, will all be the same multiple of their volumes at 
0°, and a constant fraction of the latter will give a constant 
fraction of the former. 

In symbols, for any gas let u be the volume at r, 
V that at t, Vq that at zero, and a the coefficient of expan- 
sion with reference to the volume at zero ; then 
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and therefore v = u = u yJ!ZL( 

I + a r I + o r 

where fi = » so that fi is obviously the rate of expan- 
sion of the gas reckoned as a fraction of the volume u ; and 
if a is the same for all gases, so is p. 

It is remarkable that a is the same for all gases when &r 
removed from their condensing points, i. e., from the liquid 
states, and that it is independent of the intensity of 
pressure under which the expansion takes place. 

Clerk Maxwell (Theory of Heat) points out that if the law 
of Dalton and Gay-Lussac is true for any one intensity of 
pressure^ and if the law of Boyle holds^ it follows that the 
farmer law holds for all intensities of pressure. 

This is very easily proved thus. Let Vq be the volume 
of a given mass of gas at (o°,jo), i. e., p is its intensity 
of pressure, and let the law of Dalton hold for this pressure 
intensity ; then if v is its volume at (t, p) 

t; = Vq(i ■\-at). 

Now, keeping t constant, alter p to /?' ; then by Boyle's 
law the new volume, u^ is given by the equation 

But if Vq at (o*, p) were altered by keeping its temperature 
zero and changing its intensity of pressure to p\ its value, 

«^, would be Vq . ^ by Boyle's law ; so that the last equa- 
tion gives y^^ UQ{i+at), 

and therefore Dalton's law holds for p^ if it holds for jo. 
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With regard to the accuracy of the law of Dalton and 
Gaj-Lussac, M. Begnault has found that, a being the 
coefficient of expansion per degree Centigrade, 

for Carbonic acid, a = •003710, 

„ Protoxide of Nitrogen „ = •003719, 

„ Sulphurous acid, „ = -003903, 

„ Cyanogen „ = ^003877 ; 

the last two of which are notably greater than the coeflS- 
cient of expansion of air ; but these are precisely the gases 
that can be most easily liquefied, while it is found that for 
all gases which can be liquefied only with great difficulty, 
a has very nearly the same small value, '003665, that it has 
for air. Hence M. Begnault modifies the law of Dalton 
and Gay-Lussac by saying that the coefficients of expansion 
of all gases approach more nearly to equality as their 
intensities of pressure become more feeble ; so that it is 
only when gases are in a state of great tenuity that they 
have the same coefficient of expansion. 

42. General Equation for the Transformation of a 
Gkis. Given the volume, v^ of a mass of gas at the 
temperature ^, and pressure intensity /?, find its volume 
at f and p\ 

First let the temperature be altered from ^ to ^, the 
pressure intensity remaining jo ; then the volume v becomes 
«, where 27^ + ^ 

U = V-^^ 75 

2TZ'\-t 

by equation (2) of last Art. 

Now keep the temperature constantly equal to ^ and 
alter p to p' \ then u becomes t?', where 

/ P 

P 
by Boyle's law. Hence we have 
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v=v--^*-s, ...... (l) 

^73 + ^ P ' 

or ^= =^, (a) 

^73 + ^ iZ73+/J' 

or -^ = -^, ........ (a) 

where y and f are the absolute temperatures of the gas. 

Hence, whatever changes of pressure and temperature 
may be made in a (jiiven mass of gas, we have the result 

-—^ = constant (/3) 

between its volume, pressure intensity, and absolute tem- 
perature. 

This most important result is the general equation for 
the transformation of a given mass of gas. 

43, Formula in English Measures. Since the freezing 

point of water is marked 32° on Fahrenheit's thermometer, 

and the boiling point iiia°, the fractional expansion of 

•^665 I 
gasper degree Fahrenheit is n y or about , of the 

volume at 32°. This fraction is usually taken as jj^ ; and 
this, as will presently be seen, would place the absolute zero 
of temperature 460 Fahrenheit degrees below the zero of the 
Fahrenheit scale. The experiments of Joule and Thomson 
indicate — 460*66 as the position of the absolute zero ; but 
for all practical purposes we can take —460. 

If a given mass of gas has a volume u at 32° F, and its 
temperature is raised to ^, we have, if the intensity of 
pressure is unaltered, 

V 49a ^ 
2 
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Hence v =^ u ; and if v' is its volume at ^, we 

have ^ 



460 + ?{ 460+^ 

If the intensity of pressure, estimated in any way, 
alters from p to ^ , 

460+^ 460 + ^ ^ ^ 

It thus appears that if the temperature of the gas were 

reduced to — 46o®P, its volume would vanish, supposing 

that it obeys the laws of a gas during the whole process. 
If we denote by T the absolute temperature, 460 + ^, 

of the gas, we have the general equation of transformation 

of a given mass 



J .J 



vp V p ^ ^ ,. 

-f--^= constant (/3) 

44. Law of Avogadro. One of the fundamental laws 
of gases is known as the Law of Avogadro. It is the 
following : equal volumes of all substances when in the state 
of perfect gas^ and at the same temperature and intensity 
of pressure^ contain the same number of molecules. 

This law enables us to find the relative molecular weights 
of all substances by converting these substances into vapours, 
and then measuring the weights of known volumes of the 
vapours at known temperatures and intensities of pressure. 
Thus, it is found that a cubic foot of oxygen weighs 
16 times as much as a cubic foot of hydrogen under like 
conditions of temperature and pressure ; hence we conclude 
that the mass of each molecule of oxygen is 16 times that 
of a molecule of hydrogen. 

45. Air Thermometer. A long capillary glass tube, 
AC^ terminating in a bulb, B^ is filled with air, and a short 
thread, m^ of mercury is inserted into it, the end of the tube 
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(beyond C) being open. In order to fill the bulb and por- 
tion of the tube to the left of m with air deprived of moisture, 
the tube and bulb are first filled with mercury which is 
boiled in the bulb. The open end is then inserted into a 
cork fitting into the neck of a tube, -D, filled with chloride 



B 
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Fig. 58. 

of calcium, which has the property of absorbing aqueous 
vapour from aii*, a fine platinum wire having been inserted 
into the stem CA through the tube D. If the instrument 
is supported in a position slightly inclined to the horizon 
on two stands and the platinum wire is agitated^ air enters 
through the chloride of calcium, and gradually displaces the 
mercury from the bulb and stem, the process being stopped 
when only a very short thread of mercury is left. 

The air in the instrument may now be considered to be dry. 

Detach the stem from the drying tube -D, and place it in 
a vertical position with the bulb -B in a vessel filled with 
melting ice. Suppose the barometer to stand at 760 mm., 
thus indicating the standard atmospheric pressure. Then 
when the air has assumed the temperature of the melting 
ice, mark o on the stem AC st the under limit of the 
mercury index m. 

If then the instrument is placed vertical with the bulb 
JB surrounded by the steam of boiling water — close to the 
surface of the water, but not in it — the index m will move 
up towards C, and at its lower limit let 100 be marked on 
the stem. Thus the two standard Centigrade temperatures 
are marked on the stem, and the intervening space is to be 
divided into 100 equal parts if the stem has previously been 
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ascertained to be of uniform bore. The graduations may 
be cai*ried then below zero and beyond 100°. 

If the tube of the air thermometer is made cylindrical all 
through — so that the bulb 5 is simply a uniform continuation 
of the stem — and we continue the graduations to 273 parts 
below the zero, we shall here reach the bottom, B^ of the tube. 

Hence the definition of the absolute temperature of a body, 
which we are so far justified in giving, is simply, in the 
words of Clerk Maxwell, its temperature reckoned from the 
bottom of the tube of the air thermometer. 

The upper end of the stem of an air thermometer neces- 
sarily remains open to the atmosphere, otherwise the index, 
m^ would not move or would scarcely move at all : if the end 
were closed and the air uniformly heated, m would not move. 

Hence the air thermometer cannot be used to indicate 
temperature except in conjunction with the barometer. 
If the latter stands at p instead of jOq , the standard height 
(which we have above supposed to be 760 mm.) and the 
temperature indicated by the index m is ^, the real reading 
is not t but that at which the index would stand if the 
intensity of pressure were altered to jOq. To find the point at 
which the index would stand in this case, let s be the area 
of the cross-section of the tube, c the length of the tube 
between two successive degrees, and B the volume of the 
bulb and tube up to the zero mark. Then when the index 
m stands at the mark ^, the volume of the gas is 5 + cst\ 
But since at the absolute zero the volume of the gas would 
vanish, B = ^173 cs ; hence 

t;= (^73 + 0^» 

and this is at the intensity of pressure /?, its true tempera- 
ture being t. If jo were altered to Pq without any change 
in the true temperature, the index would stand at t and the 
volume would be (373 + ^)^*. Now since these volumes 
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are inversely as the intensities of pressure, we have 

which gives the true reading. '" 

46. Work done in Expansion. If a gas is contained 
in an expansible envelope, the pressure of the gas on each 
element, dS, of area of the envelope is continually driving 
the element dS outwards along the normal to it, and hence 
the pressures on the various elements perform a certain 
amount of work in the increase of the total volume of 
the gas from one value to another. 

Thus if JO pounds' weight per 
square foot is the intensity of 
pressure of the gas at any instant 
and we take dS square feet at 
any point, P, Fig. 59, of the 
envelope, ABC, the force acting 
on dS is pdS, If the point P 
is moved by the pressure to 
a close position, P', along the 
normal, the work done by this force is 

j)dSxPP'. 

Now if the new position of the envelope is A'B'C\ 
dSxPF is the volume of the small cylinder standing 
on dS and terminated by the new surface A'P^C' ; and the 
sum of the works done by the pressures on all the elements 
of ABC in moving this surface to A'B'C is 

^{pdSxPP"), or p. -2 {dSxPP"), 

since j) has the same value at all points of ABC. But 
2 (dS X PP") is the sum of all such small cylinders as that 
above described, i. e., it is the volume of the whole space 
between ABC and A'B'C. If, then, v cubic feet is the 
volume of ABC, and v-hdv the volume of A!SCy the 




Fig. 59- 
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volume included is dv, and the work, dW^ of expansion 
from ABC to A':^C' is given by 

dJr=pdv (i) 

Hence the work done by the pressure of the gas on its 
envelope in expanding from an initial volume Vq to any 
final volume, t?i , is given by the equation 

W^T'pdv (a) 

If p is measured in dynes per square centimetre, and v 
in cubic centimetres, the work will be in ergs. 

The amount of work may be represented in a diagram 
by describing the curve (such as PQ in Fig. 55) whose 
abscissae represent the volumes of the gas and whose ordi- 
nates represent the corresponding intensities of pressure. 

In the particular case of isothermal expansion^ j)v = jo^r^, 
so that , 

= Po^'o^og^}^, (3) 

from which it appears that the work done by the pressure 
of the gas in expanding isothermally from one given 
volume to another is independent of the temperature. 

The work done by the pressure of an expanding gas 
on its envelope may or may not be equal to the work done 
against any external pressure which acts on the surface 
of the envelope. Thus, if the gas is contained in a hori- 
zontal cylinder and kept in by means of a piston on which 
the atmosphere presses, when the piston is released the 
work done by the pressure of the gas on the piston is 
equal to the work done against the atmospheric pressure 
plus the gain of kinetic energy of the piston. 



1. A circular cone, hollow but of great weight, is lowered 
into the sea by a rope attached to ite vertes ; find the volume 
of the compreBsed air in the coDe 

when the vertex ia at a given depth ^ [ ^ 

below the Borface. • ^^m 

Let Fig. 60 reprcBent a eection - ] :SS 

of the cone ; let be the depth of 1 . ^S^ 

the vertex below the Burface, LIf, '", ' ' ~^A 

of the water, A ^ height of cone, . - -i^^S 

r= its volume, t^tbe tempera- ' ' ~-y-~-§k 

tore of the air at the anrface, t'= 
temperature of the water, and there- 
fore of the air in the cone ; let P 
be the enrface of the water within 
the cone, and let k be the height 
of a column of sea-water in a water Fig. 6a. 

barometer. 

If these quantities are in EngUah measure, we may regard the 
lengths as measured in feet, and the temperature as Fahrenheit ; 
then k will be about 33 feet. 

How if X is the depth of P below A, the volume of the air in 

the cone is F ^ • The intensity of pressure of this lur measured 

by a column of water is k+c-hx. Hence the following diagrams 
represent the history of this mass of air as regards volume, 
temperature, and intensity of pressure : 




in which T and T" are absolute temperatures. 
From Art. 42 or Art. 43 we have, then, 

rk_ Va?(k + e+x) 
T~ A' 2' ' 
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from which x can be found. 

A vessel used in this manner is called a diving bell. The 
above is a conical diving bell* 

2. If in the above position of the cone it is desired to free 
the interior of water completely by pumping the air above the 
surface into the cone, find the volume of this surface air that 
will be required. 

Let U be the volume required, and h the height of the 
cone ; then suppose the cone to be wholly filled with air of the 
temperature t' ol tbe surrounding water, and write down the 
history of this air, thus : 





{V+U)k _ V(k+c+h) 

(It is not improbable that the student will fall into the error 
of supposing that TJ can be calculated as the volume of the 
surface air which is required to occupy the lower portion of the 
cone in Fig. 60, i. e., the portion occupied by water.) 

Of course the result is the same whether the vessel is conical 
or of any other figure. 

3. If a conical diving bell of height h feet contains a mercurial 
barometer the column of which stands at 'p^ inches when the 
bell is above the surface of the water, and at a height 2> when 
below, infer the depth of the top of the bell below the surface. 

Ans. ^-3;pl(^_^„)-;i(^)'feet. 

4. Deduce the depth for a cylindrical or prismatic bell. 
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5. Find the tension of the suspending chain in a diving 
bell which occupies any position in water. 

Ans. The weight of the bell and its appurtenances di- 
minished by the weight of the water which is displaced from all 
causes. 

(The water is displaced by the chain, the thickness of the bell, 
and the air within the bell ; the weight of this water is the 
force of buoyancy. In strictness, the weight of the contained 
air should be added to that of the bell.) 

6. If at the bottom of a river 40 feet deep, when the tem- 
perature is 40° F, a bubble of air has the volume — g of a cubic 

inch, what will be its volume on reaching the surface where the 
temperature is 50° F, and the height of a water barometer is 
34 feet ? 

2*22 

Ans. — H- cubic inches. 

7. If an open vessel (such as a tumbler) made of a substance 
whose specific gravity is greater than that of water is forced, 
mouth downwards, into water, show that its equilibrium becomes 
unstable after a certain depth has been reached. 

(If the volume of the solid substance of the vessel is v, and 
in any position of the vessel if X is the volume of its compressed 
air, the downward force, F, required to hold it in equilibrium 
is given by the equation 

P = Xw-^v {y/—w)i 

where w = specific weight of water, «/= specific weight of 
substance of vessel. 

Hence when X is so far diminished by forcing the vessel 
down that Xw = vivf—w), the pressure P vanishes, and after 
this an upward pull would be required.) 

8. If V is small (i. e., if the thickness of the vessel is small), 
and if V is the volume of the interior of the vessel, prove that 
when the position of instability is reached, the depth of the top 
of the vessel below the surface of the water is approximately 

where h is the height of a water barometer at the surface. 
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9. If V cubic inches of the external air at the absolute tem- 
perature T are inserted into the Torricellian vacuum of a 
uniform cylindrical barometer tube, calculate the depression 
produced in the column of mercury if the absolute temperature 
changes to T', 

Ans. Let h inches be the height of the barometer at first, 
a = length of Torricellian vacuum, 8 square inches := area 
of cross-section of tube, x = length of tube finally occupied 
by the air ; then /p' ^j^ 

x{x-a)z=z jr-y 

10. A diving-bell of any shape occupies a given position 
below the surface of water ; the bell has a platform inside ; if a 
large block of wood faUs from the platform into the water, prove 
that the water will rise inside the bell, but that the bell now 
contains less water than before. 

Let the depth of the top be c, let h be the height of a water 
barometer at the surface, put k = c + h, let JS = volume of the 
block of wood, w^ its specific weight, w = specific weight of 
water, F= whole volume of the interior of the bell, let x be the 
depth of the water in the bell below the top of the bell, and let 
X be the volume of the interior of the bell above this surface. 

Then (X^B) {x+k) = Vh (i) 

When the wood falls the volume of it which remains above 



w' 



the surface is B (i ) • Let a/ be the new depth of the water 

surface in the bell below the top of the bell, and X' the volume 
of the interior of the bell above this new surface. Then 

|z'-5(i-^)|(»'+*) = rA (2) 

Now since X obviously increases with a?, we must have x'<x, 
since in the opposite case each of the factors at the left-hand 
side of (2) would be greater than the corresponding factor 
in (i), and the equations would be inconsistent. 

Hence the surface of the water rises. 

Again, if li = the first volume of water in the bell, and Of 
the second ^ _. y^x 

w 
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.-. £1-Q.'=b'^-{X-X') (3) 

Now from (i) and (2) 

T Y'-n"^ rh(x-x') 

(a7+^)(a/+^) 
'which shows that X2^ is less than X2. 

47. Weight of Q-as. It is obvious that the weight 
of a cubic-foot of air, or any other gas, is not the same when 
its temperature is 20° or 100°, as when it is o**, supposing 
the intensity of pressure the same. In other words, the 
weight of a cubic foot of air depends on the temperature 
and pressure intensity at which it is taken. 

Taking the units of the Metric System, let us enquire 
what is the weight of v litres (i. e., cubic decimetres) of dry 
air when its temperature is fC and its intensity of pressure 
denoted by a column of mercury p millimetres high. 

Supposing that we knew the weight of 1 litre of air 
when its temperature is 0° and its intensity of pressure that 
6f a standard atmosphere, denoted by a column of mercury 
760 mm. high, we could answer the question by finding 
the number of litres which would be occupied by the given 
V litres if its state were changed from, {p, t) to (760, 0°). 
But by (i) or (2) of Art. 42, if we put f=o, ;?'=76o, 
we have ^273 vp 

^®"76o'T ^^^ 

Now M. Regnault found that the mass of 
I litre of dry air at (760, o**) = i '293 187 grammes . (2) 

Hence the mass of v litres at {p, t) is Vq multiplied by 
this number. Denoting the mass in grammes by W, we 
have then ^, „ 

^'=•4645^' («) 
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in which, be it remembered, T is the absolute Centigrade 
temperature of the air, jo its pressure intensity estimated in 
millimetres of mercury, v its volume in litres, and ^its 
mass in grammes. 

For any other gas, if its specific gravity at (760, 0°) is 
denoted by «, the mass of a litre of it in this state is 
I«il93i87 X * grammes, and evidently if ^is the mass of v 
at (;?, t)y we have simply 

r=.4645^* (^) 

The specific gravity of a gas is above assumed to be the 
ratio of the weight of any volume of the gas to the weight 
of an equal volume of dry air at (760, 0°) ; but it is easy to 
see that we get exactly the same result by taking the ratio 
of the weight of a volume of the gas at {p, t) to the weight 
of an equal volume of air also at {py t), whatever the pressure 
intensity, ;?, and the temperature, t^ may be, if it be true 
that all gases have the same coefiicient of expansion ; for, 
equal volumes, v, of the two gases at (;?, t) will become 
equal volumes, Vq , at (760, 0°) since 

v.p I 
^ J+at 760 

and a is the same for both gases. 

48. The equation ji? = kp. From (y3) we see that if for 

W 

— we write />, where p is the mass, in grammes, of the gas 

V 

per litre, we have 

p being measured in millimetres of mercury. 

Let J) be measured in grammes' weight per square 
centimetre, and let p be the mass, in grammes, per cubio 
centimetre ; then, if we have i cubic cm, of the gas at 
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(p, t), and this becomes x cubic cms. at zero and an intensity 
of pressure of 76x1 3*596 grammes' weight per sq. cm., 
w® l^ave a? X 76 X 13-596 _ lyp^ 

m " T ^'^ 

Now the mass of i cubic cm. at the latter temperature 

and pressure being — — s grammes, the mass of x cubic 

cms. is obtained by multiplying this by the value of x in 
(a), and this mass is />, the density of the gas at (^, /?), i. e., 
the mass of i cubic cm. Hence we have 

T 

p = 29^6.9 - p, (3) 

where J0 is in grammes' weight per sq. cm. and p in 
grammes per cub. cm. Hence if we write the relation 
between p and p in the form p = kp^ we see that 

T 

k = iJ9a6'9 — • 

If /? is measured in dynes per sq. cm., we must multiply 
this value of k by the value of ^ in dynes, i. e., by 981 

(about). In this case, then, 

gT 
p = 29^6'()—p (4) 

(Observe that here s is the specific gravity of the gas 
referred to air.) 

K t? is the volume of the gas at (;?, T), and w its mass, we 
have, by multiplying both sides of (3) by v, 

pv = !Z9^6.9 '^.T. (5) 

It is sometimes useful to express p in kilogrammes' 

weight per square decimetre, v in cubic decimetres, and w in 

kilogrammes ; in which case (5) becomes 

w 
pv = 2gQ,'6g - . T (6) 
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It is nsnal to write (5) or (6) in the form 

pv = RwT, (7) 

where R stands for the constant — — - in the first 



case. 

8 



49. Formulae in English Measures. The equation 
connecting the volumes, &c., of a given mass of gas in 
English measures is 

vp _ vV ^ 



460 + ^ 460 + ^' 

To obtain the formula for the mass of air, analogous 
to (a), Art. 47, we may either convert the metric formula 
into English measures, or deduce a formula from special 
observations on the mass of a given volume of air imder 
standard conditions. Dr. Prout found that the mass of 100 
cubic inches of dry air at the temperature 60° F at an 
intensity of pressure indicated by 30 inches of mercury in 
a barometer tube is 31 '0117 grains ; in other words, 

the mass of i cubic foot at (60**, 30") is '0765546 pounds, (a) 

Now if we have v cubic feet of dry air at {f,p)i where jo 
is in inches of mercury, this would, by (i), become 

3 ' 460 + t 

cubic feet at (60**, 30), and multiplying this by the 
number (a), we have 

r= 1.326946 ^g^^ W 

for the mass, in pounds, of the given v cubic feet at (f, p), 
the intensity of pressure, p, being supposed taken in inches 
of mercury. 

For a gas of specific gravity s (referred to air), 

r= 1.326946^^^ (3) 
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Itp is estimated in pounds' weight per square foot, and 
460 + ^ is denoted by T^ we have 

I ^P^ (4) 



53.30^^22 T 



(5) 



where p is the density of the gas in pounds per cubic foot, 
jp is its intensity of pressure in pounds' weight per square 
foot, &c. 

To obtain the analogue of (6), Art. 48, multiply both 
sides of this equation by v ; then, with sufficient accuracy. 



w 



P^ = 53-3 T ^' 



s 



(6) 



in which w is the mass of the gas in pounds ; and if we 

write this in the form 

jw = EwT, (7) 



S stands for 



53-3 



« 



60. Barometric Formula. We are now in a position to 
deduce a formula for the height of a mountain, by neg- 
lecting the variation 
of gravity between the 
base and the summit, 
and by assuming the 
temperature of the air 
to be constant within 
these limits. The latter 
assumptionwouldofben 
be far from the truth ; 
but we shall presently 
see how it can be corrected. 

Let A, Fig. 61, be a point at the base of the mountain 
where the height of the barometer is j»o inches 5 let P be a 

p 




Fig. ^I. 
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point at a height z feet above A^ and at P let the height of 
the barometer be j» inches ; let Q be a point very near P, 
the difference of level between P and Q being dz feet ; 
and let ^'^ F be the temperature of the air at P. 

Imagine a horizontal area of i square foot at P ; then 
the atmospheric pressure on this area is the weight of the 
column of air standing on it and terminated by the limit 
of the atmosphere. Hence the difference of the pressures 
on this area at P and Q is the weight of the vertical column 
of air between P and Q standing on i square foot^ i. e., the 
weight of dz cubic feet. 

But iijp—djp is the height of the barometric columm at 
Qy the difference of the pressures on i square foot at P and 
at Q is the weight of a column of mercury standing on 
I square foot having the height of — ^ inches. Now 
the mass of i cubic foot of mercury = 848 1 pounds at 
the temperature of melting ice ; but if the temperature 
of the mercury is ^° F, this requires correction. The 
coefficient of absolute expansion of mercury per degree 
Fahrenheit is very nearly ^x^^ ; hence, if w is the weight 
of a cubic foot at 32°, the weight of a cubic foot at ^ is 

; , OT w(i —) i nearly: so that the weiffht of 

9915 
the column of mercury corresponding to the barometric 

fall between P and Q is 

12, V 99,5 y 

If, then, JO is the height of the barometric column at the 
temperature t° F, the corrected height is 

99^5 
To save a multiplicity of symbols, we shall suppose that 



^i}-^)- • w 
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the heights of the mercury at the stations A, Py Q, . . . are 
thus corrected; in other words, we shall snppose in the 
subsequent work that p, Pq, dp, &c. are corrected heights. 
With this understanding, if we equate the weight of the 
column of air obtained by writing dz for v in (2) of last 
Article to the weight of the column of &11 of the barometer 
between P and Q, we have 

1.326946 -#^=-^-^^.rfi,. . . . (1) 

(If j> is not a corrected height, the temperature coefficient 
which multiplies p in (a) must be considered as part of the 
variable dp in the right-hand side of this equation, so that 
it does not disappear by division, unless the temperature is 
constant all the way up the mountain.) Hence 

^-2^ = - 53-302^ (460 + ^).y, .... (2) 

which is the differential relation between z and ;;, from 
which the relation between them can be obtained only 
by taking the temperature t constant in the term 460 + 1, 
If we do this, and integrate from A to P, we have 

Jr* r^ dp 

dzz= -5^.3022 {460 A- 1) -f, 
'po r 

.'. ^ = 53-30^2 (460 + loffe y • • • • (3) 

Now log^ n = lo&io ^ 5 hence (3) becomes 

■ 2(feet)= 12373 (460+!!) log,o^, • • (4) 
which is sometimes pat into the form 

z = {60383 + 122-73 (^-32)} logio V • • ^5) 
The constant value of t in this expression is usuially 

taken to be the arithmetic mean, -2 — , between the air 

2 

P 2 
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temperatures t^ at A and t at P. In the ease of a very 
high mountain, several observations might be made at 
different levels, taking the temperature constant in each 
successive stage and equal to half the sum of the tempera- 
tures of the air at the beginning and end of the stage, 
and then adding the calculated heights of the successive 
stages together. 

The result (5) can also be deduced from the general 
equation of equilibrium, {p) or (3) of Art. 17. If j9 is the 
intensity of pressure of the air at P in pounds' weight per 
square foot, and p is the mass of the air in pounds per cubic 
foot, observing that z is measured upwards and the force 
p pounds' weight downwards^ 

Tz"^-'' (^> 

and by (5) of last Art., 

J»= 53-30^2^ ^-P* (7) 

/. (fe =— 53«30222y— ) .... (8) 

which is (2) above. 

If the mountain is so high that there is a sensible varia- 
tion of gravity between the base and the summit, and if jo 
is still measured with reference to the weight of a pound on 
the earth's surfiace at the sea level, the force acting on 

p pounds mass at the height z ia p ( ) pounds' weight 

at the sea level, where r is the radius of the earth ; so that 
(6) is to be replaced by 

dp r^ 






dz ^ (r + z)"^ 
while (7) still holds. Hence 



(9) 



dz = — ^^'^02,22 T—>- • • • (10) 



{r+zf"- ^J^-*— ^ 
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Assuming the station A to be at the height z^^ above the 
sea level, and that the intensity of pressure at A is p^ 
pounds' weight per square foot. The integral of (11) is 

In this equation jp and p^ are measured in pounds' 
weight per square foot ; but they must be inferred from 
the readings of the barometer at the two stations ; a-nd 
if the heights of the barometer at the stations are h and 
h^ and the weights of a unit volume of mercury at these 
stations are w and w^ , respectively, we have p =• wh and 

p. =:z w,L, therefore — = -i . — = -^ ( ) ; hence (12) 

f^ ^ ^ p h w h^r-^-zJ ^ ^ 

becomes ^ ^ 

in which the barometric heights may, of course, be measured 

in inches, millimetres, or any other units of length. 

z z 

Observe that - and — are very small fractions whose 

r T 

squares may be neglected, so that '\i z—z^ is denoted by A, 
since logjQ (i + -) is approximately equal to '4343 - 5 we 
have 

A=i22.732'(n-^0|log,o^ + -8686^|. . (14) 

Let J= iaa-73 2'logio- and 5 = 123-73 x -8686 J"; 
then, putting z-=- A + ;^i, we have 

A = (^ + ^f)(x+^^) . . . (X5) 
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If the variation of gravity were neglected, we should 
have A = ^, as in (4), and this value may be put for 
A in the terms of (13) which involve r, so that finally 

A = ^(i+ i), . . . (16) 

an equation which gives the difference of level between 
the top and base of the mountain when the height of the 
base above the sea level is known. 

It is understood, as before explained, that in this expres- 
sion j»i and J) are the corrected heights of the barometer at 
the two stations. 

61. Metric Formulae. By the same method — viz., the 
equating of the weight of the vertical colunm of air between 
P and Q, Fig. 61, standing on a horizontal square decimfetre 
to the weight of the column of fall of mercury standing on 
the same area — we obtain the height of a mountain in 
metric measures. 

Thus, neglecting the variation of gravity, since a litre is 
a cubic decimetre, if z is the height of P above A in 
decimetres and the corrected barometic height at P is jo 
millimetres, the weight of the fall of mercury is — 135'96 dp 
grammes' weight ; hence from (a) of Art. 47, 

-135.96^;? = .4645-^-^, (i) 

.-. z = 673.962 (^^73 + 1) logio ^ > 

z being in decimetres. If z is taken in metres, this 
becomes ^ ^ 

^= 18399.2(1+ _)log,o^ . . (a) 

If the variation of gravity is taken into account, let p be 
measured in grammes' weight per square centimetre, &c.. 
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as in (3) of Art. 48 ; then the equations are 

dp ^ r^ 

dz "" [r-^zf^ 

p = 2926-9 Tp, 

in which again we can put — = -^ ^ j , and deduce a 

result similar to (14). 

Examples. 

1. If a cubic inch of water is converted into steam at 212" F, 
find the volume of the steam. 

Ana, 1696 cubic inches. Hence it is approximately true 
that I cubic inch of water yields i cubic foot of steam. 

2. Calculate the mass of air in a room whose dimensions are 
18, 18, and 10 feet, the temperature being 60° F and the 
barometer standing at 30 inches. 

Ans. 248 pounds. 

3. If I pound of water is converted into steam at 2i2°F 
under the intensity of pressure of 15 pounds' weight per 
square inch, prove that it will yield 26-66 cubic feet. 

4. If any volume of water is converted into steam at the 
temperature fF under the intensity of pressure p pounds' 
weight per square inch, prove that the ratio of the volume 
of the steam to that of the water from which it has been 
formed is about 460 + t 

37-1 X ' 

[This is called the relative volume of steam at the given tem- 
perature and pressure.] 

5. At the foot of a mountain the temperature of the air is 
66°F, and the height of the barometer 29*35 inches ; at the top 
the temperature is 50° F, and the barometric height 24-81; find 
the height of the mountain, assuming the coefficient of expansion 
of mercury to be y^xj^tt P®^ degree Fah. 

Ana. About 4590 feet. 
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62. Nature of Gas Pressure. According to the Kinetic 
Theory of Gases, when a gas is contained in a vessel, the 
pressure exerted by the gas on each element of area of the 
vessel is due to the incessant impacts of the molecules 
of the gas on the element of area. 

These molecules are, of course, extremely small : at each 
instant a certain number of them will be in actual contact; 
but there will be a certain average distance between them, 
and it is assumed that this distance is vastly greater than 
the diameter, or greatest linear dimension, of a molecule. 
Thus we are to imagine the space inside the vessel as being 
comparatively void of gaseous matter. Nevertheless, this 
space is what we mean by the volume of the gas, which, 
therefore, is something very different from the * sum of the 
volumes of its material particles ; i. e., from the aggregate 
number of the cubic centimetres occupied by its material : 
the volume of the gas is the volume of the space within 
which the excursions of all its molecules are confined. 

Again, when the gas has settled down to constant 
conditions of temperature and pressure, it is clear that, 
in every respect, the state of affairs is the same at any one 
instant as at any other. Not only so, but if we imagine 
any area — say one square centimetre — placed at any point, 
P, inside the vessel and occupying any position (orientation) 
at this point, the number of molecules passing through this 
area in any time — say one second — whether from right 
to left or left to right, is always the same. 

It is easy to calculate the intensity of pressure produced 
at each point of a vessel containing a system of molecules 
moving in this manner ; but we shall confine our attention 
here to the consideration of a very simple case from which 
the state of affairs in the general case may be inferred. 
The discussion of the general case will be found in Watson's 
Treatise on the Kinetic Theory of Gases. The development 
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of the subject is, in the first instance, mainly the work of 
Clerk Maxwell. 

Imagine a cylinder whose base is AB, Fig. 62, to contain 
a large number of molecules, the mass of each being fi 
grammes, all moving in lines parallel 
to the axis of the cylinder, each p-?! 
with a velocity of v centimetres per 



% 



second. Then ifwe measure a length a a d 

AA^ equal to v .At and draw a plane Fig. 53, 

A^£^ parallel to AB, all the molecules 

within the space ABB' A' which are moving in the sense 
A' A will in the time A t strike the base AB, and each will 
be reflected with a velocity which is assumed to be equal to 
r, i.e., the coeflScient of restitution for each particle and the 
base AB is assumed to be unity. Let the area of the base 
AB be S square centimetres. 

Now if there are n molecules in each cubic centimetre, 
there are SnvAt within the space ABB'A\ and since there 
are as many moving in the sense AA' as in the sense A' A, 
the number stiiking the base AB in the time At is 

i SnvAt. 

Hence the momentum incident on AB is iSnixv^At; 
and since the same quantity of momentum is generated in 
the opposite sense by impact on the base, the total change 
of momentum generated by impact on the base in the time 

^^is Sntxv^At. 

But if P dynes is the mean value of the pressure exerted by 
the base on the column of molecules, PA ^ is the impulse of 
this force in the time A^, and this is equal to the change 
of momentum in the same time. Hence 

P = Snixv^ (i) 

Of course n is enormously great and [i indefinitely small ; 
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each is unknown, but »fi is the mass, in grammes, of one 
cubic centimetre of the gas. Denote this by p, and let p 

P 

denote -^, the intensity of the pressure ; then 

jp ■= pif^ (2) 

This expresses p in dynes per square centimetre. If we 
divide it by 981, or rather by ^, the acceleration of a freely 
falling body in centimetres per second per second, we have 



'-^. (3) 



which gives the intensity of pressure in grammes' weight 
per square cm. 

If V is in feet per second, p in pounds per cubic foot, and 
g in feet per second per second, (3) gives the intensity 
of pressure in pounds^ weight per square foot. 

This formula would apply to the case of a waterfall 
which strikes the ground, the water not being reflected by 
impact, as the student will easily see on re-examining the 
details. If h is the height of the waterfall, the velocity of 
the molecules striking the plane is given by the equation 
v^ = 2gh, so that ^ _ ^p^S, (4) 

which equation gives p in gravitation measure — either 
grammes* weight per sq. cm., or pounds' weight per square 
foot ; for the latter units p is about 62\ pounds per cubic 
foot. Hence (4) shows that the intensity of pressure on 
the plane is twice as great as that produced by a statical 
column of water of the same height. 

But the case of a waterfall is in other respects different 
from that of a gas ; for, in the latter case the molecules in 
any column are not all moving in the same direction, 
so that the value of jo in (2) or (3) must be greatly superior 
to that of the intensity of pressure actually produced by 
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a gas contained in the cylinder. We must remember that 
V in these equations is the mean value of the velocity 
in a fixed direction ; and that, if v^^v.^, v^ are the com- 
ponents of velocity of a molecule in three fixed xectangular 
directions, and v is the resultant velocity of the molecules, 

This shows that when we consider an indefinitely great 

number of molecules, if v^ is the mean value of the squares 
of their resultant velocities, 

^ = 3«^«^ (5) 

where v^^ is the mean value of the square of velocity in 
a fixed direction. 

Now Vg^ in (5) must take the place of v^ in (2) or (3). 

Hence, then, for a system of molecules, moving in all 
directions inside a vessel, 

P^ kpv^ (6) 

/^=i^^ (7) 

according as jo is measured in absolute units (dynes or 
poundals) or in gravitation units (grammes' weight or 
pounds' weight). 

This elementary method of treating the question is not 
satisfactory. The following is more thorough and scientific. 

Imagine the molecules of a gas contained within any 
vessel divided at any instant into groups, the velocities 
of all those in the same group being nearly the same 
in magnitude and nearly the same in direction. No one of 
these groups is localised in a definite portion of the volume 
of the vessel — the grouping is not with reference to jalace 
but with reference to the characteristics of velocity^ so that 
each group occupies the whole space within the vessel. 

Now we can graphically represent the velocities in any 
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group thus. Take any fixed origin, 0, and draw a line OP 
to represent in magnitude and direction any velocity q\ 
let Oa?, Oy, Oz be any three rectangular axes at 0, and 
let the direction of OP be expressed by means of the usual 
angles of colatitude and longitude (see Statics, vol. L, Art. 
176), i. e., let B be the angle zOP and let </> be the angle 
between the plane zOP and the plane of xz\ describe 
a sphere with centre and radius OP ; let the axis Oz meet 
this sphere in z \ on the surface of this sphere take a point 
Q near P, its colatitude ZOQ being $-^dO, and its longitude 
(t>-^d(t>; through P draw a parallel of latitude PJi meeting 
the meridian zQ in R, and through Q draw a parallel 
of latitude QS meeting the meridian zP in S; we thus 
obtain a small spherical quadrilateral, PBQS whose area is 
q^ sin do d(l> ; produce OP to P' so that PP^ represents 
dq, and with OP' as radius describe another sphere ; produce 
OB, OQ, OS to meet the surface of this second sphere 
in E^, Q\ S\ respectively ; then we obtain a small element 
of volume between the two quadrilaterals PHQS and 
PR'Q'S^, and the volume of this element is 

q^ sin 6 dq do d(f>, or do. (8) 

The number of molecules in the group whose velocities 
are represented by radii vectores drawn from to points 
contained within this elementary volume will be propor- 
tional to the product of this element and some function of 
q, 0, (j). But since any given speed is found in all directions 
indifierently within the vessel, it is clear that if from to 
points contained within any element, dQ., of volume radii 
be drawn and taken to represent a velocity group of nearly 
the same speed, q, and nearly the same direction, the 
quantity by which JX2 must be multiplied to give the 
number of molecules in the group must be a function of q 
alone and not of its direction (0, </>.) 
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Hence the number of molecules within the vessel and 
contained in the selected group is • 

f{g) .q^sm0dqd0d<l), (9) 

where /($') is some unknown function of q. 

It is not impossible that the following objection will be 
raised by the reader to the assumption that the number of 
molecules in the group isf{q) .dO^: this expression vanishes 
if do, is zero, i. e., if we consider the number of molecules 
naoving with exactly the same velocity, represented as above 
by the radius vector OP, whereas every molecule in the 
vessel might be moving with one and the same velocity — 
as in the case of the elementary example first treated, 
viz., that in which a stream of particles moved along the 
axis of a cylinder. 

To this the reply is as follows : the fundamental assump- 
tion of the Kinetic Theory is that all possible speeds^ from 
o to 00, in all possible directions characterise the state 
of affairs within the vessel, and therefore that the concep- 
tion of the existence of only one speed among the molecules 
is wholly inadmissible. Hence, there being an enormously 
great number of molecules, the number of those moving 
with the same speed — whether in the same direction or not 
is immaterial — is relatively zero. 

The number of the group (9) contained within a unit 
volume of the space within the vessel is obtained by dividing 
the expression (9) by the number of units of volume in the 
vessel. We may, then, assume that (9) expresses the 
number of the group per unit volume. 

To calculate the intensity of pressure at any point, Jf, in 
the gas, take a small plane area; dS, at the point perpen- 
dicular to the direction of the axis Oz\ on dS describe 
a cylinder the length of whose axis is q cos B . dt^ where q 
expresses the velocity characterising any group, and dt 
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is an infinitesimal element of time. Then all the molecules 
within this small cylinder, whose volume is gcoaOdSdt^ 
will impinge on the plane dS within the time dt. Now it 
matters not whether dS is a small material plane from each 
face of which the impinging molecules are reflected, their 
normal velocities being all restored to them in the reverse 
sense, or an imagined plane area through which two streams 
of molecules pass in opposite senses ; for in either case the 
quantity of momentum which in the time dt travels from 
the plane in the same sense is the same. 

The number of molecules of the (q^ 6, <l>) group contained 
within this cylinder is 

f (q) ,q^ ain dq do d<l)xq COS 6 dSdt, . . (lo) 

half of them moving towards the plane and half from it. 
Let fjL be the mass of each molecule ; then, since the velocity 
of each of these perpendicular to the plane is q cos 0, the 
quantity of momentum passing from the plane in one sense 
within the time dt is 

ixf(q) ,q^am0co8^0dqd0 d(l}.dSdt, . . (ii) 

If p is the mean value of the force exerted, per unit area, 
on the plane, the impulse of the force exerted by the plane 
is pdSdty and this must be equated to the integral of (ii) 
for all possible velocity groups. All such groups are 
included by taking the variables between the limits in- 
dicated thus : — I » 



q\ i ^ ' ^ 
|o 10 

Hence 







p= IX f{q) . q^dq I sin cos^0d0 I d^ 

=^f'm-i*^i (") 
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To see how this is connected with the mean square 
of velocity of the molecules, let n be the number of molecules 
per unit volume ; then from (9) 

' f{i)'fdi\ sine do d(t> 

/•oo 

= 4^/ f{q)'q^dq (13) 

To get the mean square of velocity, 1;^, multiply (9) by 
^, integrate and equate the result to nv^; then 

J/»ao 
' /(?)•?*% (14) 


Hence 

= ipV^ (15) 

as before obtained. (Of course jo is here expressed in 

absolute units ; in gravitation units /? = i — , as before 
explained.) ^ 

To get the mean velocity, v (which, of course, is not 

equal to the square root of v^) multiply (9) by q, integrate, 
and equate the result to ^ ii; ; then 

/• 00 
nv = 4Ti f{a)'(tdq (16) 

Thus we see that the result (15) is true whatever maybe 
the form of the function /(j). In the Kinetic Theory 
of Gases this function must have a paiticular form in order 
that the incessant collisions between the molecules may 
render the state of affairs statistically the same at all times. 
It does not belong to our present purpose to find the form 
of this function ; its determination involves only the most 



224 Hydrostatics and Elementary Hydrokinetics. 

elementary principles of the collision of elastic spheres, and 
it will be found in detail in Watson's Kinetic Theory of 
Oases. The statistical permanence of the state of the 
molecules requires that 

Aq) = ^e~^, (17) 

where ^ is a constant, and c is also a constant of the 
nature of velocity. 

Thus n = 4TrAj e '\q^dq, .... (18) 



nv^^^TrA e ''\q^dq, .... (19) 



nv = 4ttA e ^.q^dq (20) 

•'0 

Now it is known (see Williamson s Integral Calculus, 
Art. 116, or Price s Infin. Cal,, vol. ii., chap, iv) that 

^V-rf.= j@* (,,) 

Hence differentiating both sides with respect to k, 



I, 






e-^ 



•^^^ = 1(13) .... (22) 



and again differentiating this with respect to k, 

J/»ao 
e-^^. xdx = —1 , and bv dif- 

ferentiating this with respect to >&, 

re--^.^d. = ^^. .... (,4) 



Gases. 225 
From these results we have 

«=^7r*c3, (25) 

^ = 1^, (26) 

Prom the lajst two we have 

^=^w (38) 

which shows the relation between the mean square of the 
velocities and the square of the mean velocity, the former 
being the greater. In terms of the latter, the intensity of 
pressure is given by the equation 

P=Ip{^)^otj)='^^(v)^ . . . . (29) 

according as ^ is taken in absolute or in gravitation 



measure. 



Example. 



It is found that the mass of 1 ctibic foot of hydrogen at o^C 
when its intensity of pressure is 2116*4 pounds' weight per 
square foot is '005592 pounds, the value of g being 32*2 feet 
per second per second ; find the mean velocity of the hydrogen 
molecules. 

From the second value of p in (29) we have 

orr/; . -'^ '005592 /-X2 

2116.4 = -. . {yf, 

O 32»2 

/, V = 5570*8 feet per second, nearly. 

The value of y/v^, which is that velocity whose square is 
equal to the mean square of the velocities, and which is called 
the velocity of mean square, is found from (15) to be 6046*5 feet 
per second, nearly. 
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The kinetic energy of the molecules in a unit volume is 
obtained by multiplying (9) by ^-^ • If E denotes this 
kinetic energy (in gravitation measure) we thus find 



pv^ 



'^9 
Thus we have 



(30) 



i^=l^, (31) 

expressing the intensity of pressure in terms of the kinetic 
energy per unit volume. 

63. Mixture of Gases. When two or more different gases 
are present in the same space, each of them produces exactly 
the same intensity of pressure as if none of the otJiers were 
present. This fact is a result of the kinetic theory — ' when 
several different sets of spheres are present together in the 
region under consideration, the distribution of the centres 
and of the velocities of the spheres of each set is independent 
of the coexistence of the remaining sets.' (Watson's 
Kinetic Theory of Gases y Prop. VI.) The a priori possibility 
of such a result is manifest if we remember that the void 
spaces in a vessel which contains even several gases are 
very much greater than the occupied spaces. 

The result may be proved thus : suppose two masses of 
gas whose volumes, intensities of pressure, and absolute 
temperatures are represented in the following figures. 
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to be mixed and contained within a given volume V ; and 
when the mixture becomes homogeneous, let its intensity 
of pressure become P and its absolute temperature T. Then 
if we take the first gas and alter its intensity of pressure 
to jPg ^^d i^s absolute temperature to T^, its volume will 
become « f 

and in this state if it is added to the second gas, the volume 
of the mixture will be 

at (/>2> T^. Denote this volume by U. Then if (?7, p^, T^ 
is altered to ( T, i>, T), 

VP _ Upi 

FP _vj^ . »2A (.\ 

•• T ~ T^ ^ T^ ^ ' 

Now if the first gas filled the volume V alone, at the 
absolute temperature T, its intensity of pressure would be 

V, T 

and if the second occupied F alone, its intensity of pressure 
would be V T 

and the sum of these is 

which is precisely the value of P given by (i). 

If several gases of given volumes^ intensities of pressure^ 
absolute temperatures^ and spedfic gravities^ are mixed together 
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in a vessel of given volume at a given absolute temperature^ 
find the intensity of pressure and specific gravity of the 
mixture. 

Let the specific gravities of the gases be «i, ^3, ^g, ... , 
the specific gravity of the mixture 8^ its absolute tempera- 
ture y, and its volume V\ then by the laws of Boyle 
and Dalton, we have 

rP _v^p^ v^p^ V^J)^ . tn\ 

~m~ — ~~m ^ T T" y "t" • • • 5 • • \^J 
12 3 

and since the weight of the mixture is equal to the sum of 
the weights of the constituents, 

FP5 _ v^ pi s^ t?2Al2 . ^3 Pz ^3 . /^X 

m — y; "t" jr "t" yr -»-.•.. • V^/ 

54. Vapours. Many liquids, such as water, mercury, 
ether, the various alcohols, and acetones, gradually pass 
into a gaseous condition — i. e., continuously give off vapours 
— at ordinary temperatures. Some of these liquids are 
much more volatile than others. For example, a small 
quantity of alcohol if left in an unclosed vessel will dis- 
appear in a short time, whereas the same mass of water 
would, under like circumstances, take a very long time 
to pass away as a gas. 

These vapours are essentially the same as the bodies 
which we have defined as gases. In &ct, all gases can be 
regarded as the vapours of liquids, although the liquids 
from which some of them come can be obtained or produced 
only with extreme diflSculty. Thus, it is now known that 
even hydrogen and oxygen are the vapours of two liquids ; 
and it was known a long time ago that nearly all the gases 
with which we are familiar could be converted into liquids, 
and even solids. 

Every vapour — whether it be the gas which we call 
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hydrogen or the vapour of alcohol or of any ordinary liquid 
— obeys the typical law of a gas (that of Boyle and 
Mariotte), provided that the vapour, as regards temperature 
or intensity of pressure, is not near its liquid state ; and, of 
course, none of these bodies obey this law when they are 
near this state. 

The first fundamental characteristic of a vapour which 
we shall signalise is this : at a given temperature^ there is 
a limit to the intensity of presBure which a given vapour can 
exert^ or which can hy any means be exerted upon that vapour. 

For example, if we take the vapour of water at the 
temperature of 100° C, or 3ia°P, we cannot produce on it a 
greater intensity of pressure than about that of 15 pounds' 
weight per square inch. If we attempt to exceed this 
limit, some of the vapour will at once become water. 
Again, if we take the vapour of water at the temperature of 
107° F, it cannot sustain a greater intensity of pressure than 
that of about 1 pound weight per square inch. 

The result is difierent for different liquids. Thus, if we 
take the vapour of mercury at the temperature of 100° C, 
the greatest intensity of pressure that can be exerted 
upon it is that of about /^ of a pound weight per square 
inch. 

On the other hand, the vapour of bisulphide of carbon 
at the temperature of 100'' C can sustain an intensity 
of pressure of about 65-7 pounds' weight per square inch ; 
and the vapours of alcohol and ether, at this temperature, 
can exert intensities of about 33^ and 97^ pounds' weight 
per square inch, respectively. 

To verify experimentally the above characteristic of 
a vapour, take a long glass tube (barometric tube), ABC^ 
Fig. 6^^ dipping into a vessel, -Di', of mercury ; let A be 
the point to which the mercury in the tube reaches, the 
Torricellian vacuum being the portion of the tube above A, 
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Then AC is the height of the mercurial barometer and 
marks the intensity of atmospheric pressure. 

Suppose now that a drop of ether is 
inserted into the tube through the op*n 
end below the mercury in the vessel. The 
ether will rise up through the naereury in 
the tube and reach the Torricellian vacuum, 
where it will be at once converted into 
vapour whose pressure will depress the 
surface of the column of mercury in the 
tube. Let another drop of ether be simi- 
larly inserted; then a further depression 
of the mercury column takes place. Add, 
again, another drop of ether, and so on, 
until the mercury column refuses to be 
further depressed, // w an experimental 
fact that such a limit to depression is 
reached ; and if we continue to insert 
drops of ether into the tube, they are not 
converted into vapour on reaching the top, 
but remain in the liquid state on the top, 
£, of the column of mercurj'. It is supposed that the 
point B marks the depression of the mercury when the 
mercury refuses to be further depressed, and when the 
ether ceases to be farther converted into vapour. 

Now it is found experimentally that the position of this 
limiting point £ depends simply on the temperature of the 
surrounding air, i. e., on the temperature of the ether 
vapour at the top of the tube. For example, if the tem- 
perature of the ether is 

— 20° C, the depression AB = 68 millimetres, 



Fig. 63. 



= 1738 
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Supposing now that for any given temperature, t, the 
point £ is the lowest to which the mercury is depressed, 
the tube ABC being held fixed, let us consider what 
happens — 

I**, if the tube is forced down farther into the vessel DE, 
2^. if the tube is raised. 

In the first case we find that the efiect is to liquefy some 
of the ether in A£ and to keep the height, JBC, of £ above 
the level of the mercury DE constant. 

In the second case, if there was any of the liquid ether 
resting on the mercury at -B, some of this would be 
vai)ourised, and we should still observe that the height £C 
is constant. 

Now if the heights AC and £C are estimated in milli- 
metres, the intensity of pressure of the vapour is measured by 

AC—BC millimetres of mercury. 

Thus, if the temperature of the vapour is 60° C, the 
distance AB being 1738 millimetres, the point B will be 
968 millimetres below C, assuming the height, AC, of 
a barometric column to be 760 mm. 

A vapour which, at a given temperature, t, cannot 
submit to increase of pressure (becoming in part liquid if an 
attempt to increase the pressure is made) is called a saturated 
vapour at the temperature L Its intensity of pressure can, 
of course, be diminished, and then it ceases to be a saturated 
vapour. Thus we may define the saturation intensity of 
pressure of any vapour at the temperature t as the greatest 
intensity of pressure that the vapour at this temperature can 
hear without liquefying. 

As has been said, the vapours of difierent liquids, all 
at the same temperature, have very difierent intensities of 
pressure corresponding to their saturation states. There is 
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no known mathematical formula which gives the valae of 
the intensity of pressure, jo, corresponding to the state 
of saturation of a given vapour at a given temperature, t. 

In the case of aqueous vapoury i. e., the vapour of water, 
it is most important to have a knowledge of the maximum 
intensities of pressure corresponding to a long range of 
temperatures. M. Regnault by a simple method of experi- 
ment was enabled to observe these saturation pressures for 
temperatures ranging from below zero to above ioo°C; 
and from the table which he compiled an empirical formula 
connecting jt? and t may be constructed. One such formula 
will be given presently. 

It will be useful to regard the matter from a different 
point of view, and, as it were, to deduce the liquid from 
the vapour instead of the vapour from the liquid. 

Thus, suppose that we propose this problem: given 
ether vapour at — 20°C, at o**C, at 60° C, and at 100° C, 
successively, how shall we convert it into liquid ether ? 

The answer would be : produce on it an intensity of 
pressure of about i^, 3^, 34, and 97^ pounds' weight per 
square inch, respectively. 

It looks as if in the case of any gas whatever at any 
assigned temperature the answer would be the same kind — 
i. e., simply produce a certain intensity of pressure ; but we 
shall subsequently see that in the case, for example, of 
hydrogen at any ordinary temperature this process would 
not suflSce. 

66. Mixture of Gas and Vapour. If a given space is 
saturated with the vajpour of any liquid y at a given temperature^ 
the intensity of jpressure cf the vajpour is the same whether this 
space is a vacuum or contains any gas. 

This follows from the result which has been already 
given for the mixture of any gases in a given space, 
viz., that each gas behaves as a vacuum to all the others ; 
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and it may be experimentally verified by the following 
method. 

A glass tube HD^ Fig. 64, is attached to another, LJB, 
both being vertical, the system being provided with a 
stopcock g. The tube Z£ is fitted 
with another stopcock i, and ter- 
minates at A where the funnel, -F, 
or a glass globe, G, fitted with a 
stopcock, c, can be screwed on. At 
first the two tubes are filled with 
mercury, the tube L£ being filled 
up to b and the stopcock s closed. 
The globe G contains dry air, or 
any other gas. 

Let the globe be screwed on at 
A and the stopcocks c, b, s opened, 
and let a little mercury flow into 
a vessel F so that dry air fills the 
top of the tube LJB, Close s, and 
pour mercury into the tube HI) 
until the level of the mercury is 
the same in both tubes. The tube 
HD being open to the atmosphere, 
when the level is the same, the 
air at the top of LB is at the atmospheric pressure. 
Let the common level of the mercury at this stage be £D, 
Now remove the globe from A, and screw on the funnel, F, 
This funnel is fitted with a stopcock, a, which is not 
perforated but has a small cavity at the side, as seen in the 
figure. Let some of the liquid whose vapour we are con- 
sidering be poured into J*, and let a be turned so that 
liquid falls down to b ; and let b be turned so that the liquid 
fidls into the air space b B and becomes vapourised, when 
its pressure, added to that of the air, depresses the level of 




Fig. 64. 
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the mercury below B, Repeat this operation until the 
level of the mercury ceases to sink ; and let the final 
level be L ; then the space i 2/ is saturated with the 
vapour. 

Now pour mercury into the tube DH until its level 
in the other tube is restored from L to B. This will 
liquefy some of the vapour, but will leave its intensity of 
pressure unaltered. Suppose that the level of the mercury 
in BE is now at H, Then if h is the height of the baro- 
meter during the experiment, the intensity of pressure of the 
mixed gases in bB is represented by A + HB ; but as the 
air in IB has been restored to its original volume, its 
intensity of pressure is the same as it was at first, i. e., it is 
represented by a column of mercury of height h ; hence 
the int-ensity of pressure of the vapour is represented 
hjHB. 

But if we now take a barometer tube, such as that repre- 
sented in Fig. 63, and insert a few drops of the liquid 
in question into the Torricellian vacuum until the space 
becomes saturated, we shall find that the depression of the 
mercury column is equal to HB^ which shows that the 
intensity of pressure of the saturated vapour of the given 
liquid at the given temperature is uninfiuenced by the 
presence of air with the vapour. Hence in a given volume 
which is saturated with any vapour there is the same mass 
of vapour whether the given space is a vacuum or contains 
any gas or gases. 

66. Moist Air. It follows from Art. 53 that when the 
atmosphere contains aqueous vapour the intensity of pres- 
sure which is observed by a barometer is the sum of the 
intensities due to the air itself and to the vapour which 
it contains. 

If, then, h (inches or millimetres) is the height of the 
barometer, and if the intensity of pressure of the vapour 
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present in the air is measured by / (inches or millimetres) 
of the liquid which the barometer contains, the intensity 
of pressure of the air itself is measured by 

h-f. 

The weight of a given volume of moist air is affected by 
this consideration. 

Thus, assuming the specific gravity of aqueous vapour to 
be -622, or f nearly, the weight of the air in a volume 

of V litres, with the notation of Art. 47, is •4646 ^^ *^ ^ > 

vf 
and that of the vapour in this volume is '4645 ^ x | ; so 

that the weight of the whole is 

•4645^^^^ (I) 

Similarly, formula {%) of Art. 49 will be replaced by 

r= 1.326946 ^%:ii^^ (2) 

^ ^^ 460 + ^ ^ ^ 

The accurate measurement of the intensity of pressure of 
the aqueous vapour present in the air at any temperature 
is a matter of diflSculty ; but we shall presently see how 
it can be approximately effected by means of a hygro- 
meter. 

67. Vapour of Water. A knowledge of the maximum 
intensity of pressure of the vapour of water for any given 
temperature is important ; and, as said before, this know- 
ledge must be derived from experiment. Water may 
be made to boil at any temperature whatever by producing 
a suitable intensity of pressure on its surface. 

If any given intensity of pressure is by any means 
produced on the surface of a liquid, and heat is continuously 
applied to the liquid, the liquid will loil when the intensity 
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of pressure of its vapour becomes equal to the intensity of 
pressure on the surface of the liquid. 

The given intensity of pressure on the sur&ce is then 
the maximum intensity of pressure of the vapour at the 
temperature of the liquid. 

This principle is the basis of the experiments of Regnault 
for the determination of the maximum intensities of pres- 
sure of water vapour at various temperatures. 

His method was to make water boil under a continuous 
series of surface pressures and to read the corresponding 
temperatures of boiling. 

The figure of the apparatus used will be found in 
treatises on Experimental Physics (see, for example, Ganot's 
Physics, Art. 3.51). 

Experiments with the same object had a short time 
previously been carried out by Dulong and Arago, at the 
request of the French Academy, and the results were 
expressed by an empirical formula known as the French 
Commissioners Formula, If iJ is the centigrade temperature 
at which water is made to boil by adjusting the intensity 
of pressure on its surface, this intensity is expressed by 

the equation t^ioo.^ 

n= (1 +.7153— -—) ,. . . . (i) 

in which n denotes the number of atmospheres, of 760 mm., 
under which the water boils ; that is, the intensity of 
pressure on the surface (and therefore of the vapour) is 
represented by a column of mercury 760 » millimetres 
high. 

When compared with the tabulated results of M. 
Regnault, this formula is fiairly accurate for pressures 
ranging from i atmosphere to 24 atmospheres; but for 
very low pressures the error in the formula is great. 

The following table gives a few temperatures below 
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100° C at which water is caused to boil, together with the 
corresponding intensities of pressure on its surface (or of its 
vapour), measured in mm. of mercury, as calculated from 
the formula and as observed by Regnault : 



t 


rom. 
calculated 


mm. 
observed 


0° 


1-42 


4.60 


20° 


10.88 


1739 


60° 


140.90 


148.79 


70° 


227.14 


233.09 


80° 


351*21 


354-64 


90° 


524-39 


525-45 



Thus the disagreement at low temperatures is very 
marked. 

From (i) we can deduce a formula in English measures. 
Let intensity of pressure be measured in pounds' weight 
per square inch, and temperature on the Fahrenheit scale. 
Patting 4(^^ — 32) for t in (i), the number of standard 
atmospheres becomes 

(j + tz^}^^ or r ^9'643 + ^ ^ . 

V 2S^My ' ^ ^51-643 ^ ' 

and taking a column of mercury 760 mm. high as equi- 
valent to 14-697 pounds' weight per square inch, the 
intensity of pressure of the vapour in pounds' weight per 
square inch is the product of this expression and I4'697 ; 

that is (^^—^ ) ; or, as it is usually taken 

V 147.03 >'' ' ^ 
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If intensity of pressure is measured in pounds' weight 
per square inch, while temperature is measured on the 
Centigrade scale, the formula gives 

The height of a mountain may be deduced from the 
temperatures at which water boils at the base and at 
the summit, on the usual assumption of a constant mean 
temperature of the air, without the aid of a barometer ; for, 
from the observed temperatures of boiling, we can deduce 
the corresponding atmospheric pressures by formula (i) or 
(2), and make use of these pressures in the barometric 
formulas of Arts. 50 and 51. 

Examples. 

1. If at the base and the summit of a mountain water boils at 
212° and 190°, Fahrenheit, respectively, and the mean tempera- 
ture of the air is 40°, find the height of the mountain. 

Ans, About 12 172 feet. 

2. At the base of a mountain 28000 feet high the atmo- 
spheric intensity of pressure is 14 pounds' weight per square 
inch ; assuming the temperature of the air to be uniformly 
32" F, find the temperature at which water boils at the summit. 

Ans, About 161° F. 

58. Principles of Thermodynamics. It is now an 
accepted principle that a quantity of heat is the same 
thing as a quantity of kinetic energy — ^that, in faet, heat 
is the kinetic energy of molecular motions in a body. Now 
as kinetic energy is the equivalent of work, and can be 
measured in ergs, foot-pounds' weight, mfetre-kilogrammes' 
weight, and many other analogous forms, it follows that a 
quantity of heat can be expressed as so many ergs, or so 
many foot-pounds' weight, &c. 

For a long time this was not the mode adopted for 
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expressing a quantity of heat, because until the experiments 
of Joule were made, it was not recognised that Aeat and 
wori are equivalent things. To take an example, when by 
burning coal under a vessel containing i pound of water 
the temperature of this water was raised 1° F (supposing 
none of the imparted heat to be radiated from the water) 
it was said that a quantity of heat called one thermal unit 
was imparted to the water. This mode of speaking is still 
adopted : it merely amounts to a definition, and indicates 
one particular way of measuring quantities of heat. But 
at the present time we should also describe the result 
thus — a quantity of kinetic energy equivalent to about 772 
foot-pounds weight has been imparted to the pound of water. 
The measurement of quantities of heat in thermal units 
and in foot-pounds' weight may be compared with the 
measurement of areas in acres and in square yards. 

The British thermal unit is defined as the quantity 
of heat {or molecular kinetic energy) which must be imparted 
to one pomid of water at its temperature of maximum density 
{about 39° F) to raise this temperature 1° P. 

The Metric thermal unit is defined as the quantity of 
heat {or molecular kitietie energy) which must be imparted to 
one kilogramme of water at its temperature of maximum density 
{about 4°C) to raise its temperature 1° C. 

It is not quite true that the quantity of heat necessary 
to raise by one degree the temperature of a given quantity 
of water is the same at all temperatures. Thus, it is found 
that the heat necessary to raise the temperature of one 
pound of water from 32° P to 212°, instead of being 180 
times that required to raise it from 32° to 33°, is i8o'9 
times as great. The quantity of heat necessary to raise 
the temperature by one degree increases very slightly 
as the temperature of the water increases ; and this fact 
may be otherwise expressed thus : the specific heat of 
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water increases slightlj as the temperatnre of the water 
increases. 

The Metric thermal unit is very frequently called a 
calorie^ and the quantity of kinetic energy in it is about 
425 m^tre-kilogrammes' weight (usually called kilogramme" 
wutre^y 

In the C. 6. S. system, the thermal unit is the quantity 
cfieat (or molecular kinetic energy) loAicA must be imparted 
to one gramme of water at its temperature qf maximum density 
to raise its temperature i^C, and it amounts to about 
42 X lo* ergs. 

In any of these systems the number of work-units 
which is equivalent to the thermal units is called tie 
dynamical equivalent qf Aeaty and it is usually denoted by / 
(with reference to the name of Joule). Thus, in the British 
system / = 772, in the Metric gravitation system /= 425, 
and in the C. G. S. system / = 42 x 10®, all these numbers 
being only approximate. 

Let us now consider what happens when a quantity 
of heat is communicated to any body. The result can be 
comprised under two heads — 

i^ Kinetic energy is imparted to the molecules of the 
body (i. e., the body is heated) and at the same time work 
is done against the attractive forces of these molecules 
(i. e., a certain amount of internal static energy is generated 
in the body) ; 

2^ The body at its bounding surface does work against 
external pressoiQB. 

Thus the first heading comprises both Aeat in the body 
and internal wort. The amn of these two is called the 
energy <fHe hoiy^ and is denoted by the symbol U. 

Suppose now <fcnfcaflnanqpntitjr0f heat, dQ^ whieh we 
diall eitiniite iik^^taMriM^ VHte is eomiiumioated to a 

to fienowte a nnaU 
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quantity, dU, of ener^ in the body, and to make the body 
perform a email quantity, dW, of external work. Then we 
have the equation 

dQ = dU+dir. (i) 

As it is not our object to coasider the principles of 
thermodynamics in tbeit application to every kind of body, 
we shall suppose the body in question to be a gae or 
a vapour. 

Then there are three things which determine the state 
of such a body — viz., its temperature, T, its volume, v, and 
its intentitg of pretmre, p. These three are not inde- 
pendent ; for, in the case of a given mass of gas, we have 

the equation -^ = a constant, or as in Art. 48, 

vp = teR.T; (a) 

80 that the state of the body at any instant may be con- 
sidered as depending on any iwo of the quantities, v, p, T. 
Now the internal energy, U, of the body is always the 
same in the same state of the body. Hence we can 
consider either 

V=A (.".P) or £f =/, («, 7), " f = /. (p. n • (3) 
'wheie/i./^i/a ^^ symbols of functionality. 

Now, confining our attention to gases, the following is a 
fundamental result : 

He energy, TI,of a ffiven mom ^ffas ig a /unction of its 
femperaiure, T, alone, i.e., it does not depend on either 
vocp. 

liaa result was verified by the following experiment of 
Jonle. 

A and B (Kg. 65) are two copper vessels which < 

Lonicate with each other by a tnbe in which is a stopcock, 
These vessels are placed inside a vessel, CD, which is in 
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the form of two nearly closed cylinders commonicating bj 
means of a narrow passage between two walls. The 
reserroir A ie filled with air, or any 
gas, at a high intensity of pressnre 
{22 atmospheres in Joule's experi- 
ment), whilefhas been exhaosted 
of air. Water is poured into the 
vessel £?i>,and since A and B have 
nearly the capacity of the cyliBdera 
in which they are placed, the 
^g. 65- quantity of this water is small, 

and thus any alteration of its tem- 
perature would be the more easily observed. 

Now let the etopcock c be suddenly opened. The gaa 
rushes out of A, increasing its volume and diminishing its 
intensity of pressure ; and when the whole mass of this gas 
is considered, we see that it has altered its state without 
doing any external work. At the same time no heat has 
been communicated to it. 

If the water is kept stirred the result of the experiment 
will be that the water neither rises nor falls in temperature. 
Actually, it was found that if the water was at rest, the 
temperature of that surrounding A was lowered and the 
temperature of that surrounding B was raised ; but, on iJie 
whole, these local alterations of temperature balanced each 
other, and the body (i.e., the mass of gas) underwent 
change without development of heat. 

Now, applying to this case equation (i), we see that 
rfQ = Q and dW= o, therefore dJI = o ; and since both 
V and p have altered, but not T, we see that U cannot be a 
function of v or/. Hence for a gas 

"=/{!) (4) 

i. e. the energy of the gas is a function of its temperatnre 
alone. 



Gases. 243 

This amounts to the statement that the molecular forces 
in a gas are zero ; for, if they existed, and were attractive, 
they would perform negative work when the volume ex- 
panded ; and if they were repulsive, they would perform 
positive work in the same ease. 

Subsequent experiments by Joule and Thomson revealed, 
however, small changes of temperature, showing that the 
internal forces are not wholly evanescent ; but these changes 
became smaller, for any gas, as its temperature was higher; 
and the changes of temperature which, under the above 
circumstances, take place are smaller the more nearly the 
gas approaches to the condition of a perfect gas. Thus, 
for air and for hydrogen they are much smaller than 
for carbonic acid gas. Such a result would naturally be 
expected ; and hence we are to regard the result (4) as 
holding accurately in the case of a perfect gas only ; for 
other gases the result is approximately true. 

Supposing, then, that we are dealing with a perfect gas 
only, equation (i) can be written 

dq = ^^dT+dW. (5) 

When the gas does external work by overcoming resist- 
ance applied over its bounding surface, the intensity of this 
resistance being equal to the intensity of pressure, /?, the 
element, dW, of work done during a small increment, dv, 
of volume of the gas, is given by the equation (Art. 46) 

dWz=zpdv (6) 

Hence (5) becomes 

dQ = ^dT+j^ (7) 

If w is the mass of the quantity of gas with which 
we are dealing, we have equation (2}, which enables 

B 2, 
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us to express dv in (7) in terms of ^7 and dp^ thus 

= '^^r_irf;,; (8) 

hence (7) becomes 

dq = (^-\-wR)dT^vdp (9) 

It will be observed that we have been all through 
measuring heat in work-units. 

We now lay down two definitions : 

{a) The specific heat of any gas at constant volume is 
the limiting value of the ratio of an infinitesimal quantity 
of heat to the infinitesimal rise of temperature produced, 
when this heat is imparted to a unit of mass which is not 
allowed to expand. 

{b) The specific heat of any gas at constant pressure is 
the limiting value of the ratio of an infinitesimal quantity 
of heat to the infinitesimal rise of temperature produced, 
when this heat is impai-ted to a unit of mass which is 
allowed to expand under constant pressure. 

Thus (a) is the value of — -7^ when v is constant, and if 
^ ^ w dT ' 

this is denoted by c, (7) shows that 

idU . ^ 

C='-^m (10) 

w dT ^ ' 



Also lb) is the value of — —^ when p is constant, and if 

^ ^ w dT -^ * 

this is denoted by (7, (9) shows that 

C^-'j^ + Ii (11) 

w dT ^ ' 
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It is evident a priori that C > c, because when the gas is 
allowed to expand, it uses some of the imparted heat to do 
work against external resistance, so that all of the heat 
does not go towards raising the temperature, whereas, 
when no expansion is allowed, all this heat is used in 
raising the temperature. 

Now one of the fundamental laws of a perfect gas is that 
far any given gas each of these specific heats is a constant at 
all temperatures. Of course, since 

Cz=c + B, (12) 

if either of them is constant, the other must be constant. 
This law was proved experimentally by M. Regnault. 

Since the specific heats are constant, we may say (as is 
usually done) that the specific heat of a gas at constant 
volume is the quantity of heat necessary to raise its tem- 
perature one degree when the heat is imparted to the unit 
of mass at constant volume ; or the quantity of heat 
necessary to raise its temperature by any number of degrees, 
if we divide by the number of degrees. 

We have supposed that Q is measured in work-units : if 
Q is measured in thermal units (whether English or 
Metric), and J is the corresponding work-unit value of 
the thermal unit, the fundamental equation (i) becomes 

JdQz=dU+dW; (13) 

also, c being measured with reference to thermal units, 

c = — 7^, when v is constant ; so that 
w al 

J. 1 dU ,^ 1 dU T^ , . 

Jc = - -pjji JC = - -j^, + B . . . (14) 

w dT w di ^ ' 

... J{C^c)=zR (15) 

Thus, Regnault found that for dry air C = '2375, and if 
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we use English measures, R = 53-3 (Art. 49), /= ^^^ ; 

Q 

hence c = -1685, which gives — = 1-409. 

From (10) we have the value of the internal energy of 
a given mass, w^ of a perfect gas at the absolute tempera- 
ture T, viz., TT m / iZ\ 

' ^ U^cwT (16) 

in units of work if c is expressed with reference to these 
units; or U=JcwT (17) 

if c is expressed with reference to thermal units. 

It appears, therefore, that when a gas is expanded 
isothermally by the continuous application of heat, all the 
heat supplied is utilised in doing work against external 
resistance. 

59. Adiabatio Expansion. Camot's Cycle. If a mass 
of gas is contained within a cylinder closed by a moveable 
piston, the cylinder and the piston being both impermeable 
to heat, so that no heat can be communicated to the 
gas from without and no heat can escape from the gas 
itself, while the gas may drive out the piston before it 
or may be compressed by means of the piston, the transfor- 
mation is called adiabatic. If the gas is compressed by 
means of the piston, heat is generated in the gas; but 
no heat is gained or lost b^ conduction or radiation in an 
adiabatic transformation. 

We propose to find the relation existing between the 
volume and the temperature, and the volume and intensity 
of pressure, of the gas during this transformation. 

These are found by using (7) and (9) of last Article and 
putting dQ = o. 

Hence cwdT+pdv = 0^ (l) 

CwdT—vdp = 0, (a) 

in which the specific heats c, C7 are in work-units. 
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From these we derive the equation 

Cjpdv + cvdj) =: o, (3) 

which gives by integration 

c 
pv^ = constant (4) 

Q 

It has been found that — = 1*408, nearly, for air. De- 

u 

noting by n the value of this ratio for any gas, if (Pq , Vq) 
are the intensity of pressure and volume when the adiabatic 
transformation begins, the equation of the curve which is 
analogous to the hyperbola in Fig. 55, and which exhibits 
the relation between p and v in the adiabatic transfor- 
mation, is i?i?"=i?oV5 (5) 

which, combined with the fundamental equation 

gives the relation between p and T and between v and T. 

It has been already pointed out (Art. 40) that the 
curves of isothermal transformation are rectangular hy- 
perbolas. 

Fig. 66 exhibits two isothermals and two adiabatics. 
Thus, suppose the two rectangular lines Ov and Op to 
be taken as axes of volume and pressure, respectively ; let 
the gas be contained in a cylinder the base alone of which 
is a conductor of heat — and we shall assume this base to be 
a perfect conductor, i. e., we can imagine it to be made 
of very thin copper ; let the initial state of the gas be 
represented by the point A in the figure, i. e., its intensity 
of pressure, p^^ is represented by the ordinate -4a, and its 
volume by the abscissa Oa, while its absolute temperature 
in this state is Tq. 
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Now let tbe base of the cylinder be placed on & perfectly 
nonconducting; stand, and let work be done on the gas 
by forcing down the piston. The reaolt will be a rifle 
of temperature of the gas and, of conne, an increase in its 
intensity of preeenre, the relation between its volome and 




intensity of pressore being represented by the abscisBae 
and ordinates of the adiabatic cnrve AB, whose equatioii 
"(5). ^ 

Let this adiabatic traneformation be stopped when the 
absolute temperatnre becomes Tj and the state of the 
gas is represented by the point B. Then the work 
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done on the gas is represented by the area A a bB, whose 
value is rvi 

- / Pd^^ (7) 

^1 being the final volume Ob. 

Substituting for p its value in terms of v from (5), 
we find this area to be 

Po< (_2 \\ 



or J^i^x-Fov,^ (8) 



» — I 

Now since for the given mass of gas, Wy we have {%) of 
Art. 58, this expression is 

^j(yx-n) (9) 

From (i) it appears that the work done on a gas when 
compressed adiabatically is also 

<^{r,-T,), (10) 

where T^ and T^ are the initial and final absolute tem- 
peratures, and, as before stated, c is in work-units. 

The co-ordinates, v^, p^, of the point £ are easily found 
to be 1 

fi= "•(!?) (II) 



n 



yr n— 1 

When the gas has reached the higher temperature, T^ , 
let the base of the cylinder be removed from the noncon- 
ducting stand and placed in contact with a large reservoir 
of heat of the temperature T^, 

The external pressure on the piston being removed, the 
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piston will be driven outwards by the pressure of the gas, 
and this entails a &.11 of the temperature of the gas ; but 
instantly heat flows into it from the reservoir, keeping the 
temperature constantly equal to T^ ^ ^^^ ^^ continues to 
expand. The curve of expansion is a rectangular hyperbola, 
BC^ whose equation is 

;w=i?it?i or = i2wTi, (13) 

and if the transformation is stopped at the point Cy the 
work done ly the gas on the piston is represented by 

the area BCcb^ whose expression is / pdvy where v^ is the 
volume Oc, 

This work is R^T,\og,--^ (14) 

Having reached the point C in this isothermal transfor- 
mation, let the cylinder be removed from the reservoir and 
again placed with its base on the nonconducting stand. 
The pressure of the gas will continue to drive out the 
piston ; but now the gas does this work at the expense of 
its own heat, and therefore its temperature &lls, the 
relation between pressure and volume being given by the 
adiabatic curve CI), When the absolute temperature has 
fallen to the original value, Tq, let this transformation 
cease (the point I) is supposed to represent the state of the 
gas when the temperature T^ is reached), and let the 
cylinder be placed with its base in contact with a large 
reservoir of heat whose absolute temperature is T^. Now let 
the piston be forcibly driven in, and therefore the gas 
compressed by work done on it, until the original volume, 
Vq , or Oa, is again reached ; then the final curve JDA is a 
hyperbola corresponding to the temperature Tq, and since 
there is work being continuously done on the gas during 
this isothermal compression, its temperature makes a con- 
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tinuons eflTort to rise ; but, on account of the perfect 
conductivity of the base, the moment such a rise takes 
place, heat flows from the gas into the reservoir, and 
by this continuous flow of heat the temperature of the gas 
is steadily kept at Tq, 

In the adiabatic expansion CB^ the gas has done work 
of the amount 

n^i ' ^^5; 

if the co-ordinates of C and D are {V29P2) and (v^,Pz) 
respectively. 

But since C belongs to the hyperbola corresponding to 
Ti, and D belongs to the hyperbola corresponding to Tq, 
we have i^gA = -Bw^Tj and v^p^ = BwTq ; hence the work 
CJ)dc is j^ 

^,{^1-^0) (16) 

which has been proved to be also the work represented 
by BAab^ so that the work done on the gas in the adiabatic 
compression AB and by it in the adiabatic expansion CB 
cancel each other. 

The work done on the gas in the isothermal compression 
BA is represented by the area BdaA, and is equal to 

A ^0 loffe?. or BwTq log, ^^ . 
Now we can show that 



^-^=^^ (17) 

for p^v^^. RwT^, 

T 

n, n-1 ^ <« n-1 _0 
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^2 = ^z (/) 






which, by (11), gives the result (17). 

Hence the total work done hy the gas in the whole 
series of ti*ansformations, which is represented by the area 
ABCBA, is 

Bw{T,--T,)\og,''^ (18) 



^^1 



A series of transformations of a gas whereby, starting 
from a given state as regards volume, temperature, and 
intensity of pressure, submitting to changes of these by 
absorbing heat, doing work against external resistance, and 
having work done upon it by external agents, the gas 
is finally brought back exactly to its original state, is called 
a ci/cle of operations. When, as in the case just discussed, 
the changes consist of two isothermal and two adiabatic 
transformations, the operation is called a Camot cycle^ 
because such a simple cycle was first discussed by Camot in 
the investigation of some of the fundamental principles of 
Thermodynamics. 

Such a cycle it would be impossible to realise in practice, 
because perfect conductors and perfect nonconductors of 
heat do not exist, although isothermal and adiabatic trans- 
formations of a gas can be approximated to. For example, 
there is a common experiment which consists in igniting a 
piece of tinder, or cotton moistened with ether or bisulphide 
of carbon, at the bottom of a glass tube filled with air 
and tightly fitted with a piston, by very suddenly forcing 
the piston down the tube. In this case the transformation 
of the imprisoned air can be assumed to be adiabatic, 
because, during the time of the experiment, no heat can 
enter or leave the tube. This instrument is sometimes 
called 2i janeiimatic syringe. 
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The order in which the changes in a Camot cycle 
are made can be varied. Thus, we may start the operations 
from the point B and work round through (7, D, and A to 
JB again. If we call the reservoir at the higher absolute 
temperature, T^^ the loiter^ and the reservoir at the lower 
temperature, T^^ the condenser^ the two main features of the 
cycle are the abstraction of a certain amount of heat, 
represented by the area BCch^ in work-units, from the 
boiler, and the transference to the condenser of another 
amount of heat,, represented by the area BdaAy the amounts 
of heat generated within the working gas itself in the 
abiabatic transformations neutralising each other. 

Carnot, under the influence of the erroneous notion 
prevailing in his time, supposed that, since the working 
substance returns to exactly its original state in all respects, 
the quantity of heat which it receives from the boiler must 
be equal to that which it gives out to the condenser, 
because heat is an indeslructible substance. But the fact 
remains that, although the gas has returned to its original 
state, a certain quantity of work, represented by the area 
BCBAB, has been done by the engine — if we use the term 
engine to denote the gas, cylinder, and piston. How, then, 
did Camot explain the doing of this work, since (according 
to his view) the engine gave out, as heat, to the condenser 
all the heat that it received from the boiler ? 

Simply by saying that the letting down of the heat from 
the higher temperature, or heat level, T^^ to the lower 
level, Tq^ constituted the doing of this work — just as the 
fall of a stone from a higher to a lower gravitation level 
constitutes the doing of work. 

The view that heat is a substance (which used to be 
called caloric) is now abandoned, since the experiments 
of Joule and others prove that it is kinetic energy. 

Of the quantity of heat which a Carnot engine receives 
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from the boiler, how much is converted into work done by 
the engine ? If ^^ is the heat received from the boiler, 
and 5q the heat which the engine transfers to the con- 
denser, the amount H-^—Hq is converted into work. 
Now 



t?, 



H^^RwT^log,^. 



^1 



ff,= EwT.log,^ , 



^1 



The ratio of the quantity of heat converted into work to 
the quantity received from the boiler is called the efficiency 
of the engine, and we see that, unless Tq= o, i. e., the tem- 
perature of the condenser is absolute zero, the eflBciency is 
always < i. Thus, if the boiler is at the temperature 
of water boiling at the ordinary pressure, and the condenser 
at that of melting ice, 2^= 373, Tq= 273, and the efficiency 
is only 1 — f IIj ^^^^ is about •a68. 

This is only a small amount, and yet such an imaginary 
engine (using a perfect gas as the working substance) has 
a much greater efficiency than any actual engine. 

The cycle of operations with a Carnot engine is reversible, 
i. e., if we start from the point A in Fig. 66, we can work 
from A to D, then to C, then to £, and finally back to A, 

In this way we should have to do work on the gas, this 
work being represented by the area ABGBA, and the 
result of this would be the transference of a certain amount 
of heat/r(?»^ the cmidenser to the boiler. 

In the common steam-engine the various operations in a 
Carnot cycle with a perfect gas are roughly approximated 
to in the following way : 

I. The isothermal expansion BC corresponds to the 
evaporation of the water in the boiler. 
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a. The adiabatic expansion CD corresponds to the 
expansion of the steam in the cylinder. 

3. The isothermal compression BA corresponds to con- 
densation in the condenser. 

4. The adiabatic compression AB corresponds to the 
forcing of the water into the boiler. 

(See Cotterill's The Steam Engine considered as a Heat 
Engine, Chap. V.) 

Examples. 

1. The air column in a pneumatic syringe 10 inches long 
is suddenly compressed into a length of i inch ; its original 
temperature was 1 5° C ; find its final temperature. 

Ana, 46 3°' 8. 

2. Air is contained in a vertical cylinder, closed at the lower 
end and open at the top, the area of whose cross-section is 
2 square inches; the air is compressed, so that it occupies 
a length of 4 inches of the cylinder, by means of a piston whose 
mass is i pound, the intensity of pressure of the air being 
150 pounds' weight per square inch; the intensity of atmo- 
spheric pressure is 15 pounds' weight per square inch. If 
the piston is suddenly released, find its velocity when it is 
I foot from the bottom of the cylinder, assuming the tempera- 
ture of the air to be kept constant. 

Ana, 75*55 feet per second. 

3. In the above find the position of the piston when its 
Telocity is a maximum. 

Ana, 38*7 inches from the lower end. 

4. Find how high the piston ascends before coming to rest 
for an instant. 

Ana, About 142^ inches from the end. 

5. If the area of the cross-section of the cylinder is A square 
inches, the mass of the piston w pounds, the original intensity of 
pressure of the compressed air F pounds' weight per square 
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inch, that of the atmosphere 'p^^ and the piston is originallj 
c inches from the bottom, find its velocity when it is a? inches 
from the bottom, taking ^ = 32 feet per second per eecond. 

16 C a; ) 

Ans, v'= — \AFc\og^ (il/?^j + ti>)(aj— c)>> 

3ti7 ( c 3 

where v is feet per second. 

6. If in example 2 the air in the cylinder expands without 
receiving or losing heat by conduction or radiation, find the 
velocity of the piston when it is i foot from the bottom. 

Ans, 65*9 feet per second. 

7. If in example 5 the air expands adiabatically, find the 
velocity of the piston. 

where n = i'4o8. 

8. If a pound of air does 390*6 foot-pounds' weight of work 
without receiving heat or losing it by conduction or radiation, 
find its fall in temperature. 

Ans, 3°F. 

9. If a pound of air at 60° F and intensity of pressure 15 
pounds' weight per square inch is compressed without gain 
or loss of heat by conduction or radiation until its temperature 
is 200° F, find its new pressure intensity. 

Ans. About 34-1 pounds' weight per square inch. 

10. The temperature of a given mass of air is observed to fall 
from 540" to 290°F when expanding to double its volume 
without gain or loss of heat by conduction or radiation ; and at 
the same time the external work done is observed to be 32600 
foot-pounds' weight per pound of air ; find the specific heat of 
air at constant pressure. 

Ans, We have from the data c = 130-4 work-units [see 
(10), Art. 59], and 2«-"= 3, where 71 = -; .-. = 184-5 

work-units. 
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1 1 . Air contained in a cylinder at the atmospheric pressure 
is adiabatically compressed to an intensity of pressure of m 
atmospheres, and is then allowed to cool at constant volume to 
the temperature of the surrounding air ; if it is then allowed 
to expand adiabatically until it reaches its original intensity 
of pressure, find the efficiency of this method of storing work, 
the work done on the air by the atmospheric pressure in the 
compression and against it in the expansion being deducted. 

1 1^ 

A T?« • m'*-i-7i(m«^-i) 

Ana, Jciniciency= -^ — j , where n = 1*408. 

m- I — n(m" — i) 

60. Absolute Temperature. It has been already pointed 
out (Art. 41) that the notion of an absolute zero at a point 
273 Centigrade degrees below the temperature of melting 
ice is not properly founded on the formula vp = Rw (273 + 1) 
which has been deduced for gases from experiments at 
ordinary temperatures, and from which it would follow that 
if ^ = —273, the volume of the gas would be zero. The 
position of the absolute zero — conceived to be such that at 
this temperature there would be no molecular motion 
in any body — is deduced from the principles of Thermo- 
dynamics as applied to the action of reversible engines 
(such as Camot's) when we imagine the working substances 
in these engines to be any substances whatever that 
can undergo such a complete cycle of changes as that of 
Camot. 

Thus, we can imagine the cylinder to contain, as a 
working substance, a quantity of water and its vapour, 
by the expansion of which work is done on the piston. 

It is not the aim of this work to discuss the details 
of Thermodynamics, which the student wiQ find in treatises 
on this subject, such as CotteriU's Steam Engine^ Clerk 
Maxwell's Heat^ The Mechanical Theory of Heat by Clausius, 
Tait's Eeatf Parker's Thermodynamics^ and many other 

s 
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works ; and therefore we shall assume the following pro- 
position, which is fundamental in the subject, and the 
proof of which will be found in any of these works : — 

if a reversible engine works between any two fixed tern- 
jperatures^ its working substance undergoing a complete cycle cf 
operations indicated by two isothermals and two adiabatics, 
and if it receives a fi^ced quantity of heat from a reservoir at 
the higher temperature^ it will convert the same fraction of this 
heat into external work^ whatever be the nature of its working 
substance. 

Of coui*se the isothermals and adiabatics of the substance 
may be any curves whatever, and not the simple curves 
whose equations are pv = const., and pv"^ = const., which 
belong to a perfect gas. 

It may occur to the student as an objection that, 
inasmuch as we are now seeking for a means of measuring 
temperature, it is not permissible to speak of the working 
substance in Camot's cylinder as receiving heat firom 
a reservoir at the higher temperature and transferring some 
of it to the reservoir at the lower temperature. There is, 
however, nothing illogical in this, because, although we 
may not be able to measure temperature numerically, 
we are able to say when two bodies are at the same tem- 
perature. A mercurial or any other thermometer will tell 
us when two bodies are at the same temperature. We can 
say, for example, when the upper reservoir, or boiler, is at 
the temperature of water boiling at the normal pressure, 
and when the lower, or condenser, is at the temperature of 
melting ice. 

Suppose, then, for definiteness, that the boiler is at the 
temperature of water boiling under the normal pressure, 
and that the condenser is at that of melting ice ; and with 
any given substance in Camot^s cylinder let a quantity, JT, 
of heat be taken isothermally from the boiler in a transfer- 
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mation such as that represented hy the cnrve £C in 
Fig. 66^ and let the quantity Hq be transferred to the eon- 
denser in the transformation corresponding to DA, Then 
our assumption is that, whatever be the substance in 
the cy Under, the ratio 

-j^ is constant. 

When we speak of two reservoirs of heat each at a certain 
temperature, we mean two bodies so large in comparison 
with the dimensions of the Camot cylinder that when the 
working substance in this cylinder takes heat from them 
or gives heat to them, their temperatures do not fall or 
rise. Let us imagine the cylinder to be small enough, 
and we can drop the term reservoirs and simply speak of 
two bodies, in connection with which the cylinder is 
supposed to work in a Camot cycle. Denote the two 
bodies by JBq and B^ , and imagine any number of Camot 
cylinders (7, (7, C,,., containing different working sub- 
stances. 

Suppose, then, each of these cylinders successively to 
be put in connection with the body £q, and each of them 
to be worked until it takes a quantity of heat, Hq , from it, 
this quantity being the same for all the cylinders ; let each 
cylinder be worked in a Camot cycle in which the second 
body (that to which heat is transferred) is D^. Then all 
the cylinders transfer the same quantity of heat, H^ , to this 
body, and this quantity depends simply on the temperature 
of the body JB^. Hence B^ can be taken as a measure 
of the temperature of the body. On the same scale, of 
course, Hq would be the measure of the temperature of the 
body Bq. We may, if we please, imagine ^^ to be a body 
absolutely deprived of molecular motion, i. e., a body ^t the 
absolute zero of temperature. If J^o is not such a body, 

s Q, 
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let its temperature above the absolute zero be T^ , and let 
that of B^ be T^ ; then, on the scale adopted now, we have 

^i = ?i (i) 

This definition gives only the ratio of the absolute 
temperatures of the two bodies, and makes it independent 
of the working substance in the Camot cylinder, so that 
we may select the most convenient substance that we 
can find. 

Now, supposing B^ to be water boiling at the normal 
atmospheric pressure, and B^ to be melting ice, and taking 
air as the most convenient substance, Thomson and Joule 
(Tait's Heat^ chap, xxi) found that 

^'=i-365> W 

.'. 5 = -^'Z^^ (3) 

The magnitude of each degree is still undefined. Let th6 
magnitude be such that there are lOO degrees between these 
two temperatures ; then 3^j = 3^o + lOO, and (3) gives 

^0= 775^ = ^74, very nearly (4) 

Thus if the interval between the temperatures of melting 
ice and water boiling under the normal atmospheric pressure 
is divided into 100 equal parts, the freezing point is 1^74 
of these degrees above the absolute zero of temperature. 
Hence the absolute zero coincides practically with that 
suggested by the air thermometer. 

61. Total Heat of Steam. If a kilogramme of water is 
taken at the temperature o°C and heated until it is 
completely converted into saturated vapour at the tern- 
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peratnre ^""C, there will be two stages to note in the 
process : 

1. The water has its temperature raised from 0° to 
the boiling point, showing a continuous rise of a thermo- 
meter placed in it. 

2. At the boiling point the water is converted into 
saturated vapour, heat being continuously absorbed, but no 
rise of the thermometer being observed until all the water 
ifi converted. 

M. Regnault found the total quantity of heat thus 
absorbed by i kilogramme of water, measured in metric 
thermal units, to be 606-5 + .305 ^5 (0 

Of course the quantity of heat necessary to convert 
w kilogrammes is w times this. 

Now the number of thei'mal units absorbed in heating 
the kilogramme of water from 0° to ^ is ^ ; and as the 
quantity (i) exceeds ^, it follows that the excess has been 
absorbed in overcoming external pressure and the molecular 
forces of the water, converting it into steam, which shows no 
rise of temperature above t although heat is being applied. 
This heat, which is not indicated by the thermometer and 
whose function is to perform internal and external work, 
is called the late7Lt heat of the saturated steam. If we de- 
note it by i, and denote the total heat used by -ff, per 
kilogramme of water, we have 

£^= 606-5 + '305^, (2) 

L = 606.5- -695 iJ (3) 

If instead of a kilogramme of water at 0° we start with 
a kilogramme of ice at zero, and apply heat, we find that, 
though heat is being continuously absorbed by the body, 
a thermometer indicates no rise of temperature until the 
whole of the ice is melted. Hence during this process the 
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absorbed heat is being used to perform the work of dis- 
integrating the ice, and this heat is called the latent heat 
of water, or the latent heat of fusion of ice. Its amount 
per kilogramme is very nearly 80 thermal units. 

If after the water has been completely converted into 
steam of maximum intensity of pressure (saturated steam) 
at the given temperature, ^, heat is still applied, and the 
gas expands at constant pressure, its temperature will, 
of course, rise ; and the fiirther amount of heat absorbed 
when the temperature reaches d° is -4805 (^— ^), the number 
•4805 being the specific heat of aqueous vapour under 
constant pressure. 

The expression analogous to (2) in English measures is 
deduced thus: the equation (p) can be expressed in the form 

total heat for any mass , , 

T-— r-^-7 ir — ., ort = 606.5 + -305 1 

heat required to raise it i C ^ ^ ^ 

= 606.5 + .305 X K^-34 

where if is the Fahrenheit temperature corresponding 
to f C. 

total heat for any mass ^ ^ , ,,, . 

.•• T — 7 ^— TT ^ — .^ 00-n = 006-5 + .305 X I (f—%%\ 

heat required to raise it -|°F -» ^. o -> ^\ o /' 

total heat for any mass ^ ^ „ ,,, . 

heat required to raise it i F ^ ^ ^ ^^ ^ ' 

If mass is measured in pounds, the left-hand side is the 
heat per pound, in the new units ; and we have 

E= 1081.94 + -305 «^» (4) 

in which we have removed the accent from If. This is the 
number of thermal units required to raise the water from 
the temperature of melting ice, i. e., from 3^^° P to ^, ai\i 
completely evaporating it at L In this process ^—32 
thermal units have been consumed in raising the tempera- 
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ture of the water to the evaporating point, and hence 

5*— (^—32) thermal units have been absorbed in doing the 

work of conversion ; so that if i/ is the latent heat of 

the steam, ^ , , z^x 

i;= iii3-94--695^ (5) 

Thus, in evaporating i pound of water at the ordinary- 
boiling temperature, 2 1 a° F, 966*6 thermal units are absorbed 
while the water is being changed into steam. The dyna- 
mical equivalent of this is about 746215 foot-pounds' 
weight. But this heat is employed in doing two things — 

(a) disintegrating the water, i.e., converting it ^ into 
vapour, or doing internal work ; 

{b) overcoming the resistance of the atmospheric pres- 
sure, i. e., doing external work. 

It is easy to calculate each of these quantities in general. 
Let 1 pound of water be converted into steam at the 
temperature f P. Then, when the conversion into steam 
begins, the temperature and the intensity of pressure 
of the steam remain constant until the conversion is 
complete. Let the intensity of pressure be measured in 
pounds' weight per square foot and the volume of the 
steam in cubic feet ; then from (4), Art. 49, we have 

_ I vpx '622 
~ 53.30222 * ~~T ' 

.-. j)v = 85-69 T. (6) 

Now since for a small expansion of a gas the element of 
work which it does against the external pressure ispdv, 
and since here p rismains constant, the work done from 
volume Vq to volume v is 

p{v-Vq). 

But Vq is the volume occupied by the water, and v 
the volume of the steam when evaporation is complete, and 
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moreover v is vastly greater than v^, so that v^ may be 
neglected. Hence po is the work done by the steam. 
If this external work is denoted by ^, we have, then, 

»:=85-69r. (7) 

The number of thermal units in this is obtained by 
dividing by 772; so that if H^ is the heat absorbed 
in this external work, 

5"^= •iiiy = 5i-o6 + -iii^. ... (8) 

Now if H^ is the heat used in the internal work (that 
done in overcoming the molecular forces of the water), 

i = ^, + ^ai (9) 

/. 5;= 1062-88 -.806 < (10) 

Thus, then, of 966'6 thermal units constituting the latent 
heat of I pound of steam formed at 212°, there are 74*59 
used in doing external work. 

Example. 

A cylinder contains — 

(a) water and its saturated vapour at (<, /)) in contact with 
a hot body ; 

(6) a perfect gas at (<, ^>) in contact with a hot body : 

the volumes of both being the same, v, or occupying the same 
length, h feet, of the cylinder ; calculate the distances through 
which they must, respectively, drive the piston along the 
cylinder in order that each substance may take in the same 
quantity of heat, K thermal units, from the hot body. 

Ana, If a; is the distance for the steam and a/ for the 
perfect gas, 

- 85-69 (460 4- «) ' E 

X =/i ^ ■ • ) 

jpv 1113-94— 695 « 

772 g 

x'=h{e ^ -I); 
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or, taking the heat absorbed and the latent heat in work-units, 
and denoting by W^ the external work done in the process 
of evaporating the unit mass of water at t, 

x=zh — ' ~T I a?=A{e — i). 

62. Hygrometry. Various methods have been adopted for 
determining the pressure intensity (and hence the quantity) 
of aqueous vapour present in the air. 
The hygrometers of Daniell and 
Regnault aim at lowering the tem- 
perature of the air so much that the 
vapour in it just saturates it, and 
therefore just begins to deposit as 
dew on the surface of the hygrometer. 
If at this instant the temperature of 
the hygrometer is read, the pressure 
intensity of saturated aqueous vapour 
corresponding to this temperature is 
assumed to be the pressure intensity 
of the aqueous vapour present in the 
air. The point of temperature at 
which the vapour is just thrown down 
on a surface as dew is called the dew point. 

Another method is that of the wet and dry bulb thermo- 
meters^ Fig. 67. -4 is a thermometer, fixed on a vertical 
stand, and indicating the temperature of the air; B \s> 
a thermometer, fixed on the same stand, whose bulb is 
covered with gauze which is kept moist by a bunch 
of threads which dip into a small vessel of water. 

If the air is still, we may assume that the air surrounding 
the bulb of B is always saturated ; but the temperature, ^, 
indicated by B does not directly tell us the dew point or 
the pressure of vapour present in the air remote from 
the bulb of B. 




Fig. 67. 
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Let t be the temperature of the air remote from this 
bulb, as indicated hy A\ f the intensity of pressure of the 
vapour present ; p the total intensity of pressure indicated 
by a barometer (/. p —f is that of the air alone) ; f the 
maximum intensity of pressure of aqueous vapour corre- 
sponding to the temperature if. 

Consider a volume V of the air remote from the bulb of 
B to come to this bulb, and to fall in temperature from t to 
t\ Now in falling it will give out a certain quantity 
of heat which will be sufficient to evaporate a certain mass 
of the water at the wet bulb. 

But F contains both air and vapour, and this heat will 
be contributed by each of them. 

Without assuming specially either English or metric 
measures, let w and w' be the weights of the air and 
the vapour in V ; then 

=,ikfi).,^^,if. . . . . ,„ 

where s = •6%2 = sp. gr. of vapour. 

When V reaches the bulb and falls in temperature, it will 
be saturated by vapour, and fall to volume v ; then if vf' is 
the weight of the vapour which it contains, 

w = k^L^. w''=k4jy- (3) 



w 






«'"=«' ;^- (4) 



hence the weight of the vapour which has been formed 
at the bulb is / /v /.. 

{p-/){j>-f) ^^^ 
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Now if 1/ is the latent heat of a nnit weight of aqueous 
vapour at f^ in thermal units (the unit weight being 
that involved in w), the heat required to produce the 

%-/)(?-/) " 

and it is assumed that this is the sum of the quantities of 

heat given out by the air w and the vapour to -=^— ^in F in 

falling from ^ to ^. If c is the specific heat of air (•237) 
and c' that of aqueous vapour ('48), the sum of these 
quantities of heat is 

«'(''+^)(^-0 (7) 

Equating (6) to (7), we have 

« 

Now c'i^c— *o6\ which we may neglect, so that 

/=/'-'-^f^\^-0. .... (8) 
in which jo is usually employed instead of jo— /*', so that 

/=/'-f,(<-0. (9) 

from which f is found when f is read from a table of 
pressures of saturated vapour. With English measures, we 
may take V equal to 1080, and with metric units equal 
to 600. 

Various objections have been urged to the assumptions 
involved in this (which Clerk Maxwell calls the convection 
theory of the wet and dry bulb thermometers) ; thus, it 
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may happen that when the air V comes to the wet bulb it 
goes away from it without being saturated ; and, indeed, 
this must happen if the air is in motion. 

It is usual to assume a formula of the form (9), thus 

f=f-k.p{t-f) (10) 

where k is a constant which must be experimentally deter- 
mined in each locality. 

63. Liquefaction of Gases. All gases can be liquefied 
by compression provided that the temperature is below a 
certain limit, which limit is difierent for diflferent gases. 

Suppose that in a cylinder we have a volume of water 
vapour (steam) at the temperature iiiii°,and at an intensity 
of pressure of 10 pounds' weight per square inch. If now 
we gradually increase the pressure (keeping the temperature 
constant) and draw an indicator diagram, such as that 
in Fig. 55, representing the volumes assumed during the 
compression and corresponding to the various increasing 
pressures, when p reaches the value of about 15 pounds* 
weight per square inch, the steam begins to liquefy ; and 
as we continue to diminish the volume, p remains at this 
value until the whole of the gas is liquefied ; so that at the 
point where jo = 15 the curve of pressures and volumes 
becomes a right line parallel to Ov, Hence the isothermal 
of steam for 2i^°P consists of a portion of an approxi- 
mately hyperbolic curve and a right line parallel to the 
axis of volumes. If instead of taking the water vapour 
at iXi2°, we take it at 107° and an initial intensity of pres- 
sure of, say, •! pound weight per square inch, and trace the 
isothermal as we gradually increase the pressure, we shall 
obtain a similar result : the curve will at first be hyper- 
bolic, and when p reaches the value of about i pound 
weight per square inch, the vapour will begin to liquefy,^ 
remaining constantly equal to I, until the whole becomes 
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liquid ; so that at the point at which jo = l the curve will 
change to a right line. 

The same result would be obtained with water vapour at 
all temperatures, except for those above a certain very high 
value (about 773° ■^)* ^^^ mass of the steam in the cylinder 
being constant, the rectilinear portion in which every one 
of the isothermal curves ends becomes shorter as the tem- 
perature at which the steam is compressed is higher ; but 
if the steam has a temperature higher than the above value, 
there is no rectiUnear portion whatever : the curve is con- 
tinuous, and, no matter how great a pressure we apply, we 
shall not see any distinction of vapour and liquid in the 
cylinder such as that which must occur at lower tempera- 
tures. The vapour of water is not a good gas, therefore, 
for observing the absence of an abrupt change from the 
gaseous to the liquid state, because the temperatures above 
which the change is absent are so high. 

Carbonic acid gas is much more manageable for this 
purpose, because the temperature above which the change 
is absent is only about 30°«9 C, or 87*7 F. 

The examination of the changes of this gas under in- 
creasing pressures and at various temperatures was made by 
Dr. Andrews about the year i86ii ; and by him the tern-- 
perature above which a given gas cannot be liquefied by any 
amount of pressure — or, rather, above which the distinction 
between the liquid and the gaseous states is never empha- 
sised — ^has been called the critical temperature for the gas. 
That there is such a temperature for each gas had previously 
been asserted by Cagniard de la Tour. 

The changes of carbonic acid gas are represented in Fig. 
68, which is copied, on a diminished scale, from the paper 
of Dr. Andrews in the Philosophical Transactions of the 
Royal Society, 1869, p. 583. The gas experimented upon 
was contained in a strong glass tube of very small bore ; its 
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temperature was kept successively at the constant centi- 
g^de values i3°*i, 2i°«5, 3i**'i, &c., and at each tempera- 
ture it was powerfully compressed. 

In Fig. 68^ Op is the axis of pressures, these being 

measured in atmo- 
spheres, and Ov the 
axis of volumes ; the 
initialpressuremarked 
at is 47 atmo- 
spheres, and the final 
no atmospheres. 

Now taking the 
gas at i3''«i C, or 
SS'''^ F, when the 
pressure is below 47 
atmospheres, the rela- 
tion between j9 and v 
is shown by a curve, a 
small portion of which 
' is shown to the right 
of the point a. At 
the pressure of 49 at- 
mospheres lique&c- 
tion begins, and p 
~v remains equal to 49, 
from t;= Oa to t?= OJ, 
the gas liquefying all 
the while, and the liquefaction being complete when 
V = Ob. When the body has become liquid completely, 
the further diminution of v requires enormous values of 
JO, and the upward continuation of the curve is so nearly 
a right line parallel to 0^, that the diagram will not show 
the diflTerence. 

Again, taking the gas at 21 ''•5 C, it remains gaseous 
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Fig. 68. 
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longer than in the previous case, liquefaction beginning 
when V = Oa\ and jp = about 60 atmospheres, so that 
the indicator diagram remains a right line parallel to 
Ov until the whole is liquid : the volume of this liquid 
is somewhat greater than Oh^ as is seen in the figure. 

In each of these experiments the eye could observe when 
liquefaction began, and until the process was complete the 
gas and the liquid could be clearly distinguished from each 
other in the tube. 

Again, taking the gas at 3i°'i C, it was found that no 
part of the isothermal consisted of a right line during 
any part of the process of compression, and moreover 
the substance in the tube never exhibited the distinction of 
liquid and gas, as it did at the lower temperatures of 
the previous experiments : there was a continuity of state 
all through ; but the isothermal had not its curvature 
at the same side all through ; there was a part (where the 
mark 3i«i appears in the diagram) curved downwards, 
and this part took the place of the right line in the previous 
figures. 

At the temperature 32°'5 C, the curve was of the same 
nature as that last described, but the suggestion of a recti- 
linear portion is less marked. It is still less marked 
at the temperature 35*5 ; while the isothermal for 48°* i C 
loses all trace of discontinuity, being curved the same way 
all through, and resembles the isothermals of a perfect gas, 
although it is not really one of these curves. Dr. Andrews 
found that the temperature at which if the gas was com- 
pressed it never exhibited the distinction of liquid and gas 
was ^d^'ijQ, C, or if*"] F, 

The critical temperatures for ordinary gases are ex- 
tremely low, and hence the great diflSculty of liquefying 
them ; because, until we get below this temperature for any 
gas, there is no use in endeavouring to liquefy it by 



272 Hydrostatics and Elementary Hydrokinettcs. 

compression ; and, moreover, the pressure at which lique- 
faction begins is always extremely high. 

The principle adopted by M. Cailletet, and independently 
by M. Pictet, for liquefying oxygen, hydrogen, and other gases 
which had previously escaped liquefaction, is that of en- 
closing the gas in a stout tube surrounded by a freezing 
mixture, then powerfully compressing the gas (500 atmo- 
spheres were required in the case of oxygen, 650 for hydro- 
gen), and suddenly liberating the gas under the great pressure. 
The effect of this sudden expansion, (which may be regarded 
as an adiabatic transformation) whereby the gas (or a 
portion of it) is made to do work against enormous pressure^ 
is (Art. 59) to lower its temperature still more and liquefy 
a part of it. 

Thus for the liquefaction of any gas two distinct con- 
ditions must be satisfied — 1®. the temperature must be 
below a certain point ; %°, the pressure must have a certain 
value. 

For the vapours of ordinary liquids, on the contrary, the 
critical temperatures are very high. Thus, for water vapour, 
the critical temperature is 773°F ; for alcohol vapour about 
497° F, and at this point the intensity of pressure required 
is about 119 atmospheres ; for bisulphide of carbon vapour 
the temperature must be below 505° F ; at this temperature 
liquefaction would require about 67 atmospheres. Of 
course, if these vapours are at ordinary low temperatures, 
they can be liquefied by very small pressures : the theory 
of critical temperature merely asserts that, if they are above 
these individual high temperatures, no amount of compres- 
sion will liquefy them. 
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64. Water Pumps. The Common Pump, Let J9-B, Fig-. 
69, represent a vertical section of an iron cylinder termin- 
ating in a much narrower cylinder 
or pipe, BA^ which dips into a well 
&om which water is to be raised. 
In the cylinder DB^ or barrel, works 
a piston having a valve, v, which 
opens upwards, the piston rod, r, 
being connected at c with a lever, 
/jBT, working about the fulcrum/. 

At the top, B^ of the suction pipe 
is a valve which also opens upwards. 

Let the piston be at the bottom 
of the barrel, the level of the water 
in the well being A^ and the pipe 
and barrel both completely filled 
with air. 

When the piston is raised by 
means of the handle, JST, of the lever, 
the valve v remains closed, and the 
pressure of the air in the pipe opens 
the valve at B^ the air in AB rising 

and partly filling the barrel, its intensity of pressure also 
diminishing. As a result of this diminution of pressure 

T 









Fig. 69. 
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below its origipal (atmospheric) value, the atmospheric 
pressure on the water forces some of the liquid into the 
pipe. Let P be the level of the water in the pipe at the end 
of the upwai-d stroke of the piston. On the downward 
stroke of the piston the valve B closes and v opens allowing 
the air in the barrel — ^which the downward motion of 
the piston tends to compress — to escape through the piston 
into the atmosphere, until the piston again reaches the 
bottom of the barrel. On again raising the piston, the 
valve V closes and that at B opens, thus allowing the air in 
BT to expand and to diminish its intensity of pressure ; 
and, in consequence, more water is forced up into the pipe, 
and perhaps into the barrel. This process being continued, 
the water ultimately reaches the level of the spout and 
is thus driven out. 

To find the height to which the water is raised in the pipe by 
the first stroke of the piston, let A = area of cross-section 
of barrel, a = area of cross-section of pipe, I = leogth of stroke 
of piston, c = length BAy h = height of a water barometer, and 
AP =^ X. The volume of air in the suction-pipe before the 
stroke is ac, and its intensity of pressure is represented by A. At 
the end of the stroke the volume of this mass is a {c—x)+lA, 
and its intensity of pressure is represented by A — a?. Hence 

(h—x) {a (c—a?)-f-Z^ } = ack, 

.'. ax'^'-{ac + ah+lA)x + lhA =. o, 

which determines x. 

When the water is flowing out of the spout, there will 
be a tension in the piston rod on an upward stroke, which 
is found thus. Let z be the vertical height of the piston above 
the level A, and let i^ be the height of the column of water 
(which we may suppose to reach to any point, B, of the barrel) 
above the piston. The valve at B being open, there is a contin- 
uous water communication between A and the bottom of the 
piston. Hence if w is the weight of a unit volume of water, the 
intensity of the upward pressure exerted by the water on 
the bottom of the piston is w? (A— «) ; and the intensity of down- 
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ward pressure exerted on the top of the piston is wijh + z);, 
therefore the total downward pressure on the piston is to (« + /) -4 . 
This is equal to Ty the tension of the rod, if we neglect any 
acceleration of the piston. Hence, approximately, 

T—w.A. DA, 

which shows that the tension of the rod is the weight of a 
vertical column of water having the piston for base, and for 
height the difference of level of the water in the barrel and that 
in the well. 

On the downward stroke there is a presswre in the rod, 
which is approximately equal to the weight of the column 
of water above the piston. 

When the water is flowing out, the force required at H 

fc 
to work the piston on the upward stroke is 5^ x -—j: 3 where T 

/° 
has the above value. 

It is obvious that, for the working of the pump, the length 
il^ of the suction-pipe above the well must be less than 
the height of a water barometer, i. e., about 34 feet ; and, owing 
to imperfect fittings, AB must be considerably less than this — 
say about 25 feet. 

In the middle ages a curious modification of the common 
pump, called the bellows pump, was employed in Europe. Instead 
of a piston worked by a lever, fH, (Fig. 69) a large bellows was 
attached firmly to the top of the barrel, and the nozzle of 
the bellows was the spout through which the water was forced. 

The top of the barrel fitted into the interior of the bellows 
through a hole in the lower board of the bellows ; there was no 
valve in the top board, but there was one opening outwards fixed 
in the nozzle. The action was, of course, the same as that in 
our modem pump. 

TAe Forcing Pump. This is an instrument for raising 
water to a great height. It differs from the previous pump 
in having a completely solid piston. 

To the barrel of the pump is attached the pipe through 
which the water is to be raised. This delivery pipe is pro- 
vided with a valve at D, Fig. 70, opening upwards, and 
this pipe is represented as being provided with a spout and 

T 2 
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8top-cock by means of which the machine can be made to 
act as a Common pump. 

The action is the same as 
in the previoos case. 

On the downward etroke 
of the piston, the valve at 
S closes and that at D 
opens, and through this 
latter the water ie forced 
ont of the barrel into the 
delivery pipe, SV. 

There is then a pressare 
in tlie piston rod, r, equal 
to the weight of a column 
of water having the piston 
for base, and for height the 
difference of level between 
the piston and the water, 
V, in the deliveiy tube. 

On the upward stroke 
there ia a tension in the 
rod, whose value is the same 
as in the previous pump. 

The Fire Engine. This is simply a doable forcing pump. 
The figure (Fig- 71) represents the two barrels, P uid Q, 
as immersed in a tank, IfET, full of water ; and from this 
tank the pumps, which are both worked by the lever A£, 
force the water through a hose connected with the chamber 
C at A. The water is forced through this hose to the place 
where the fire is to be extinguished. The action of the 
valves is obvious in the figure. Such would be the arrange- 
ment in a small fire engine, the tank SET being filled 
by buckets of water brought by hand. 

When largo fires have to be dealt with, a supply thus 




Fig. 70. 
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derived would be of no use, and the water which is pumped 
through the hose must be derived from a well or other 
reeervoir by means of a suction pipe. The figure represents 
at c the place where such a pipe can be attached to the 
engine. 

The chamber G ia partly filled with water and partly 
with air, and is called an air chafer. Such a chamber 
may be, and often is, fitted to forcing and other pnmps, 
the object being to render the stream of water from 




Fig. 71. 

the delivery pipe at h continuous instead of intermittent ; 
and this result is evidently secured by means of the 
compressed air at the t>op of the chamber ; for, since 
this air was originally at the atmospheric pressure (when 
it filled the whole of the chamber) its intensity of pressure 
afiber the chamber is partly filled with water is greater than 
this value. This increased pressure is therefore continuously 
exerted on the top of the water in the chamber and helps 
to drive the stream through the hose. 

The Hydraulic Screw. This is one of the most ancient 
machines for raising water, and is still employed in some 
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countries. It is often called the Screw of Archimedes^ be- 
caase its invention is supposed to be due to the philosopher 
of Syracuse. There is, however, reason to think that it 
was first employed in. Egypt. 

As represented in Fig. 72, it consists of a pipe wound 
spirally on an axis which is fixed in a position inclined to 
the vertical, its extremities fitting into two solid supports, 



Fig. 72. 

Ay B^ the axis (and, with it, the screw) being able to revolve 
freely. Both ends of the spiral pipe are open, and the 
lower is immersed in the water which is to be raised to the 
level L, 

The revolution of the screw can be effected in various 
ways : in the figure it is represented as produced by the 
revolution of a shaft C fitted with a toothed wheel which 
gears with another fitted to the top of the axis of the screw. 
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When the screw is made to revolve so that the lower 
end comes towards us in the figure, water entering at this 
end continually drops to the lowest point of each part 
of the spiral, and is thus carried continuously up to the top 
where it is discharged. 

There is a certain condition that must be satisfied by the 
inclination of the axis of the screw to the vertical and the angle 
of the spiral in order that the machine may be able to raise the 
water. The condition is this : the inclination of the axis of the 
screw to tlie horizon must he less than the incli/nation of the tangent 
line of the spiral to the axis of the screw. To prove this, we may 
put the matter thus : the axis of the screw must he so much 
inclined to the vertical that it is possihle to draw a horizontal 
tangent to the spiral. This is obvious, because if we imagine a 
single particle (suppose a small marble) entering the lower end 
of the pipe, it would not drop down farther through the opening 
unless there were in the pipe a place in which the particle 
could rest under the action of its own weight and the reaction of 
the pipe on it ; and at such a place the tangent to the spiral 
must be horizontal. 

Let i be the inclination of the axis of the screw to the 
vertical, a the angle of the spiral, i. e., the inclination of the 
spiral to the axis (the spiral signifying the central helical axis 
of the pipe), r the radius of the cylinder on which this heUx lies, 
and let m be used for tan a. 

Then if we take as axis of z the axis AB of the screw, and as 
plane of xz the plane of the vertical line at B and the axis BA, 
the axis of x being the line at B perpendicular, in this plane, to 
BA, and the axis of ^ the perpendicular to this plane at B, the 
direction-cosines of the vertical at B with reference to these 
axes of co-ordinates are 

— sin i, o, cos i . (i) 

Also if a?, y, « are the co-ordinates of any point, P, on the helix, 

mz 
X =. r cos — > 
r 

. mz i 
y = r Bin — . 
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If ds is an element of length of the helix at P^ we have 
ds = sec a . dz^ and 

dx . . mz \ 

-rr- = —Sin a sin — 5 
ds r 



= sin a cos ^^>y (3) 



dx . mz 

-^- = sin a cos — 
a^ r 

dz 

— ^ cos a. 

ds ' I 

and the direction-cosines of the tangent to the helix at F are the 

expressions (3). 

Supposing this tangent to be at right angles to the vertical (i), 

we have ^^ 

. . . . mz . 
sin I sm a sm h cost cos a = o, 



.*. sin — =— cote cot a (4) 

r 

which shows that cot i cot a must be < i, i. e., cot i < tan a, or 

IT . 

i < a, that is, the inclination of the axis, BA,oi the screw to 

2 

the horizon must be less than the inclination of the helix 

to BA. 

The point P (which is now the lowest point in one turn 

of the pipe) does not lie in the vertical plane through BA, 

as might at first be supposed ; for (2) gives 

y=— rcottcota (5) 

for this point. 

To find the force necessary to turn the screw when a particle 
of weight TT is to be raised, let us consider the screw to be 
either in equilibrium or in uniform motion. The forces acting 
upon it are W, the reactions at the supports By A, its own 
weight, and the force applied to turn it. Of these the reactions 
at B and A and the weight of the screw intersect BA. We 
have, then, the result that the moment of W about BA is equal 
to tbe moment of the applied turning force. (Hence an obvious 
reason why the equilibrium position, P, of the ascending particle 
cannot be in the vertical plane through BA,) 
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Now the moment round the axis of « of a force whose com- 
ponents are X, 7, ^acting at the point x, y^ziB x Y—yX; and 
the force at P is W, acting vertically down, whose components 
are W sin t, o^ —W cos i ; hence the moment of W about BA 
is — Wy sin i, i. e., by (4) 

Wr cos i cot a. 

If a is the radius of the toothed wheel attached to the axis of 
the screw, and /the force on it, we have then 

T 

f = TT-cost cot a. 

If b is the radius of the toothed wheel attached to the driving 
shaft (7, and if this shaft is turned by an effort F applied 
at a distance E from the axis (7, we have f,h = F.Ey and 

rh 
F = TT— 7; cos i cot a. 
ati 

If instead of a single particle which, always occupying 
the lowest point of the convolution in which it lies, ascends 
to the top, we consider the whole tube full of water, the moment 

of the weight of this water about the axis is w sin i / yds, 

Jo 
where w is the weight of water in the tube per unit length, 

and I is the length of the tube. This is 

o . . / Zsina\ 
rwaim cosec a ( i —cos J« 

The Hydraulic Screw is capable of a differefntial form. Suppose 
the screw in Fig. 72 not to dip into water at its lower extremity, 
but to receive into the upper end of the pipe at ^ a stream of 
water from any source. Then, the screw being fixed exactly as 
represented, would be driven by this stream in the direction 
opposite to that in which it was caused to rotate under the 
previous circumstances. 

Now suppose, that it is, as before, desired to raise water from 
a well at the extremity ^ to a position D, and suppose that 
there is available a stream of water at some lower level, repre- 
sented by the arrow L, Let a second pipe be spirally wound 
round the axis BA outside the tube represented in the figure and 
in the reverse sense, its upper end terminating at the level L, If 
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the stream L is led into tlie upper end of this second pipe, it will 
cause the whole machine to rotate in the sense required to raiie 
the water from the well by means of the internal spiral pipe. 

The idea of the Differential Hydraulic Screw appears to 
be due to the ingenious Marquis of "Worcerter, who published 
hia notions on this irachineaiid on many others in a work called 
A Century of Inventione, ic the reign of Charles II. 

The Hydraulic Ram. This is a nrnfihine in which the 
momeatum of a stteam of water is saddenly stopped, with 




the result that a portion of the water is forced up to 
a considerable height. 

Let AS, Fig. 73, be a stout iron chamber to which 
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is attaxjhed a pipe P which admits a flow of water from 
a stream or reservoir the level of which may be only 
slightly higher than that of AB. The vessel AB is fitted 
with a support, E^ for a valve, v, which can move freely up 
and down. When this valve falls, there is a free communi- 
cation between the interior of AB and the atmosphere, and 
if AB is full of water, some of this water flows away through 
the opening at r, and is wasted. 

To the top of the vessel AB is screwed a chamber, C, 
which has a valve c opening upwards, and also a valve 
% opening inwards. This latter valve is attached to a rather 
weak spring fixed to a side pipe opening in to the chamber 
C. Finally, a supply pipe, 8^ is attached to the chamber C 

Imagine the whole machine free of water, so that 
the valves c and v are down ; and then let the stream flow 
in at P. At first the water will rush through the opening 
at V ; but soon the rush of water will close this valve, and 
at this instant, the water being suddenly checked, some 
will be forced through the opening at c. This valve will 
then close and v will drop, allowing an outflow again from 
the vessel AB, The same process will be again and again 
repeated until the water forced into C rises in the pipe 
8, The upper part of the chamber C contains imprisoned 
air, the pressure of which serves to keep the flow up the 
pipe 8 continuous. The valve v falling and rising thus 
regularly, the machine is self-acting. After a long time 
the air in the air chamber C would be absorbed by the 
water, and thus the advantage of an air chamber C would 
be lost. The object of the snifting valve * is to prevent this, 
and the air is renewed as follows. When the valve v drops, 
the intensity of pressure immediately under it is that of the 
atmosphere, and therefore the intensity of pressure of the 
water at « is less than that of the outside air, so that 
(as the spring which closes « is a weak one) this valve s is 
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forced inwards, thus allowing some air to enter the water ; 
and this air when the valve c is next opened will rise to 
the top of C and replace the air absorbed by the water. 

(It must not be supposed that the forcing of water 
by this self-acting machine to a height vastly greater than 
that of the source whence the water was derived involves 
any contradiction of the principle of Work and Energy; 
for, it is by means of the kinetic energy generated by 
gravity in the very large mass of water which flows into 
and out of the ram that the comparatively small mass 
of water is raised in the pipe.) 

The Hydraulic Ram was invented in 1772 by Whitehuist 
of Derby, his machine, however, not being self-acting. 
With him, instead of the self-acting valve t?, there was a 
stop-cock through which the water flowed ; and it was on 
the sudden closing of this stop-cock that the water was 
forced through the valve c, 

es. Air Pumps. The Common Air Pump. In Fig. 74, 
^ is a cylinder or barrel in which works a piston with 
a valve, c, opening upwards. The barrel is screwed, or 
otherwise firmly attached, to a plate, 2>, through which 
runs a groove which communicates with the interior of the 
barrel through an opening which can be closed by a valve 
a ; the other end, Uy of this groove opens up through a 
large plate PQ, the upper surface of which is perfectly flat. 
On this plate is placed a large glass vessel, A, called the 
receiver, the mouth of which rests on the plate PQ ; the 
rim of the receiver is ground, and it fits the plate so 
accurately that the junction is air-tight, especially as a 
layer of grease is rubbed on the rim before it is placed on 
the plate. 

The object is to remove the air, partially or completely, 
from the receiver, and therefore from any body or vessel 
that may be placed under it. 
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The manner in which this is effected is obvious from the 
figure. Suppose the piston in the lowest position in the 
barrel ; then when it is raised, / 
a vacuum tends to form above 
a, so that the air of the re- 
ceiver raises this valve and 
fills the barrel at the end of 
the stroke. On the descent 
of the piston, a closes and 
c opens, and the air in the 
barrel is thus expelled into 
the atmosphere. This pro- 
cess is repeated many times, 

with the result that the air 
in ^ is greatly diminished 

in mass. 

To calculate the degree of 
exhaustion after n strokes of 
the piston, let the volumes 

of the receiver and barrel be A and B ; let the original 
intensity of pressure of the air in A be jd^, and let ;?i, 
P29PS*" ^ ^^® intensities after i, 2, 3,... strokes. 

Then afber the piston has been raised the first time 
the mass of air whose volume and intensity of pressure 
were (A, p^) becomes (^-f ^,j»j); hence 

{A + B)p, = Ap, (i) 

When the down stroke is ended there is a different mass 
of air in ^, and it is denoted by (-4, J»i) ; and this same 
mass of air is denoted by [A + B^p^ at the end of the 
second upward stroke ; hence 

iA + B)j>^ = Ap,. ..... (2) 

Similarly 

{A^B)p^ = Ap^, (3) 



Fig. 74. 
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Hence, by multiplication, 

••• Pn=Po(j:^) , W 

which gives the final intensity of pressure. If W^ is 
the weight of the air finally left, and Jf^ the original 
weight, we have from (o) of Art. 47, 

and a similar relation between the final density, p^, and the 
original p^. 

For the very high exhaustions required in the globes of 
incandescent electric lamps, and in the interior of vacuum 
tubes, an air pump of this kind would be quite insufficient, 
because, after the exhaustion has reached a certain limit, 
the pressure of the gas is insufficient to raise the valve a. 

Condensing Air Pump, When it is desired to fill a vessel, 
A, Fig. 75, with air or any other gas at a given intensity 
of pressure, a condensing pump is employed. This machine 
consists of a cylinder or barrel, fitted with a solid piston, 
and having a valve, c, opening downwards. At the side of 
the barrel there is attached a pipe having a valve, a, 
opening inwards. When any other gas than air is to 
be forced into A, the vessel supplying this gas is attached 
to the pipe at a. The valve at a opens while the piston is 
raised, and the barrel is filled with the gas. When the 
piston is lowered, a closes, c is forced open, and if the stop- 
cock, s, fitted to the vessel A is properly turned, the gas 
enters A. On the upward stroke of the piston, c closes, 
a opens, and the process is repeated. 

Let A and £ denote the volumes of the chamber A and 
the barrel, and consider the gas which fills Rafter n strokes 
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of the piston. Let p be its intensity of pressure, and let p^ 
be the intensity of pressure of the gas which fills the 
barrel : if A is being filled 
with atmospheric air, jp^ is 
the atmospheric intensity. 
Then the gas whose 
volume and intensity of 
pressure are {A, p) was 
once represented by 

(A + n£, Pol 

supposing that A contained 
the gas originally. Then 

A.j) = {A + fi£)pQ, 

The Geissler Pump. 
When very high exhaus- 
tions are required, air 
pumps with valves and 
pistons are replaced by 
pumps in which a column 

of mercury plays the part of a piston. Of the latter 
kind is that represented in Fig. 76. 

To a certain extent, all air pumps are identical in 
principle. In each of them a given mass of gas occupying 
a volume V is made to occupy a larger volume, F+ ?7, and 
then the portion occupying U is mechanically expelled. If 
this process could be repeated indefinitely, an exhaustion of 
any degree desired could be obtained ; but we have seen 
that the raising of valves in the common air pumps puts a 
limit to the process. 




' iiHtii^miiiiiim ^ J^A8iii!iiiiiiii>y.iii^iif^ 



<fe!(%^?!5?;54S%S«i«!2a!^^ 



Fig. 75. 
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The mercury pumps of Geissler and Sprengel are free 
from this drawback. 

AB is a glass tube of greater length than the height of 
the mercury barometer, having part of the Torricellian 




Fig. 76. 

vacuum enlarged into a chamber, A^ of large capacity. 
Above A is inserted a two-way stop-cock, a, which 
in the position represented establishes a communication 
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between the chamber A and a side tube, /, fitted to the 
tube BAd. This tube/* has a stop-cock, .(?, which in the 
position represented closes f\ but if (? is turned through a 
right angle it will establish a communication between 
y and the external atmosphere at v. lia is turned through 
a right angle from its present position, it will close 
the communication of A with f^ and open one between 
A and a vessel /to which the portion d is joined as repre- 
sented. The vessel J contains some sulphuric acid the 
object of which is to remove aqueous vapour from air which 
may pass over it ; and, by means of a stop-cock, ty J com- 
municates with a very stout indiarubber tube, njp^ which is 
connected with the vessel G which is to be exhausted. 

To the vessel J is connected a truncated manometer, 
that is, a bent glass tube, mr^ containing mercury which 
when the air in / is at atmospheric pressure quite fills the 
leg m. If the air in J is completely removed, the columns 
of mercury in the legs m and r will assume exactly the 
same level. 

To the end B of the tube BA is attached a stout flexible 
tube y, which is also fixed to a large reservoir, C, of 
mercury. 

Suppose now that c is turned so as to establish communi- 
cation between f and the atmosphere at r, and that a is in 
the position represented (i. e., closing communication of A 
with d) ; and let C be raised until the surfiice of the mercury 
in BA reaches the stop-cock a, thus expelling all the air 
from A through fo. Then turn a and ^ so as to admit air 
from G through / and ^, and lower C to its original 
position. The air of G now occupies the volume G'\-A 
together with the volumes of the communicating tubes. 

Turn ^ so as to break communication with the rarefied 
air in (?, and then turn a so as to establish communication 
between A and the atmosphere at v. Again^ raise G until 
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the mercury in BA drives out the gas from A into the 
atmosphere ; and repeat the process of estabKshing com- 
munication with G, &c. In this way, by repeated operations, 
the air in G is exhausted almost completely. By this 
pump the air left in G can be reduced to an intensity 
of pressure represented by only y^^ of a millimetre of 
mercury. 

The Sprengel Pump. Fig. 77 represents this pump, 
in which, as in the Geissler, the vessel, G, to be exhausted 
is made part of the Torricellian vacuum of a barometer 
tube, H, 

A fimnel, F^ prolonged into a narrow tube fitted with a 
stop-coct, f^ is supported in a vertical position (support 
not represented in figure) and dips into a wide tube, j9, 
also supported. B is connected by indiarubber tubing 
with a narrow vertical tube, C, above which is a large 
chamber, A, open at the top, and fitted with a stopper, «, 
the tube B being, like C, connected with the chamber. B 
is connected by indiarubber tubing with the vertical tube 
/, which communicates freely with the very narrow tube H^ 
the top of which is connected with the vessel G, and the 
bottom of which, curved up a little, dips into a vessel V full 
of mercury. There is an overflow from Fio 2k trough T^ 
as represented ; and there is a clamp, c, by means of which 
communication between B and I can be established or 
broken. The vessel G is provided with a stop-cock, g. 

The order of operations is as follows. The tubes being 
all completely occupied by air, fix the clamp tf, remove the 
stopper *, lower the system of tubes i>, (7, and pour mercuiy 
into F and through its tube into B, until this mercuiy 
completely fills the tubes C, B and the chamber A. Close 
A with the stopper *, and raise the system C, i> to its 
original position ; open the clamp Cy and let the mercuiy 
run from B, C, B into / up to the top expelling air from H 
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thropgh the mercury in V. The mereoiy coming over at a 
into H will occnpy a certain portion of H. Now let the 
stop-cock g, be tnrned so that G is connected with the npper 
part of H. Mercnry may 
be poured into F to keep np 
the flow from a through H, 
and the rat« of Bupply of 
this mercoiy can be regu- 
lated by turning the stop- 
cocky more or less. 

Now as each drop of 
mercnry &lls down through 
H, it forcea the air in front 
of it down through the 
end of H\ and hence the 
gas of G which keeps flow- 
ing into the upper part of 
H is perpetually driven 
down and out hy the snc- 
cefloive drops of mercury 
which &11 over from a. If 
the mercury in A has fallen 
down through I) into /, H, 
and V, the chamber ^ is a 
vacnnm. 

When the exhaustion of 
G has not been carried 
very tar, the successive 
threads of mercury falling 
down H (and represented 

in the figure) succeed each other compaiatively slowly, and 
they can be seen forcing the gas which reacts against their 
&II ; hut when the exhaustion is nearly complete, these 
dtopfi &11 much more freely through the now exhausted 
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space ; and when there is only a very small quantity of gas 
left in ff, the drops falling from a on the top of the mercury 
sur&ce, H^ produce a sharp metallic sound, like that of 
a water hammer. This sound is an indication of a high 
degree of exhaustion. 

When the exhaustion is complete the surface of the 
mercury in H will he at the barometric height above 
the level in F, and the difference of the level of the mer- 
cury in B and C will also be the barometric height. 

The object of allowing the tube from F to dip into a 
much wider tube, B^ is, partly, to let any air that may be 
carried down with the mercury from F escape into the 
atmosphere through the mercury in the wide tube, and 
partly to avoid filling F a very great number of times ; 
this incessant filling will not be necessary if the tube B is 
very much wider than the other tubes. 

The object of turning up the end of the tube H in 
the mercury in F is to allow the gas (whatever it may be) 
that is expelled from G through this end to be collected 
in another vessel, a tube from which is led to the point 
at the end of H. 

The object of having the tubes C, D and the chamber A 
is (when A is vacant of mercury) to catch in this chamber 
any air that may have been carried over by the mercury 
from F, so that the exhaustion in the tube H shall be 
performed by mercury devoid of air. Hence the chamber 
A is called an air trap. So fiur as the principle of the 
Sprengel pump is concerned, we might dispense with 
the tubes (7, 1) and the air trap. A, and connect B directly 
with / — and the Sprengel pump is, in fact, usually so 
represented. 

66. Manometers. A manometer is an instrument for 
measuring the intensity of pressure of a condensed or an 
exhausted gas. The instrument has various forms, and the 
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Fig. 78. 



principle of all will be easily understood from that repre- 
sented in Fig. 78. 

Let HFEB be a vertical bent glass tube, having a portion, 
EB^ of one leg enlarged into a capacious reservoir, and let 
two necks C, 2>, project from this reservoir 
so that vessels may be connected with the 
reservoir by means of indiarubber tubes 
fitting on C and B. The leg HF is closed 
at the top. 

Suppose the cross-section of this leg to 
be uniform, as also that of the reservoir 
except near its ends. Let mercury be 
poured into the instrument, and when the 
air thus imprisoned in HF assumes the 
temperature and pressure of the surrounding 
atmosphere (which enters at C and B) let 
AB be the level of the mercury in both legs, 
and let the number i be marked on the 
leg HF where the surfiice of the mercury stands, this point 
being, of course, in the prolongation of BA. The number 
indicates that when the air in HF occupies the length JST/, 
at a given temperature, its intensity of pressure is i atmo- 
sphere. Let c be the length HI, 

Now suppose that it is desired to fill a globe, or other 
vessel, with air at a great pressure and to measure the 
intensity of the pressure. Let the vessel be connected with 
the neck C, and let B be connected with a condensing 
pump. When this pump forces air in through B, and 
therefore through C into the vessel, the surfece of the 
mercury &lls in the reservoir EB and rises in the tube 
HF. After the pump has been working for any time, let n 
atmospheres be the intensity of pressure of the air in the 
reservoir (and therefore in the vessel which was to be 
filled) ; let PQ be the depressed surface in the reservoir. 



294 Hydrostatics and Elementary Hydrokinetics. 

and let the surface of the mercury in HF be at x^ which is 
X inches or millimetres above the level AB. If the 
intensity of pressure of the air in the reservoir is n atmo- 
spheres, the number n is to be marked at the level x on the 
tube HF. Let the depth of PQ below AB be y inches or 
millimetres ; a = area of cross-section of HF^ A = that of 
the reservoir ; and let h inches or millimetres represent 
an intensity of pressure of i atmosphere. Then the dif-* 
ference of level between the point x and the sur&ce PQ 
being x +y, and the volume of the air in HF being now 
a (c— a?) with an intensity of pressure denoted by nh^x—y^ 
we have by Boyle's law 

a (c—x) {nh^x-^y) = ach. 
But evidently Ay — ax \ hence 

a{c—x)inh'-'(ri + -^)^f — aci = o, 

which determines the number, ^, to be marked on any 
part of the tube. 

67. Hydrometers. These are instruments for the deter- 
mination of the specific gravities of 
liquids and solids. We shall describe 
two only. 

The Common Hydrometer^ Fig. 79, is used 
for finding the specific gravities of liquids. 
v^____ It consists of a glass bulb, or cylinder, A 
terminating at one end in a long narrow 
graduated stem, and at the other end in a 
small bulb, P, which contains a little 
mercury, the object of which is to keep 
the instrument vertical when it is im- 
Fig. 79. mersed in a liquid. 

If when immersed in one liquid it floats 
with a volume v immersed, and in another with a volume 



^ 
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v^y the specific weights of these liquids being w and w\ 
respectively ; and if W is the weight of the instrument 
itself, we have 

.•.—=-, (i) 

so that the specific weights are inversely as the volumes 
immersed. 

The volume of the portion AJB irrespective of the stem 
can be found by graduating the stem (supposed of uniform 
bore) into any number of equal parts, and then observing 
the weight, W^ of the instrument. Let masses j», j»' be 
successively attached to the top of the stem, and with 
these let the instrument float in water up to the ^th and 
«'th division, respectively. Then if Fis the volume AB^ 
and a the volume per division of the stem, 

(V^na)w = W^p ; (r+«'a) = r+/, 

which determine V and a. 

If when the hydrometer is immersed in two different 
liquids the readings on the stem are n and tC^ we have 
fix)m (i) TT , f 

which shows that if a is very small, n and n^ must be very 
widely different, i. e., the instrument is exceedingly sen- 
sitive to small differences of specific weight. 

Sikes's Hydrometer is a form of the above in which 
the stem is a very thin flat strip of metal^ for which, 
of course, a is very small. 

Nicholson^ s Hydrometer. This hydrometer is employed to 
measure the specific gravities of both solids and liquids. 
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It consists of a hollow metallic cylinder, -4, Fig. So, having 

a very fine stem on which there is 
a fixed mark, P ; the lower end of the 
cylinder is connected by a wire with a 
closed cone, -D, which is heavy enough 
to keep the stem vertical ; the base^ C, 
of this cone serves as a platform on 
which a solid body can be placed ; the 
stem terminates in cup, B, in which 
solids can be placed. 

To find the specific gravity of a 
solid, place masses in B until the mark 
P is just simk to the sur£Etce of the 
water ; then place the given body in 
Bi this will cause P to sink lower; 
remove weight firom B until P again 
reaches the surface ; if the weight removed is W^ then W 
is the weight of the given body. Now remove the body 
from B to the platform (7, and add weight, W\ to B until 
P sinks to the surface ; then W is the weight of a volume 

of water equal to the volume of the body ; and ^?is the 

required specific gravity. 

To find the specific gravity of a liquid, let H be the 
weight of the hydrometer itself; let the instrument be 
immersed in the given liquid ; add weight, p,toB until P 
sinks to the surface ; let Pq be the weight which must 
be added to ^ to cause P to sink to the surface when the 
instrument is immersed in water ; then evidently the 

S+p 



Fig. 80. 



specific gravity of the given liquid is 



^+i?a 
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Miscellaneous Examples. 

1. A semicircular area is immersed vertically in water, with 
its diameter in the surface ; show how to divide it into n sectors 
all equally pressed. 

A718, Divide the diameter into n equal parts, and draw 
ordinates at the points of division ; then the points in which 
these ordinates cut the circumference determine the sectors. 

2. If w^y w^y w^ are the apparent weights of a given body in 
fluids whose speciQc gravities are 8^, 8^, 8^, show that 

3. A ship sailing from the sea into a river sinks m inches, 
and, on discharging F tons of her cargo, she rises n inches ; 
calculate the mass of the ship assuming her sides vertical at the 
water line, and that 8 is the specific gravity of sea water with 
respect to fresh (about 1*025). 

Ans, —7 r • F tons. 

n («— i) 

4. A uniform rod, AB, of length 2 a is moveable round 
a horizontal axis fixed at A which is in a liquid of specific weight 
w^ ; the end B projects into a liquid of specific weight w^ which 
rests on top of the other liquid ; find the positions of equilibrium, 
and determine whether they are stable or unstable. 

If 2 A is the depth of A below the surface of the lower liquid, 
= inclination of AB to the vertical, w = specific weight of 
rod, the oblique position is given by the equation 

sec* ^ = -=^ . 9 

and if it exists, it is stable. 



CHAPTEE Vm. 

MOLECULAB FORCES AND CAPILLARITY. 

(TAis Chapter may be omitted on first reading.) 

68. Molecular Forces. Common observations on the 
resistance which solid bodies oppose to any effort to elongate 
or twist them have compelled physicists to assume the 
existence of forces between the molecules of such bodies 
other than the ordinary action of Newtonian g^vitation. 

Thus, let us fix our attention on any one molecule, m, 
inside a body. It is surrounded by a group of molecules, 
and if we take all those molecules which lie within a sphere 
of extremely small radius whose centre is i», there is 
a special action exerted on m by each molecule within this 
sphere, those molecules nearest to m exerting a more 
powerful action than those near the sur&ee of the sphere. 
This holds, whatever be the sizes^ the shapes, or the 
distances between the molecules. 

Beyond a certain distance, e, from m these special actions 
are assumed to be insensible ; this length c is the radius of 
the aforesaid sphere, called the sphere of molecular activity. 

Now if dm and dm' are two elements of mass, the linear 
dimensions of each being infinitely smaller than the length of 
any line from the surface of the one to that of the other, it is 
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assumed that these elements exert on each other a force 
whose magnitude is f^r).dmdm\ (i) 

where r is the distance between the elements — i.e., the 
length of a line drawn from any point on one to any point 
on the other — and this force acts in the line joining them. 

If the elements dm and dmf were homogeneous spheres, 
such a law of force as (i) could be assumed to hold, though 
their dimensions were even large compared with the 
distance between their centres, which distance would be 
the value of r in (i); but if they are not spherical, such 
a law could not be admitted (because it would be utterly 
devoid of meaning) if the elements are so close together 
that their linear dimensions are of the same order of mag- 
nitude as lines drawn from points on the surface of one 
to points on the surface of the other. 

Now there are several suppositions that may be made 
with regard to the arrangement of matter in a body, such 
as the following : — 

1. The matter is absolutely continuous within the 
volume of the body, there being no vacant spaces, however 
small. 

2. The matter consists of molecules (in the chemical 
sense) which are packed very closely together, their linear 
dimensions being great compared with the distances 
between their sur&ces. 

3. The matter consists of molecules (in the chemical 
sense) which are very distant from each other, so that the 
space surrounding any molecule is comparatively void of 
matter. 

If the third supposition is made, it is clear that the 
application of mathematical calculation becomes exceedingly 
difficult, if not impossible. It is true that Lame in his 
SlastidtS des Corps Solides objects strongly to the method 
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applied by Navier and others in the theory of Elasticity, 
because, in applying the Integral Calculus to the deter- 
mination of the action produced on a molecule of a body by 
the neighbouring molecules, they thus assume the con- 
tinuity of matter, an assumption which Lame describes as 
a * hypothese absurde et compMtement inadmissible.' ffis 
own method is a molecular one in which the existence 
of vacant spaces between the molecules is admitted; and 
the process of integration round a molecule is replaced by a 
process of mere algebraic summation — which, no doubt, is 
a much safer process, and should be adopted if it could be 
legitimately applied. It is not, however, satis&ctoiily 
applied by Lame, since he has no hesitation in assuming a 
molecule to be wherever he wants one, and this assumption 
is not essentially different from integration. 

If the second of the above suppositions is adopted, the 
matter surrounding a molecule, although not continuously 
filling space with mathematical strictness^ may be assumed 
to be practically continuous, and the method of int^pration 
round a point becomes permissible as a very close approxi- 
mation to the truth. The shapes of the molecules may 
possibly be such as to allow of their filling space much 
more effectively than if they were spheres. 

But in adopting this supposition when calculating the 
forces produced on any molecule, «», by those within the 
range, e, of molecular force, it will be necessary to imagine 
m and any very close neighbour, m\ as both divided into 
infinitely smaller elements, of which dm is the type for the 
first and dmf that for the second, each of these elements 
being now infinitely smaller than the distance between 
them, and then assuming the force between them to be 
given by the expression (i). Thus for a pair of molecules 
so close that it is logically impossible to define anything 
that could be called the * distance between them' we 
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must imagine a special process of integration performed 
before we proceed to calculate the action of the more 
distant molecules within the sphere of molecular activity. 

Such a process it is, of course, quite impossible to follow 
in detail because the form oi f(r) and the shapes of mole- 
cules are unknown; nevertheless, on account of the 
symmetry of arrangement of molecules round all points in 
a homogeneous body, it is possible to represent the result of 
such a process by a mathematical expression and to base 
forther calculation thereon. 

Various forms for f{r) have been suggested, such as 

A and tf-**": these are, of course, merely conjectural ; 

but it is conceivable that the observation of certain pheno- 
mena measurable in the total might afford a clue to, if not 
a necessary demonstration of, the law of this assumed 
molecular force. 

If, then, we admit the second supposition, with the 
above notions, the first of our thi'ee suppositions becomes 
unnecessary, and Lamp's objection to the integration 
method loses its force. 

In the study of the forms assumed by the surfaces of 
liquids in contact with each other and with solid bodies it 
is with these molecular forces that we have chiefly to deal. 
Indeed, the curious forms of such surfaces become explicable 
on no other hypothesis than that of the existence of very 
intense molecular forces having an extremely small range 
of action. 

Supposing that the force between two elements of matter 
is given by the expression (i), its component along any 
fixed line (axis of x) is 



x' —X 



■f{r) dm dni\ 



302 Hydrostatics and Elementary Hydrokinetics. 

if the co-ordinates of dm and Am' are x and ^, so that the 
total component force acting on dm has for expression 



dm j /(r) dm\ 



if the integration is performed with reference to r, the 
limits of T being o and 6. Now, since the forces are zero 
beyond the distance e^ no error is introduced bj assuming 
r to extend to oo , so that such an expression is often 
written in the form 



dm I f(r) dm\ 



Some notion of the magnitude of e may be obtained 
from experiments such as the following. Quincke covered 
surfaces of glass with extremely thin layers of different 
bodies, and on these layers then deposited drops of mercury 
and other liquids. Now it will be seen presently that 
there is a definite angle between the tangent plane to the 
free surface of a liquid and the tangent plane to a solid 
with which it is in contact ; this angle is constant all 
round the curve in which the two surfaces intersect ; and it 
matters not whether the solid is a millimetre or loo milli- 
metres thick, the value of the angle does not alter. But if 
the solid is, say, the millionth of a millimetre thick, the 
angle alters. Covering the surface of glass with a layer of 
sulphide of silver, Quincke found that there was no change 
in the angle between the surface of the drop of mercury and 
the plate imtil the thickness of the silver layer was reduced 

46 
to — g mm. ; and when the glass was coated with a layer 

of iodide of silver, no change was observed until the 

thickness of the layer was reduced to -^ mm., or, say, the 
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wave length of yellow light. These thicknesses, then, 
indicate the order of magnitude of the distances at which 
molecular attractions are sensible. 

Granting the existence of these molecular forces, it 
follows very obviously that within a layer of a fluid just at 
the sur&ce, and of the 
extremelysmall thick- 
ness 6, there is a 
special intensity of 
pressure which in- 
creases in magnitude p. g 
as we travel firom 
any point P (Kg. 81) 

along the normal Th to the surface, AB^ of the fluid, 
towards the interior of the fluid. 

For, consider a molecule of the fluid at P ; round P 
as centre describe the sphere of molecular activity ; of this 
only a hemisphere, dbc^ exists within the fluid, so that 
the molecular forces acting on the particle P come from 
the molecules of this hemisphere. Now it is obvious that 
the symmetrical grouping of these molecules about the line 
Tb results in their producing a resultant force on P inwards 
along Pi. 

Describe a sur&ce, -4'P', parallel to AB at the distance 
€, or, PJ, from AB, 

Consider now the molecular actions on a molecule Q 
anywhere within this layer. Describe round Q the sphere, 
ambncy of molecular activity. Of this sphere the portion 
ape does not contain any molecules of the fluid L, so that 
the action at Q is due to the portion ambnc, and the result- 
ant force will obviously be directed along the normal Qb 
and will be less than the force at P, since there is some 
component of force in the sense Qp. Finally, consider 
a molecule at any point R on the inner surface A^B^y and 
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we see that since this molecule is completely surromided 
by attracting molecules, there is no resultant force what- 
ever. 

Now if F is the force exerted at Q per unit mass, and d% 
denotes an element of length of the normal Qb at Q 
measured towards d, while m denotes the pressure intensity 
at Q due to the forces under consideration, we have 

^=«'^' ^'^ 

w being the density of the fluid. 

Since as we travel along the normal Pb from P towards 
^, or from Q towards ^, the force F constantly preserves the 
sense Pby although with diminishing value, we see that 

-T- is constantly positive, that is, «r continuously increases 

inwards until the surface A'S is reached, when F vanishes 

and -r- = o, i.e., «r becomes constant when we pass inwards 
an 

through J!B\ 

Hence the intensity of pressure due to molecular forces 
is constant throughout the interior of the fluid below AS^ 
but it varies within the layer between AB and A!P^. 

It is a matter of doubt with physicists whether we are or 
are not entitled to assume in the case of a liquid that the 
density within the layer contained between the surfaces AB 
and A!B^ is constant and equal to the density within the 
main body of the liquid. M. Mathieu, following Poisson, 
denies this constancy {Theorie de la Capillarite), bat 
arrives, by the method of Virtual Work, at results of the 
same form as those obtained on the supposition of constant 
density. 

Whatever may be the nature of the molecular forces, 
at any point close to the sur&ce of separation of a liquid 
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from another medium, we can represent the magpiitude of 
the resultant molecular force of the liquid on a molecule 
m by the expression ^ p,\ 

where co is the area of that part of the sur&ce of the sphere 
of molecular activity which exists round m within the . 
liquid ; and this force vanishes when o) = 4'3r€^. Or we 
might represent this resultant force (along the normal 
to the surface) by ^ ^^^^^ 

where z is the distance of the molecule m from the surface ; 
and the force = o when 2; = e. Of course the form of the 
function F is unknown, but it is the same at all points 
which are at the same normal distance from the surface^ 
and this feet is sufficient for the purpose of calcula- 
tion. 

69. Calculation of Molecular Pressure. Let AB (Fig. 
8a) be the bounding surface of a liquid, P any point on the 
surfe-ce, TM the 
tangent plane at 
P, A'B^ the surface 
parallel to ^^ with- 
in the liquid at the 
depth € ; take an 
infinitely small ele- 
ment, <r, of area at Fig. 82. 
P, and on the con- 
tour of this area 

describe a right cylinder, PR^ extending indefinitely into 
the liquid. Consider now the action of molecular forces 
only on the liquid contained within this cylinder PR. 

If «r is the intensity of molecular pressure at -B, and the 
cylinder is terminated at -S by a normal section, «ro- is the 
pressure exerted on this section ; then, for the equilibrium 

X 
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of the fluid in the cylinder we see that mtr must be equal to 
the integral of the molecular attraction exerted by the 
whole mass of the fluid on the portion of fluid contained in 
this slender canal. Now below the point P' there is no 
change in the molecular pressui'e, and there is no molecular 
force exerted on the elements of liquid ; hence we might 
have taken the slender canal as reaching only to F. 

Let Q be any point in the canal between P and P 
and let dm be an element of mass at Q. We shall calculate 
the attraction produced by the whole body of liquid below 
AB in the direction QjB, which we know to be the direction 
of the resultant molecular attraction. 

Now t^jie total action on the canal PF (or PR) can be 
calculated on the supposition that the. liquid extends up to 
the tangent plane TM^ and then deducting the attraction, 
in the sense QjS, which is due to the meniscus, ABMT, 
of liquid thus added. The attraction of this added meniscus 
is obviously in the sense QP, so that this must be added to 
the attraction of the liquid terminated by TM. Let the 
attraction of this fictitiously completed liquid on the canal 
PP^ be denoted by Ka where K is obviously the same at 
all points on the bounding surface AB, 

Let the plane of the figure be a normal section of the 
surface AB making the angle with the principal section 
at P whose radius of curvature is -B^ , and let the radius of 
curvature of the other principal section at P be TZg • 

Let any point, N, be taken on the tangent TM; let 
NP = X, and on the element of area xdxdd at JV" construct 
the small cylinder NL terminated by AB. 

If w is the mass per unit volume of the liquid, the mass 
of this cylinder is NL .wxdxdO \ and if its distance, NQy 
from Q is r, the molecular force which it produces on 

rf»^at(^is wdmxdxdef{r).NL (i) 
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Now if /o is the radios of curvature of the section AB, 
we have ^ 

NZ=: — , nearly; 

and if PQ = js, the component of the force (i) along QJP is 
obtained by multiplying it by - ; hence this component is 

warn f(r) (2) 

%rp •' ^ ^ ^ ' 

Integrate this with respect to d, keeping x and r con- 
stant. 

Now (Salmon's Geometry of Three DimensionSy Chap. XI) 
we know that j ^ ^^ gj^ 

and the integration in &om o to 2 ir makes {2) become 

But since /^ = a?^ + 2f^, xdx = rdr, and (3) becomes 

\^{^^-^^)d^'^^^-^)fkr)d^- ' • • (4) 

Let 

f{r)dr = -d4>{r) (5) 

then since f{r) rapidly diminishes with an increase of r, 
<f> (r) is a positive quantity. 

The resultant action of the meniscus on dm is obtained 
by integrating (4) from r = ;2f to r = c, or to r =00. 
Hence the resultant is 

lw(^ + ^)zdmj\-7^^z')d4>{r).. . (6) 
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Now (oo ) = o, and 

therefore (6) becomes 

I I /** 

'^^^R^'^R^^^^J^ r0(r)(;r. ... (7) 

Again, let 

r</)(r)rfr = -i;i/f(r), (8) 

where y^ (r) is obviously positive ; therefore, since V^ ( 00 ) 
is evidently zero, (7) becomes 

Trfa(^^ + ^)zylf{z).dm .... (9) 
Now put dm at Q eqoal to wadz, and (9) becomes 

T T 

and the integral of this from z =: o to z =, JPP^^ or = 00 , 
is the total action of the meniscos on the canal PB. 

' zylr{z) dz, this action is 


and hence equating ^ro- to the sum of (11) and the force 
K(r, we have 

tsr = Jr+ TTW^H{^ + -^), .... (12) 
which is the form obtained by Laplace for the jnolecukr 



Molecular Forces and Capillarity. 309 

pressure intensity at all points in the liquid below P'. (See 
the Mecanique Celeste^ Supplement to book X.) 

We have supposed the surface of the liquid at P to 
be concave towards the liquid. If it is convex, 



«r = 



Hence we have the following obvious consequences. 
I. If a liquid is acted upon by molecular forces only 

(no external forces) the quantity p- + ^ must be constant 

at all points of its bounding sur&ce ; for, otherwise we 
should obtain conflicting values for the intensity of mole- 
cular pressure at one and the same point in the body of the 
liquid. 

2,. The molecular pressure at a point strictly on it& 
bounding surface is zero ; for on the portion of liquid 
contained within the canal PP'and included between P 
and a point infinitely close to P the resultant force exerted 
by the fluid is infinitely small (since the mass contained is 
infinitely small). 

3. The value of the intensity of molecular pressure at 
a point within the body of a liquid is not a constant 
related solely to its substance ; it depends on the cur- 
vature of its bounding surface. If this sur&ce is plane, the 
intensity is K. 

4. If (owing, as we shall see, to the action of external 
forces) it happens that some parts of the bounding sur&ce 
are plane, others are curved and have their concave sides 
turned towards the liquid, and others again have their 
convex sides towards the liquid, the intensity of molecular 
pressure just below the second kind of points is greater and 
below the third less than it is at the plane portions. 



I 
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(We shall presently see how this is verified in the rise or 
fall of liquid in capillary tubes when gravity is the ex- 
ternal force.) 

The constant K can be easily expressed in terms of the 
fiinction y^ thus : let fiO, Fig. 83, represent the plane 

snr&ce of a liquid, the 
Q liquid lying below CD\ 

at any point A on the 
^ surface take an infinitely 

^ small element of area, <r, 

and describe on it a normal 
^^S-^3- cylinder or canal, AMRy 

extending into the liquid 
indefinitely ; then Ka is equal to the whole force produced 
on the liquid within this canal by the whole body of liquid 
below CD. 

Take any point Q on CI)\ let AQ = x^ and take the 
circular strip 2T[xdx round A ; along this strip describe 
normal canals (represented by QP) extending indefinitely 
into the liquid ; take any point, P, in one of these canals ; 
let PQ = y ; take any point, M, in the canal at A^ and let 
AM = z. Then if « = area of normal section of the canal 
QPy the element of mass at P is swdy, and its action on a 
mass m at if is mswdyf(r), where r = MP ; the component 

of this along MR is mswdyfir).- , or mswf{r)ir\ 

therefore taking the points P at a constant distance y 

from CD all round the strip 1,1: xdx^ we see that their 

action on m is ^ j j^t \ j 

Qfirwmxdx *f\r) dr. 

Integrating this from r = Jf Q to r = 00, we have 
(putting MQ = r^ 

2vtomxdx .(f>(r^). 

Now we must integrate with respect to x firom o to 00 , 
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and observe that xdx = r^ dr-^, so that the limits of r^ are 
MA (or z) and 00 . Thus we get 

i. e., 2'nwmy^{z\ 

which is therefore the action of the whole mass of liquid on 
the particle at M. 

Also m = wordz ; therefore the action on the canal AR is 

2Trti^a I y[f{z)dz, 
Jo 



/•oo 

/. K = z-nw^ I yp (z) dz. 



This constant K is called by Lord Rayleigh the intrinsic 
pressure of the liquid, Philosophical Magazine^ October, 
1890. 

70. Pressure on Ixmnersed Area. Suppose a vessel to 
contain a heavy homogeneous liquid of specific weight w, 
and let P be a point in the liquid at a depth z below 
the plane portion of the free sur&ce. Then, as has been 
shown in the earlier portion of this work, the intensity 
of pressure at P due to gravitation is wz ; and, as has just 
been proved, the intensity of pressure at P due to molecular 
forces is K^ the intrinsic pressure. Hence the total inten- 
sity of pressure is ^^ ^ ^ 

Now it is known that K is enormously g^at : Young 
estimated its value for water at 23000 atmospheres, while 
Lord Rayleigh [Phil. Mag,^ Dec., 1890) mentions, with 
approval, a hypothesis of Dupr^ which leads to the value 
25000 atmospheres for water. The hypothesis is that the 
value of JT is deducible from the dynamical equivalent 
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of the latent heat of water; that evaporation may be 
regarded as a process in which the cohesive forces of the 
liqaid are overcome. Now the heat rendered latent in the 
evaporation of one gramme of water = 600 gramme-degrees 
(about), or 600 x 4^2 x 10* ergs, and i atmosphere = 10' 
dynes per square centimetre ; hence K = 25000 atmo- 
spheres (about). 

If this is so, the question must naturally present itself 
to the student: what becomes of our ordinary expressions 
for the liquid pressure exerted on one side of an immersed 
plane area ? Instead of being merely Azw^ must it not be 
very vastly greater — in fact A{zio + K)? And moreover 
it should always act practically at the centre of gravity 
of the area. 

We shall see, however, by considering closely the nature 
of molecular forces, that this large pressure does not 
influence in any way the value of the pressure exerted 
by a liquid on the surface of an immersed body. Let 
us revert to Fig. 82 and consider the result arrived at 
in Art. 69. This result may be stated thus : at all points 
on the surface which terminates a liquid — whether this be 
a free surface or a surface of contact with any foreign body 
— ^there is a resultant force intensity due to molecular 
actions ; this dimiiiishes rapidly as we travel inwards along 
the normal to the surface^ and vanishes afber a certain 
depth has been reached. 

If we consider a slender normal canal of any length, PB 
(Fig. 82) at the boundary of a liquid, this canal will 
experience from the surrounding liquid itself a resultant force 
acting inwards along its axis PR ; this force is due to 
molecular actions and the imperfect surrounding of points 
near the liquid boundary (as explained in Art. 69), aiid its 
eflPects are felt along only a very small length PP' (or e) of 
the canal. If the boundary of the liquid at P i^ plane, and 



B 



■/ 
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the canal has a cross-section o-, this resultant inward mole- 
cular force on the canal is K(t, 

Now let Kg. 84 represent a vertical plane, AB^ immersed 
in a liquid having a portion, at least, of its sur&ce, LM, 
horizontal,, and let us con- 
sider the pressure exerted ^ m 
per unit area on this plane 
AB at P at the left-hand 
side. At P take an infini- 
tesimal element of area, <r, ^^^^ 
and on it describe a hori- 
zontal canal of any length ■p\g^ 3^. 
PQ, closed by a vertical area 

at Q. Consider the equilibrium of the liquid in this 
canal. 

Now since AB is a foreign body, there is a termination 
to the liquid along the surface AB^ and hence there will be 
resultant molecular force exerted by the liquid at points on 
and very near AB. Hence if along the canal PQ we take 
the length PF= e, the liquid in PQ experiences a result- 
ant molecular force from the surrounding liquid, of magni- 
tude K . a, this force acting from P towards Q and being 
confined to the length PP^. In addition, the solid plane 
AB exerts a certain attraction, o . <r, on the liquid in the 
canal, together with a ceiiiain pressure, j . o-, on it. Finally, 
at Q the canal experiences the pressure {wz + K)a from the 
liquid. Hence we have 

(wz + K)(T = Ka' + (q — a)a, 
.'. q--a = wZy 

which shows that K disappears. Now the action of the 
canal on the plane at P is exactly (q — o)(r in the sense 
QP, and this action is that which is described in ordinary 
language as the pressure on the plane at P. 
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If the immersed plane is inclined, as at (72), the resultant 
action of the liqoid on the plane at P on the element of 
surfiM^ <T is seen in the same way to be te?^: o-, bj consideiing 
the equilibrium of a canal PQ normal to the plane, PQ 
being equal to c, the radius of molecular activiiy. 

Laplace is Bomewhat obscure on the subject of the action 
between a liquid and an immersed plane (see Supplement 
to Book X, Mecanique Celeste, p. 41). Thus he says: the 
action experienced by the liquid in the canal PQ is equal, i<>, to 
the action of the fluid on this canal, and this action is equal to 
K ; 20, to the action of the plane on the canal ; * but this action 
is destroyed by the attraction of the fluid on the plane, and 
there cannot result from it in the plane any tendency to move; 
for, in considering only reciprocal attractions, the fluid and the 
plane would be at rest, action being equal and opposite to 
reaction ; these attractions can produce only an adherence of the 
plane to the fluid, and we can here make abstraction of them/ 
He is considering the action experienced by the canal at the 
extremity P where it touches the plane. But, in considering 
the forces exerted en the fluid by the plane, it does not seem 
allowable to balance any force exerted by the plane on the canal 
by an opposite force produced on the plane by the fluid. 

According to the view which we have taken, the action which 
is commonly called the fluid pressure on the plane is, in reality, 
a difference action — the difference between a pressure proper 
and a molecular attraction between the fluid and the plane. 

71. Liquid in oontaot with a Solid. Admitting the 
existence of molecular forces operative within infinitesimal 
distances, the surface of a liquid near its place of contact 
with a solid body must, in general, be curved, even 
when gravity is the only external force acting throughout 
the mass of the liquid. 

For, let PAB, Fig. 85, represent the surfece of a liquid 
in contact at P with the surfleuse PQ of a solid body. 

Consider the forces acting on a molecule at P. We have 
gravity in the vertical direction Pw ; also the molecular 
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forces exerted by the soKd evidently produce a resultant 
along P», the normal to the solid at P ; and the molecular 
forces of the fluid molecules adjacent to P produce a 
resultant, P/, acting somewhere between the tangent 
plane to the liquid surface at P and the surface of the 
solid. 

Now in all cases the resultant force, due to all causes, 
exerted on a molecule of a perfect fluid at its free sur&ce 
must be normal to the surface. Hence the resultant of the 
forces Pn, Pw^ and Pf will 
determine the normal to the 
fluid sur&ce at P; and, in 
general, this resultant will 
not act along Pwy so that 
the surface of the fluid at P 
is not, in general, horizontal. 

The form of the surface 
remote from the solid body 
is, of course, that of a hori- 
zontal plane ; because at such 

points as A and B there are only two forces acting, viz., 
gravity and the molecular attraction, the latter of which is 
normal to the surface, and if the resultant of it and gravity 
is also normal, the force of gravity must act in the normal, 
L e.^ the surface must be horizontal. 

72. Application of Virtual Work. When, under the 
action of any forces whatever, a system of particles assumes 
a configuration of equilibrium, this configuration is sig- 
nalised by the fiict that if it receives, or is imagined to 
receive, any small disturbance whatever, the total amount 
of work done by all the forces acting on the various 
particles is zero. 

We shall now apply this principle to the equilibrium 
of a liquid contained within an envelope ACB (Fig. 86), the 
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surface of the liquid being APB^ and the forces acting 
being — 

!<». molecular forces between particle and particle of 

the liquid, 

7,^, molecular forces 

between the envelope 
and the liquid, 

3^ Any assigned 
system of external 
force. 

Let m, m' denote in- 
definitely small ele- 
ments of mass of the 
liquid at a distance f , 
and assume the force 
Fig. 86. between them to be 
mm'fir) (i) 

Let \k denote an element of mass of the envelope, and « 
any element of mass of the liquid very close to /ut, and 
assume the force between m and /x to be 

m^F{T) (2) 

The value of r in (i) must be <€, otherwise the force 
between the elements of mass would be zero ; and r in (2) 
must be < e', the radius of molecular activity for the solid 
and the fluid. 

The virtual work of the force (i) is --mmy{r)dr. Now 
if, as in Art. 69, we put 




f'f(r)dr=i>{r), 
f''F{r)dr = i^(r), 
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the total work done by the molecular forces for any system 
of small displacements is 

i527«7«'<^(r) + 82^MV'Wj • • • • (s) 

the summations extending to all pairs of elements between 
which the molecular force is exerted^ and one-half of the 
result of the summation relating to pairs of liquid elements 
being taken, because this summation will bring in each 
term twice. 

If r is the potential, per unit mass, at any point of the 
liquid where the element of mass dm is taken, the virtual 
work of the external forces is 

hhdm 



Jvdm (4) 



Hence the equation of virtual work for any system of 
displacements of the liquid elements is 

8 [/ Vdm + i^mmf ^ (r) + 2«»/xi/f (r)] = o. . . (5) 

It will be necessary, therefore, to calculate the functions 

2mm^4){r) and S«»/ut>/f(r), 

Since if we take any one element m of the liquid and 
perform the summation ^m^(l>(r) round it, the process 
is confined within the sphere of radius c having m for 
centre, we may obviously put 

^m'(l>{r) = L, (6) 

L being a constant throughout the whole of the fluid 
contained in the vessel and bounded — not by the surface 
APB but — by the parallel surface A^B" (see Fig. 82) which 
is at the constant distance c below APB, and also by 
a surface inside the fluid parallel to that of the vessel 
at a distance c from the surface of the vessel; for each 
element m within this space is completely surrounded by a 
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liquid sphere of radius c, while the liquid elements between 
the surfaces AB and A'B^, and between the vessel and the 
second surface named are not completelj surrounded. Or, 
if we please, we may imagine the summation L to extend 
up to the bounding surfisice AB and to that of the vessel, 
and subtract a summation relating to a fictitious layer, 
A!'B!\ above AB of constant thickness c, included between 
AB and A'B!' (Fig. 87), and a fictitious layer outside the 
surface of contact with the vessel, also of thickness c. 

Hence if J/ is the whole mass of the liquid, the summa- 
tion can be expressed in the form 

M .L—trmm' ^{f)^ (7) 

in which 0- denotes a summation confined within the super- 
ficial layer, which is everywhere of the constant thickness 
€, and which embraces the free surfiice and the surface of 
contact of the liquid with the vessel. 

As regards the summation S m/ui ^ (r), it is obviously 
confined between two surfaces each of which is parallel 
to the surface, ACB^ one inside the liquid and the other 
inside the solid envelope, the distance between these 
sur&ces being 2 c'. 

Hence equation (5) becomes 

5[/r^»«-|ir;«w'<^(r) + 27«/ut>/r(r)] = 0. . (8) 

Now we can easily see that the summation <r is propor- 
tional to the sum of the areas of the surface AB and that 
of contact with the vessel ; for, if we draw any surfiu^e, 
XT, Fig. 87, parallel to AB and A"B' within the fictitious 
surface layer above indicated, and at any point Q on J7 
take the element dm of mass, describing round Q a sphere 
of radius f, the summation dm . <rf»' <^ (r) will extend to the 
volume of the sphere included between AB and A!^B^'\ and 
if i? is the normal distance, Q/?, of Q &om AB^ the summa-. 
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tion (rm! ^ (r) can obviously be written v)\l(z)\ also if dS 
is a small element of area of XY at Q, we can take 

dm = wdSdzy 

where w is the mass 
per unit volume of 
the fluid ; hence we 
have for this element 
of the fluid the term 

w^dS.U (z) dz. Fig. 87. 

Now we can make 
a summation from /? to g aXong a cylinder whose cross-section 
is everywhere dS if the radii of curvature of the sur&ces 
AB, X7, -4"^' are infinitely greater than €. The result 
of this summation is 




w^dS 



n' n{z)dz, 

Jo 



the definite integral being the same at all points, p, of AB. 
If the definite integral is denoted by A, and we then sum 
the results all over AS, we have AwS, where S is the area 
of AB ; and similarly for the part of a which extends over 
the sur&ce of the vessel. 

In the same way it is obvious that the term 2^/ui\/^ (r) is 
proportional to the product of the densities of the envelope 
and the liquid and to the area^ X2, of their surface of contact. 
We may therefore write (5) in the form 



b[/rdm--.(8+Q)'h\.0'] = o, . . . 



(9) 



where i and X are constants which depend on the densities 
of the liquid and solid and on the laws of intermolecular 
action. 

A result of the same form will obviously hold if the 
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density of the liquid varies both at the surface AB and at 
the surface of contact with the envelope, provided that the 
thickness of the stratum of variable density near AB 
is everywhere the same, and the same at all points along 
each surface, XF, parallel to AB ; and similarly for the 
stratum near the envelope. 

Hence, then, the work done by the molecular forces for 
any imagined displacement is entirely superficial, and its 
two parts are proportional to the small increments of the 
area of the surface AB of the liquid and the surface of 
contact with the envelope. 

We shall now calculate 6 8 and 6 12. 

In Fig. 86 the new surface, A'L'TB^N', of the fluid 
(resulting from the imagined small disturbance of the fluid) 
can be considered as consisting of two parts : firstly, the 
portion bounded by the curve ciir... which is formed 
by the feet of the normals to this new surface or to the old 
one (since they differ infinitely little in position) drawn at 
all the points A^ L^ I^ B,... of the contour ALIBN \ and 
secondly, the small strip included between the contour 
AL'B^N' and the curve cibr ,^.\ so that 65 is the area of 
this strip plus the excess of the first of these portions over 
the area of the old surface of the fluid. Also 612 is repre- 
sented in the figure by the surface BILBVB^N'SB minus 
the surface ARL'A'SNA^ each of these lying on the interior 
of the vessel. 

A simple geometrical investigation of the first part 
of 6 5 is as follows : at any point P (Fig. 86) on the old 
surface of the fluid draw the two principal normal sections, 
PQ, PJ (Fig. 88) of the surface, and the normal, PC^ C^, to 
the surface at P; take the element of area, PQFJ, deter- 
mined by the elements PJ = ds^^ and PQ = ds^; this is an 
infinitesimal rectangle since ds^ and ds^ are at right angles. 

Let Cj and C^ be the centres of curvature of the principal 
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sections, and PC^ = R^^PC^ = R^^ the radii of eurvatinre of 
these sections. 

Produce the normals to the surface 
at the points PQFJ to meet the new 
surface of the fluid in* P(^P'J\ and 
denote PP' by hn. Then we determine 
the small rectangular area P'Q'F'J' on 
the new surface, and the excess of this 
above PQFJ when integrated over the 
whole of the old sur&ce is the first part of 
hS. The figure assumes that the concave 
side of the surface is turned towards the 
liquid. 



Now 



hn^ 



Fr^ (x + ^;) pj, 

Fq'= (i + ^^) Pq, 




Fig. 88. 



therefore i£dS= area PQFJ, and dS+hdS= area FQ'rj', 
we have 

Hence the first part of diiS is 

To find the second part of 6^5", i. e., the sum of all such 
elements as iPJS^b, let diahe the element of area ITJB^B of 
the interior of the vessel, and let B be the angle between 
the tangent plane to the surface of the liquid at B 
and the tangent plane to the surface of the vessel at B, 
i. e.y the angle between the plane il'B^b and the plane 
irB^B ; then 

area e/'JS'i = cos ^ . rfw (11) 

Y 
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Hence the second part of 5 5 is 

'/cos^.rfw (la) 

taken all round the curve of contact of the fluid and the 
vessel. 

Then, we have 

hS = r(^ + ^) IndS + fco&0d<» ; . . (13) 
and (9) becomes 



'f'^'^-Jii^w)''^'' 



+ - nr^X— *— >tcosd)rfa), (14) 



since 5 12 is obviously the integral of all such elements as 
n'B'B, i. e., /d(o. 

Now observe, however, that (14) is the equation of 
Virtual Work irrespective of the condition that the volume 
of the fluid remains the same after displacement as before. 
The excess of the new volume over the old is obviously the 
sum of such prismatic elements of volume as that contained 
between the areas PQFJ and P'Q'F'r (Fig. 88) whose 
expression is hndS^ added to the sum all round the curve 
ARLIBNA of such wedge elements as libB^T. The area 
of this wedge is ^ 6»o • ^^^ Odoa^iihnQ denotes it, the normal 
distance between the new and the old surface of the fluid at 
any contour point, 7; and hence the sum of the wedges 
will add nothing to the contour integral 

f{%\'-k—kQOB0)d(a 

in (14), since each element of this sum is an infinitesimal 
compared with dta. 
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Hence, the whole volume of flnid beings constant, 

fhndS-o (15) 

We know from the principles of the Lagrangian method 
(Statics, voL ii., chap, xv,) that the condition of unchanged 
volume combined with the principle of Virtual Work 
is expressed by multiplying the left-hand side of (15) by an 
arbitrary constant, A, and adding it to the left-hand side of 
(14). Hence, then, the complete equation is 



5/f^.+/{^-|(i- + ^)}«»^5 



+ - / (aX— ^— Acosd)(?6D = 0. (16) 

We may finally simplify the term b/ Fdm. It means 
simply the variation of the potential of the external forces 
due to changed configuration of the liquid ; and this varia- 
tion is due merely to the two wedges BILRFB^N^SB and 
ARVA'SNA, being positive for one and negative for the 
other. The type of the variation is the variation for the 
element of mass contained in the small prism PP^, Fig. 86, 
that is wbndS] so that if F is the potential of the external 
forces (per unit mass) at any point P on the surface of the 
liquid, the work of these forces for any small change of 
configuration is w/FbndS, (17) 

and therefore (16) finally becomes 

+ - j {2\—i—ico&6)d<a=zo. (18) 

The first integral is one extended over the surface of the 

y 2 



324 Hydrostatics and Elementary Hydrokinetics. 

liquid, and the second is one relating only to its contour, 
i. e., its bounding curve ALIBSNA, 

Now, owing to the perfectly arbitrary displacement 
of every point on the surfece, each element of the first 
integral must vanish, and hence at every point of the 
surface we have 

"'''+'^-i(i+i)=°' • • • • ('9) 

which is the equation of the surface. 

Every element, also, of the contour integral must vanish, 
and hence at all points of contact of the sur&ce of the 
liquid with the vessel 

ik — k , . 

cos Q = — T — * (^j 

which shows that the liquid surface is inclined at the same 
angle to the surface of the vessel all round. The angle B 
is called the angle of contact of the liquid and the soUd, 
which we shall definitely suppose to be the angle contained 
between the normal to the liquid surface drawn into the 
substance of the liquid and the normal to the solid drawn 
into the substance of the solid. 

1{ \>A, the angle of contact is imaginary^ and equili- 
brium of the liquid in the vessel is impossible. 

If the convex side of the surface is turned towards 
the liquid, we shall have 

F'J'^ (x - ^) PJ, 

P'(2'= (i _ ^) pq. 



••• '''=-^k^k)''' 
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and (19) is replaced by 

If the density of the liquid is not constant (owing to the 
variable molecular pressure) in the layers near the surface, 
it will be the same at all points on a surface parallel to AB 
(Fig. 82) at a distance <€ from AB\ and hence it is 
obvious that the virtual work of the molecular forces 
for any small displacement will still be proportional to the 
variation, 65, of area of the surface, but the value of 
the constant k, will not be the same as on the supposition 
of constant density. The equation of Virtual Work, will, 
then, be still of the form (9), and the results (19) and (20) 
will still hold. 

If above the surface AB there is another fluid, virtual 
work of its external and molecular forces will give terms of 
the same form as before, as will be shown in a subsequent 
article. 

If at each point of the free surface of a liquid there is an 
external pressure whose intensity at a typical point on the 
surface is p^, the virtual work of this pressure must be 
brought into equation (9) or (16). This virtual work 
is obviously —/jPo^^dS, so that the equation (19) of the 
free surfiace becomes 

«,r-i,,+>i-|(i- + ^^) = o. . . . (22) 

From (20) we see that the angle of contact of a liquid 
with a solid will be < - if \ > - , i. e., the surface of the 

2 2 

liquid will be convex towards the liquid at the place of 
contact. If the law of attraction between the liquid 
elements themselves is the same as that of attraction 
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between a liqnid element and an element of the solid 

in contact with it, and ^ in (5) differ only by constant 

multipliers ; and we can state the last result thus : if the 

attraction of the solid on the fluid is greater than half the 

attraction of the fluid on itself, the sur&ce of the fluid will 

at the curve of contact be convex towards the fluid ; and if 

k , Ti , 

\ < -, ^ will be > -, i. e., the surfsice of the fluid will be 

2 2 

concave towards the fluid. We shall subsequently see that 
in the case in which a capillary tube dips into a liquid 
which is under the action of gravity, the liquid must rise 
in the tube in the first case, and fall in the second. These 
results were first enunciated by Clairaut. 

The experimental determination of the angle of contact 
of a liquid and a solid has been made by means of the 

measurement of a 
9 — ^-_- — large drop, OCy'D^ 

Fig. 89, of the liquid 
placed on a hoii* 
zontal plane, ABy 
made of the soUd. 
If the drop is a very 
large one, it is virtually a plane surface at its highest 
point 0. Suppose the figure to represent a vertical section. 
Then at any point P the two principal sections are the 
meridian curve PO and the section made by a plane per- 
pendicular to the plane of the paper through the normal to 
the curve at P. The cuiTature of this section may be 
neglected in the case of a large drop ; and if p is the radius 
of curvature of the meridian at P, we have from (12) of 
Art. 69 the intensity of molecular pressure at P equal to 

T 

K + —, where T ib a constant. At the intensity of 

molecular pressure is K^ and if the depth, Pm, of P below 




Fig. 89. 
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the tangent Ox is y, the intensity of pressure at P is also 
K+ wy^ by transmission from 0. Hence 

T 
«3' = - (^3) 

If the arc OP = % and Q is the angle made by the tangent 

at P with Ox, - = •!—, and sin ^ = ^ ; hence (2<i) becomes 

p d9 di ^ ^' 

wydy = T^vaQdO^ 

:. wf ^%T{\''^o^&) (24) 

Let the angle of contact at Q be i, let Oy = a ; then 

wa2= 2^(1+ cose) (25) 

Let CD be the equatorial section of the drop; then 
at C we have ^ = -, and if the depth, i, of C below 

2 

is measured, we have 

wj2 = 2 21 (26) 

This last gives T^ which is called (see Art. 76) the surface 

tension of the liquid in contact with air ; and then (25) 

gives ^2 

cosi = -j^-i, (27) 

which determines the angle of contact. 

The above arrangement is suitable in the case of a drop 
of mercury. 

To find the angle of contact between water and any 
soUd body^ a somewhat similar method has been employed. 
Lnagine Fig. 89 to be inverted, and suppose AB to be the 
horizontal sur&ce of a mass of water (which then occupies 
the lower part of the figure). Along this surface fix a plane 
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of the gfiven substance, and under this plane insert a large 
bubble of air, QCOB^ the lowest point of the bubble 
being 0. 

Then, exactly as before, by measuring the thickness, Oy, 
of the bubble, and the depth of C below AB, we obtain the 
angle of contact at Q between the water surface and that 
of the solid (the water surface being bounded by air). 
If a = Ot/^ and b = the vertical height of C above 0, 
we have, as before 

\wa^ = jr(i+cosi),- 

i being the angle of contact CQA. 

It is very difficult, if not impossible, to find a definite 
value of the angle of contact between a given liquid and a 
given solid, because any contamination or alteration of 
either surface during the experiment will aflfect the result. 
Thus, the angle of contact between water and g-lass is often 
said to be zero, while some experimenters quote it at 26**. 
Again, it is known that in the case of mercury and glass 
the angle varies with the time during which they are 
in contact : at the beginning of an experiment the angle 
was found to be 143° and some hours afterwards 129**. 

73. Analytical investigation of general case. The 

expression (13) of Art. 72 can be analytically deduced from 

the general theory of the displacements of points on any 

unclosed surface. Thus if, as in Statics^ vol. ii.. Art. 291, 

we denote the components of displacement of any point 

(a?, y, z) by u, V, w, and if at any point, P, Fig. 86, on the 

dz dz / 

surface we put j- = jt?, j- = y, 6 = v i -{-p^ + ^, we know 

that the change, hdS, of the infinitesimal area dS at P is 
given by the equation 
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Also [Statics, Art. 283) 

dw du dv / V 

dw du dv / X 

Hence 

Now, by the method of integration by parts, we have 
the doable integral eqaal to 

/ — {(i '\-q^)udy—jpqudx-\'{i +jo^) vdos—pqvdy 

+pwdy+qwdx} 



-m 



^dx ( d.if ( ' ^dy c dx t ■' 



+ "'^^7 + 1!)}''^'^^' 5) 



in which, of course, the single integral is one carried along 
the bounding curve, AL£N (Fig. 86) of the surface, while 
the double integral is one carried over the surface itself. 

Dealing with the double integral in (5) first, we easily 
find that the coefficient of u is 

{i- {'P^)t-{-(i-{-q^)r-2pqs 

F ~8 » • • • \"/ 

where r = 3-, t = -y-, * = -r • 
ax dy ay 



//(: 
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Bat (Salmon's Geometry of Three Dimensions, Chap. XI) 
the multiplier of — jt? in (^) is ^ + p- • Similarly the 

coefficient of r in the double integral is — j' ( ^ + -^Y and 

that of «? is ^ + ^ ; so that the doable integral in (5) is 

[^ + ^){pu + qv'-ip)dxdy. . . . (7) 

But, u, V, no being the components of displacement of 

the point P, and ^^--^ the direction-cosines of the 

normal to the sur&ce at P, the projection of the displace- 
ment of P along the normal, which we have called dn, 
is given by 

€ 

= (pu + qo—m) dS. 
Hence (7) is 

as before found. 

Dealing now with the single integral in (5), and carrying 
it continuously round the bounding curve, we see that the 
sign of every term in dx must be changed, as is fiillj 
explained in Statics, Art. 316 a. 

Of course this integral is one which we may consider as 
carried round the projection on the plane xy of the bounding 
curve. Hence the correct form of the single integral is 



//(: 



/ 



— {(i -]- q^) udy + pqudx —(i +j)^)vdX'-j)qvdy 



'\'jmdy^qwdx\, (8) 



Molecular Forces and Capillarity. 331 

in which u^ v, w are components of displacement of the 
points on the surface, 12, of the solid body where it is 

intersected by the surfiace of the liquid ; so that if ^ ^^\ — 

are the direction-cosines of the normal to X2 at any point, /, 
we have now w^p'u^^v. 

Also, the projection of the element d(a of area of the 
8ur&ce of the vessel at / on the plane of x^ is udy — vdx, 

so that jj ^-/ J ji \ 

doa = €\uay^vdx). 

And since dx, dy^ dz are proportional to the direction- 
cosines of the element IB of the bounding curve which is 
at right angles both to the normal to the liquid and 
to the normal to the solid, we have j»£^a7-f-^^y — ^2^ = o and 
p'dx^-q'dy^dz = o, from which 

(i?— /) dx + (q- q') dy = o. 

Hence the terms multiplying — in (8) are equivalent to 

(pp'-^q^+i) {udy—vdx), i, e., to c cos Odoni so that (8) is 
«i°^P^y /cos^rfo), 

as was found in (12), Art. 72. 

(The alteration of signs in the terms of the single 
integral in (5) which is rendered necessary by the carrying 
of the integral by continuous motion in the same sense 
round the bounding curve ALBN^ or its projection on the 
plane ODy^ is a circumstance which, perhaps, the student 
would be very likely to overlook.) 

74. Iiiquid imder the action of Gravity. In the 
particular case in which gravity is the only external force 
acting on a liquid which has aii* or any other gas above its 
surfiu^ if jsr is the height of any point on the surface above 
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a fixed horizontal plane, F = —2, and as w^ is negligible 
compared with w, the equation (19) of the surface of 
the liquid is 

+ -(^ + ^) = Constant, . . . (i) 



wz 



2 ^i?i R 



from which it follows that if there are any points on the 
surface at which the concavity is turned towards the liquid, 

i' ^'i jr + -IT is positive, those points must be at a lower 

level than the points at which the surface is plane; 

and points where the surface is convex towards the liquid 

must be at a higher level than the plane portions. 

Thus, supposing that two cylindrical capillary tubes, 

£C, FE, immersed vertically in a given liquid, and of such 

different materials that the 
surface of the liquid in one 
is concave, and in the other 
convex, towards the liquid, if 
Z is plane from which z is 
measured and if i2, Bf are the 
radii of curvature of the sur- 
faces of the liquid within the 
tubes at C and F, and f, C 
the heights of these points 







Fig. 90. 



above L, we must have 



where z is the height of the plane portion, AS, BE, GEy of 
the liquid above L. 

A simple experiment with water serves to illustrate the 
result that if in a continuous body of this liquid there 
18 a part of the surface plane and another convex towards the 
liquid, this latter must be at a higher level than the former. 
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n\ 



^ 



Fig. 91. 



Let a large glass vessel be connected with a capillary tube, 

ty Fig. 91, and let water be poured continuously into the 

large branch. A stage will be reached at which the water 

in t will just reach the top of this tube, and then the 

surface of the water is acb. If the glass is quite clean, this 

surface will have its tangent planes 

vertical round the rim ab ; and the 

level of the water in the large branch 

will be at C, which is lower than ab. 

As water continues to be poured in, 

the surface in t will become quite 

horizontal and represented by the 

right line ab^ and the surface in the 

other branch will be AB^ which is at 

the same level as ab. Continuing to 

pour in water, the surface at the top 

of t will become concave downwards, as represented by adb, 

and then the level in the other branch is at jD, which is 

higher than d. 

A side-figure at T shows how the surface of the liquid 
can be adb. The horizontal edges at the top of t are of 
appreciable breadth, and when the water rises above the 
line aby the surface of the glass is the horizontal rim of the 
tube t (and the angle of contact being 0°) the surface of the 
water at the rim lies horizontally. 

75. Bise or fall of Liquids in Capillary Tubes. It is 
a well known fact that if a tube of very small diameter is 
plunged into a mass of liquid contained in a vessel, the 
level of the liquid in the vessel will not, in general, be the 
same as its level in the narrow tube. What is the cause of 
this ? To say that it is ' capillary attraction ' is to use an 
expression which is at once inaccurate and vague. To say 
that it is molecular attraction is to use an expression which 
is true but vague. This was evidently in the mind of 
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Laplace when he said (Supplement to Book X^ p. 5) that 
the attraction of capillary tubes has no influtace on the 
elevation or depression of the fluids which they ooniaiii, 
except in determining the inclination of the sur&oe 
of the fluid to the surface of the tube along the curve 
of intersection of the free surface with the tube, and 
thereby determining the curvature of the free surfiu^e. 
That the angle of contact does determine the curvature 
of the surface when this surface is inside a very narrow 
tube is obvious. 

For, suppose that the angle of contact for glass and 
a certain liquid is 45°, and that ther liquid is contained in a 
vertical glass tube one- tenth of a millimetre in diameter ; 
then it is evident that the free surface of the liquid within 
the tube must be very much curved, because its tangent 
planes where it meets the tube must all be inclined at 45* 
to the vertical, while its tangent plane at its vertex must 
be horizontal ; and in order that such a great amount 
of change in the direction of the tangent plane should 
be possible, the surface must be very much curved. 

Now, great curvature of surface means great intensity of 
molecular pressure, if the surface is concave towards the 
liquid, and small intensity if the surface is convex towards 
the liquid (Art. 69). 

Hence, owing merely to the fact that within a very 
narrow tube, the free surface of a liquid is curved — and not 
to any special action due to the narrowness of the tube — 
this liquid must rise or fall within the tube below the level 
of the plane portions in any vessel into which the narrow 
tube dips. 

Let FE^ Fig. 90, be a capillary tube dipping into a vessel 
containing a liquid such that the angle of contact (as 

defined in Art. 72) for the liquid and the tube is < -• 
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In this case the surface is concave upwards, and therefore 

k 
the intensity of molecular pressure at ^ is Jf — -^j where 

R is the radius of curvature of the liquid surface at the 

lowest point of the surface at F (where the two radii jB, , 

i?2 are evidently equal), and the liquid must rise in the 

tube until the intensity of pressure due to the weight of the 

column FE added to this molecular intensity produces 

the intensity of pressure which exists along DE. If jt?Q is 

the intensity of atmospheric pressure^ and EFz= z^ the 

intensity of pressure inside the tube at the level E is 

k 
PQ-^-toz + K^r^; and the intensity of pressure along the 

plane surface DE is j»o + AT ; hence 

"=^ (^) 

determines the height to which the liquid rises in the 
tube. 

Let i be the angle of contact of the liquid with the tube 
and r = internal radius of tube ; then £ = r sec i, very 
nearly; hence j^^^^. 

z = , {%) 

and the weight of the liquid raised in the tube above E is 

Tirkao^i (3) 

Equation (a) shows that the heights to which the same 
liquid rises in capillary tubes of the same substance are 
inversely proportional to the diameters of the tubes. 

If the tube is such that the angle of contact is > -, the 

free surface within the tube is concave towards the liquid, 
and therefore the intensity of molecular pressure is greater 
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than at the plane surface BH. Hence the liquid must he 
depressed in the tube, as represented in BC^ and the amount 
of depression is calculated as above. 

76. Surface Tension of a Liquid. The amount of rise 
or fall of a liquid, under the action of gravity, in a capillaiy 
tube is usually calculated by means of the introduction 
of the notion of surface tension. The free surface of the 
liquid is considered to be in a state of tension resembling 
that of a stretched surface of indiarubber — with, however, 
this important difference, that, whereas the tension of the 
indiarubber surface increases if the sur&ce is further in- 
creased, the tension of the liquid surface remains absolutely 
constant whether the surface expands or contracts. 

Let ABCB, Fig. go,, represent a part of the bounding 
surface of a liquid ; let any line QPR be traced on it ; and 

along this line draw small 

D^ ? c lengths Qq, Fp, Br into the 

p^^ jj liquid and normal to the 

p// // surfiace. Consider now the 

- r ^B action exerted over the area 

Fig. 93. BrpqQP by the liquid at 

the right side on that at 
the left. 

One part of this action will consist of molecular attraction, 
towards the right ; and if the depth of the line qpr below 
QBE is nearly equal to € (Art. 68) or greater than c, 
another part of the action will consist of pressure, towards 
the left, in the lower parts of the area QqrB. K qpr 
instead of being at an infinitely small depth is at any finite 
depth, the molecular attraction exerted across any of the 
lower portions of the area QqrB is exactly balanced by the 
molecular pressure on such poi'tions. But if qpr is at 
a depth very much less than c, the molecular pressure 
(towards the left) on any part of the area QqrB is negligible, 
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and we may consider the portion of liquid at the right of 
the line QR as simply exerting a pull or tension on the 
portion at the left. Observe that on the line QVR itself 
the intensity of molecular pressure is zero, and that if qpr 
is at a distance infinitely less than c from QPjB, although 
the intensity of pressure on any portion of the area QqrR 
is infinitely small, the force of molecular attraction exerted 
across this area may be large. The value of the pressure 

depends on the force by a diferential relation -r- = 'i^F 

(see (2) of Art. 68), where F is the intensity of molecular 
force in the direction of the normal to the sur&ce of the 
liquid at any point, P ; and we know that at P, where 
F is greatest, m is zero. 

Hence at points of the imagined sur&ce QqrR of separa- 
tion which are infinitely near to the surface we are to 
imagine the stress to be merely tension ; at points whose 
distances from the surface become comparable with € we 
are to imagine this molecular pull, or attraction, as accom- 
panied by a contrary pressure ; and at points which are 
at and beyond the distance € from the surface, the molecular 
pull is balanced by the molecular pressure. 

Hence, however far the imagined surface QqrR extends 
into the liquid, the whole stress exerted on the liquid 
at the left by that at the right is confined to an action 
which terminates at a curve, qpr^ at the depth €, this 
action being a mixed one consisting of molecular attraction 
and an opposing molecular pressure which latter grows 
in intensity from zero at the sur&ce to a maximum value 
at the depth 6. 

At any point P on tie surface the amount of this stress 

(which is, on the whole, a tension) per unit length of the 

curve PQ is called the surface tension exerted across the curve 

PQ hy the liquid at the right on that at the left of PQ. 

z 
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It is obvious that the amoant of the stress per nnit 
length is the same across all carves drawn at F on the 
surface, and is normal to these curves. This is another 
point of difference between the surface tension of a liquid 
and the stress of an elastic membrane in general ; for> 
in the latter the stress exerted across any curve PQ at P i 
not, in general, normal to PQ, nor is it of constant magni- 
tude for all curves drawn in the membrane at P. 

Now, although it is obvious that, if we grant the 
existence of molecular forces, we must admit the existence 
of this mixed surface stress (i. e., within a layer of thickness 
€ at the surface) no such stress has explicitly presented 
itself in our investigation, by means of Virtual Work, 
of the conditions of equilibrium of the liquid. This fcct, 
however, involves no difficulty or contradiction; for, in 
taking the molecular actions exerted between all possible 
pairs of elements of mass, we are sure of having omitted no 
forces that act ; but in this way sur&ce tension (which is- 
obviously a resultant, and not a simple^ action) could not 
have specially presented itself. 

Knowing now of the existence of this stress, we can see 
why the terms in the expression for the Virtual Work 
of the molecular forces, (9), Art. 72, consist of constants 
multiplied by the changes of the areas S+Sl, and X2. 

For, if a sur&ce of area A is subject to a tension T which 
is the same at all points and of constant intensity in 
all directions round a point, the work done by the stress in 
an increase 5^ of the area is 

-T.bA. 

A liquid contained in a vessel, or resting as a drop 
on a table, is sometimes spoken of as having a 'skin' 
within which the liquid proper is contained. 

A drop of water hanging from the end of a tube and 



\ 
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ready to fall is spoken of as being contained in an * elastic 
bag.'* Of course, if the surface of the liquid is oxidised, 
contaminated by foreign particles of any kind, or in any 
way rendered diflferent from the liquid below the surface, 
we may, if we please, say that the pure liquid is contained 
within a surface which is not pure liquid ; but even such a 
contaminated surface is radically different &om an elastic 
bag, for the magnitude of the tension in a stretched bag 
increases with the stretch of the bag, whereas the tension 
of the bounding layer of the liquid does not. In no case — 
either that of a perfectly pure liquid or that of a liquid 
with an oxidised or contaminated surface — ^is there any 
skin or bag. In the case of a liquid with a pure surface 
there is no material thing at the surface which there is not 
everywhere else in the liquid ; and we must not imagine 
that, because we see a drop of water hanging, a globule of 
mercury lying on a table, or a column of water with a con- 
cave surface standing in a capillary tube above the level of 
the water outside, such conditions require bags for enclosing 
the liquids or skins by means of which to catch hold of 
them. We can assure ourselves that molecular forces, 
with special circumstances near the surface (owing to 
incomplete surrounding of molecules, &c.) will amply 
account for aU such forms of equilibrium. 

The height to which a liquid rises in a capillary tube 
may be calculated by the introduction of surface tension. 

For, in Fig. 93, let the tube ABSfA' have any form (not 
necessarily cylindrical) ; let / be the length of the curve of 
contact of the liquid surface at BS with the surface of the 
tube, let T be the surface tension of the liquid, and i 
the angle of contact with the tube. Then consider the 
equilibrium of the column in the tube above the level, OCx^ 
of the plane portion outside. 

We may suppose the layer of particles round the tube at 

z % 
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B which are in actaal contact with the tube as exerting 
the tension T per unit length of the curve I on the particles 
just outside them ; hence these supply an upward vertical 
force T/cos i on the column BOC/B^, If o- is the area of 
the cross-section of the tube, and z = height of B above 
0, the weight of the liquid \sw(rz. There is the downward 
atmospheric pressure, Pq o-, at B^ and an upward pressure at 
consisting of jDq ^ ^^<^ ^^ ^ molecular part, Ka^ and there 
is finally a downward molecular attraction exerted on those 
particles in the tube which stand on the area o- at 0(/ and 
are contained within the distance € &om a. 



V 





Fig. 93. 



Now this downward attraction is precisely equal to Kff 
(Art. 69), so that this force balances the upward pressure 
Jf cr, and we have for the equilibrium of the contamed 
column 7T7«^« «• **-/• 

1 f cos I = W(TZ, 

If the tube is cylindrical, 

a y cos a 



and we have 



z = 



wr 



as in (a), Art. 75. 
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k . 
It is obvious that - in the general equation (9), Art. 72, 

is T^ the surface tension. 

By taking any element of area of the curved surface 
-BFJB', the principal radii of curvature of this element being 
72} and R^^ and considering the equilibrium of the vertical 
cylinder described round the contour of this element, we 
at once deduce (i) of Art. 74; for, if dS is the area of 
the element, the component, along its normal, of the surface 

tension all round dS is T (^ + ^-) dS, and the vertical 

component of this is T (^^ + -»") ^^j if rfo* is the horizontal 

^-ftj It/ 

projection of dS\ also the weight of the column is wzda ; 

therefore j ^ 

Let the capillary tube be replaced by two very close 
parallel vertical plates, AB^ A'B^. 

Then, considering the equilibrium of the column BOC/B^ 
of unit thickness perpendicular to the plane of the figure, 

we have %Tcosi^wzd, 

where d is the distance OCX between the plates ; hence 

2 Tcos i 



z = 



wd 



which shows that the liquid rises twice as high in a 
cylindrical tube as between two parallel plates whose 
distance is equal to the diameter of the tube. 

The existence of surface tension in a liquid may be shown 
experimentally in many ways, of which we select two. 
Take a rectangle formed of brass strips or wires, AB^ BC^ 
CBj and HF (Fig. 94) of which the first three form one 
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rigid piece, while the last, MF, is capable of eliding up and 
down on the bars AB and DC, The space, ahcd, enclosed 
by the bars being vacant, dip 
the syetein into a solntion of 
soap in water, thus fonning 
a film (represented by the 
shading) in this space. 'Hiis 
film attaches itself to all the 
bars ; and if the moveable bu 
EF is not restrained by the 
p. hand, it will be drawn along 

the others by the film until it 
reaches BC. If the system is held in a vertical plane, 
EF being below BC, the former will be ra^ed, in oppodtioD 
to gravity, if it is not too heavy. 

As a second example, take a circular brass wire, A, 
Pig. 95, dip it into the soap solution, thus covering its area 
on withdransl 
with a thin film 
(represented by 
theshading); then 
form a loop of a 
piece of thread 
and place itgent^ 
on the surface of 
the film. This 
loop is represented 
by ab. Now per- 
forate the film inside the loop by a pin, and we shall 
see the loop of thread instantly drawn oat into a cireki 
c, by the contmcting film. By the formation of this 
circle the area of the remaining film is the least that it can 
bo — a result which is necessary because, the virtual work 
of the tension being 2'S^, the static enei^ of the fihn 




Fijt. 95- 
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is proportional to its area, and every material system which 
is subject to given conditions assumes as a configuration of 
stable equilibrium one in which the static energy of its 
forces is least. 

The following table, taken from Everett's Units and 
Physical Constants^ gives the values of a few sur&ce tensions 
in dynes per linear centimetre at the temperature 20° C : 



■ 


Tension of surface separating 
the liquid from 


Air 


Water 


Mercury 


Water 


81 





418 


Mercury 


540 


418 





Bisulphide of Carbon 


321 


41-75 


37-5 


Alcohol 


^^'S 




399 


OHveOil 


369 


20-56 


336 


Petroleum 


317 


27.8 - 


284 



from which it is seen how large the surface tension is for 
mercury as compared with other liquids. 

77. Two Liquids and a Solid. To illustrate further 
the application of the principle of Virtual Work, take the 
ease in which two liquids, w^ vf (Fig. 96), are in contact 
with each other over a surface A and with a solid body. 
The liquid w is contained within the space represented by 
ABDCy and the second within CBJffJ!. Let 8 be the 
area of the free surface of the first, and 12 the area of 
the solid in contact with this liquid ; and S and Ql be the 
corresponding things for the second liquid. 

Then, exactly as in Art. 7:^, the Virtual Work of all 
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the forces acting will reduce to the sum of terms relating 
to the bounding sur&ces alone; and since the whole 
bounding surface of the liquid w is 5+ A + 12, the virtual 
work of its own molecular. forces will give the term 

--8(iS+A + 12); 
and we see that the equation of virtual work is 

+ /8A+/Lt5X2+/x'5f2'= o, (i) 

where the term lb A. relates to the molecular forces exerted 

at the sur&ce A between par- 
ticles of w and particles oifD'\ 
and iihSl relates to the forces 
between the particles of the 
liquid w and the solid. 

Now, denoting by 6», hn' 
elements of normals at points 
on 8, ^ drawn outwards &om 
the liquids ; hv an element of 
normal of A drawn outwards from 
the liquid w\ ^co an element of 
X2 at the intersection of 8 and Q. 
^ ' (as in Art. 7a), ^V^ an element 

of SI at the intersection of 12 and A ; duf an element of Q! 

at the intersection of Of and S^j and by d, x> ^ ^'^ 

angles of contact with the solid at 8^ A, 8\ we have, 

exactly as shown in Art. 7 a, 

8i2 = J* ddi — / d>^^ 




Fig. 96. 
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hS = j {^ + ^-) bndS-^f cos Odo), 

8A= f(— + — )bvd A +/ COS x^'ky 

h/Vdm^f rUdS^-f FbvdA, 
8/ rdm'= / rin'dS^f rivdA, 

where pj, p^ are the principal radii of curvature at any 
point on A. 

To the leffc-hand side of (i) must be added the terms 

hfhndS-^hf/hn'dSr + hf'fhvd Ay 

which axe rendered necessary by the constancy of the 
volumes of the liquids in the supposed displacement of the 
system. 

As before, the coefficients of 8», 8y, hnf must each be 
zero, as also the coefficients of the terms relating to ^oi, 
dia\ and ^\/f. Hence, for example, we have the equation 

at all points of 8^ and similar equations at all points of 8^ 
and A ; and at all points of meeting of 8 and 12 

k 

- (i +cos^)— /Lt = o, 

which proves the constancy of the angle of contact at such 
points ; a similar result holding for 8^ and Sl\ while the 
terms relating to rf^ give 

(^— ^'— a/)cosx = 2(iui— fi')— ^— ^, 



346 Hydrostatics and Elementary Hydrokinetics. 

which proves the constancy of the angle of contact between 
the solid and the common surface of the liquids. 

78. Drop of Liquid on another Liquid. Let Fig. 97 
represent a drop of one liquid resting on the surface 
of another, the area of contact being A, the free surface of 
the drop being S and that of the supporting liquid & 

If the sides of the vessel in which this liquid is contained 
are very distant from the drop, in considering a small 
deformation of the system and applying the equation (i). 
Art. 77, of Virtual Work, we may neglect terms relating to 
12 ; so that the equation is 

8/ Vdm^hf V'dm'-- b (5+ A)- ^ 8 {S' + A) + lbA 

= 0. (I) 




Fig. 97, 

This equation will, as has already been seen, give equa- 
tions satisfied at all points of 5, y. A, as well as equations 
relating to their common bounding curve. Considering 
merely the latter for the present, we may take 

-^8(5+A)--8(y+A)+/8A = o, . . (2) 

in which the variations of the surfaces are only those 
portions at their common boundary curve ; or 



or again 
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^854- 1 55'+ (^'-0^^ = ^^ • • (3) 



Ths-{-rh8r-{-r'h\^o, .... (4) 



where T, y, T^ are the surface tensions in the surfaces 
S, y, A. 

Now when any surface 2 having for bounding edge 
a curve C receives a very small deformation whereby it 
becomes a surface 2' having for bounding edge a curve (7, 
the Calculus of Variations leads (see Arts. 72 and 73) to the 
result that the variation 2'— 2 is obtained by drawing 
normals to 2 all round the contour C^ these normals being 
terminated by 2' and enclosing a sur&ce X2 on 2', and then 
adding to 12— 2 a linear integral taken all along the cm*ve 
C, the elements of this linear integral involving the dis- 
placements of points on C to their new positions on C 
The term X2- 2 is 



fii-'i)'^''' 



while the term given by the line-integral along C is (8) 
of Alt. 73. 

Now take the case in which the figure of the drop 
and that of its submerged part are surfaces of revolution 
round the axis of z^ and suppose Fig. 97 to represent the 
section of it made by the plane xz. Also let the displa<5e- 
roent of the point P be confined to the plane (pz, and let its 
components be 11, to. Hence in (8) of Art. 73 we are 
to put ^ = o, r = o, and the terms of the linear integral 
which relate to the displacement of P are 
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where dy relates to P and a point on the curve (a circle) 
which is the common bounding edge of the surfaces /S, S', A, 
this circle being represented in projection on the plane 
of the figure by the right Kne OP. We may, then, 
omit dy ; and the terms in (4) given by the three surfSuse 
tensions axe 

Now u and w are quite arbitrary and independent, 
and the coefficient of every independent displacement 
for each point involved in the line-integral must be zero. 
Hence y jk jk/ 

Tp T'p' T'p" 

But if the tangent line to 8 in the plane of the figure 
makes the angle ^ with the axis of x^ we have 

= sin ^ and - = cos Q ; 

similarly for the tangent lines to S and A ; so that these 
become T^\x,Q^-r sin 0' + V sin ^ = o, 

y cos (9 + r cos ^ + T" cos d"= o, 

which plainly assert that three forces, T^ T\ T^ supposed 
acting along the tangents in the senses represented have no 
residtant ; in other words, if a plane triangle is formed 
by three lines proportional to the surface tensions, the 
directions of the distinct surfaces of the two liquids and 
that of their common surface of contact are parallel to the 
sides of this triangle. 
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Hence equilibrium of the drop is impossible unless each 
surface tension is less than the sum of the other two. 

79. Liqidd under no external forces. When a mass 
of liquid is in equilibrium under its own molecular forces 
only, its surface can assume several forms. In this case (19) 
of Art. 7 a gives as the equation of the surface 



III 



R^ -Bj 



(I) 



where a is a constant lengiih 

We shall confine our attention to surfaces which are 
of revolution, and we shall suppose the axis of revolution to 
be taken as axis of x. 

Now if at any point, P, of the revolving curve (Fig. 98) 
or meridian^ PBE^ 
which by revolu- 
tion round the axis 
AB generates the 
surface, p is the 
radius of curvature 
and n is the length, 
P», of the normal 
terminated by the 

axis of revolution, the principal radii of curvature of the 
surface generated are p and », so that (i) becomes 




Fig. 98. 



I I _ I 
p n'^ a' 



(*) 



Now let the tangent at P make the angle with the 

axis of a?, and let ds be an element of arc measured 

da 
along the curve from P towards D ; then p = — — , and 

n = y sec ^ ; hence (a) becomes 

do co^O 1 
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or, since -7- = sin ^ -^ , 
09 ay 

i.^(ycoflfl) = i, (4) 

.-. ycosd = |^+i, (5) 

where ^ is a constant. 

We may observe that if the constant — is zero, (1) gives 

as the property of the surface of the fluid that at every 
point the two principal radii are equal and opposite; 
the two principal sections have their concavities turned 
in opposite directions. If the surface is one of revolution, 
this property at once identifies it with the sur&ce generated 
by the revolution of a catenary round its directrix, and the 
surface is called a catenoid. 

Before proceeding to integrate (5), we can show that 
all the curves satisfying it are generated by causing conic 
sections to roll, without sliding, along the axis AB : the 
curves satisfying (5) are the loci traced out by the foci of 
these rolling conies. For, if Pn = «, (5) gives 

Now if p is the perpendicular from the focus of an ellipse 
on the tangent at any point, and r the distance of this 
point from the focus, we have 

a and h being the semiaxes. Comparing (7) with (6), we 
see that P in Kg. 98 is the focus of an ellipse touching AB 
at «, the semiaxes being a and V%ahy and this ellipse 
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is therefore invariable whatever be the position of P on the 
meridian. The locus of P when the rolling conic is an 
ellipse is called the unduloid, and is the locus PDE actually 
represented in the figure. 

If the rolling conic is a parabola, the locus of the focus 
is a catenary, which gives by revolution the catenoid. 

If the rolling conic is a hyperbola, the locus is a curve 

having a series of loops, and the surface which it generates 

is called a nodoid. 

dy 
Since tan 0= -j-y we have from (5) 

^ = + , .y^+2a>i 

= + , ^ dy . . (9) 

= + , -^ ^ ,dy, (10) 

by putting a^ + ^S^ = ^aJ^—^ah^ and 0?^^ = ^a^t? ; so that 
a and j3 are the greatest and least values of the ordinate. 

Equation (10) is best integrated by expressing y, and 
therefore ^, in terms of a variable angle ^ ; thus, let 

/. y = a >/i— ii^sin^^ (la) 

qS _ ^2 ^ 

where ^^= — i — . This gives, if A <^ = -v/i — ^ sin^0, 



d» 



= {«^(*)±^p* <'3) 



When = o, y = a, and when ^ = - , y =i3 ; so that if 
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B and Tl are the points of maximum and minimum ordinate, 
all points between them on the curve are given by values of 

<f» between o and — • 

In the common notation of elliptic integrals 

jr*A (*) d^=E{<\>\ f* ^^ = F{<t>), . . (14) 

therefore we have the abscissa and ordinate of every point 
on the curve expressed in terms of the variable <^ by 
the equations ^ ^ ^^(^^^^^(^^ (,5) 

y=aA(0) (16) 

In the unduloid the tangent can never be parallel to the 

axis of y, i. e., -T- can never be zero, so that in (lo) the sign 

+ in the numerator belongs to this curve, and therefore in 
(15) the signs + belong, respectively, to the unduloid and 
the nodoid. 

In the unduloid ^-« = o when tan <b = (-^ , or v= ^/a^i 

and this gives the point of inflexion on the curve. 

If s is the length of the arc between D and any point P, 
we have * = (a + /3) </>. 

"When a = )3, the surface generated becomes a cylinder. 

When a is very slightly greater than j8, the generating 
curve becomes, approximately, a curve qf&ines. 

The case of a liquid unacted upon by any external forces 
was realised by M. Plateau by inserting a drop of olive oil 
in a mixture of water and alcohol arranged so as to have 
the same specific gravity as the oil. By seizing this drop 
between two wires in the shapes of any closed curves, or by 
allowing it to form round a solid of any shape held in 
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the water-alcohol mixture, we can ohtain a large number of 
liquid sur&ces each satisfying the common equation (i) of 
such surfaces. 

We shall subsequently see that the same surfiices can be 
produced by means of soap-bubbles instead of large masses 
of liquids. 

A full account of all such experiments will be found in 
Plateau's celebrated work, Staiique Experimentale et ThSorique 
des Liquides soumia aux seules Forces Moleculairea. 

80. Iiiquid imder action of Gravity. Taking now 
the case in which the only external force is gravity, 
the equation of its surface is of the form 

1 I _ z—h . 

ifl^'^S;""^' ...... (I) 

where h and a are constant lengths, and z is the height of 
any point on the surface above a fixed horizontal plane ; 

T 
also a^= —> where Tis the surface tension. 
w 

We shall begin by investigating the form of the surface 
of a liquid in contact with a broad vertical plane, or wall. 

Let this plane be supposed normal to the plane of the 
paper, and let Fig. 93 represent the section of the plane and 
the liquid surfece made by the plane of the paper (supposed 
also vertical), this section being fe.r removed from the edges 
of the immersed vertical plane BAO, Of the two principal 
radii of curvature of the liquid surface at any point P one 
will be infinite, since one principal section at P is the right 
line through P perpendicular to the plane of the paper, and 
the other will be p, the radius of curvature of the curve 
IPC. 

Taking the axis of x horizontal and the axis of j^ vertical, 
we replace z\n{i)hj y^ and the equation becomes 

p" a^' ^^^ 

A a 
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which shows that the curve APC belongs to the class of 
elastic curves^ i. e., those formed by a thin elastic rod which 
when free from strain was straight, but under the action 
of terminal pressures is bent. (See Statics^ vol. ii., Art 
306.) 

Since at a considerable distance from the wall the sur&ce 
is plane and p = 00, we see that if we measure y from the 
level the plane portion, the equation is 

Py = ^^ (3) 

Let Ox be the plane level, which is now taken as 
axis of a;. 

nil 

Putting pz=:^^ which in the figure is — the tangent of 
the inclination of the tangent at P to the axis of a?, we have 

dp 

and a first integral of (3) gives 

—a y2 

where C is a constant. Since jo = o when y = o, C = — 2, 
and then we have 

yj;^^ .dy=±dx (5) 

Putting y = 2 a sijKp, (6) 

we have / i . n , . due , . 

^sm <p '^ a 

Now if the angle of contact is acute (as represented 
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in the figure), -^ can never vanish, and -j- is contdnuously 

negative. Hence y is always < a -/a, and the negative 
sign in (5) is the one to be used. In this case the integral 

= acos^ + log^tan— (8) 

This shows that the plane sui&ce of the liquid is' in 
reality asymptotic to the curve JJPC, because when = o, 
a? = oc. 

If the angfle of contact is zero, we have -r- = 00 at -4, 

^^ ax ' 

.\ y z=, a s/t, = OA. 

If i is the angle of contact, ^ = — cot i at -4, and we 

havefix)m(4) 0^ = ^^^(i-sini), (9) 



yy/^(l-sini), .... (10) 



which determines the height to which the liquid rises 
against the plate ; and, if i is known, by measuring this 
height the surface tension T can be found. 

The equation (3) can be immediately deduced by elemen- 
tary principles from the notion of surfece tension. For, 
let Q be a point on the curve indefinitely near P ; draw 
the ordinates Fm^ Qn^ and consider the equilibrium of 
the prism 6f liquid PmnQ of unit breadth perpendicular 
to the plane of the paper. We may consider this prism as 
kept in equilibrium by the surface tensions, each equal 
to T, at P and Q, and its weight, the atmospheric pressure 
cancelling at the top and bottom. Now the vertical upward 
component of I' at P is f sin 0, and the vertical component 

at Q is Tem$ + ds. j- (Tsin $) ; hence 

A a 2 
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-, ^dO dx 

T 

P 

since p = — — , and cos d = -^ • This equation is the 

T 
same as (^), since — = a^. 

The integration of (3) may be effected in another way 
which gives the intrinsic equation of the curve. It can be 
written j^ ,. 

-f* = 4' ('') 

a» a^ 

(Pe I dy I . I ^ 

Now — = -J- = o when d = o, therefore C = -g' ^^ 

we have rfd a . ^ .,x 

3- = sin - J (14; 

da a 1 

.-. log^tan-= — -- + c;, 

where C is a constant. Now at A we have d = — *> 
therefore 

tan - = <? " tan (g - -) . . . (15) 
is the intrinsic equation of the curve. 
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Pass now to the case in which two large parallel vertical 
plates, BO^ JB'O' (Fig. 93), are immersed, very close together 
in a liquid. Let BVff be the curve in which the liquid 
surface between them is intersected by the plane of the 
figure, V being the lowest point, or vertex, of the curve. 

One of the principal radii of curvature at every point, /?, 
of this sur&ce is still 00, and the other is p, the radius 
of curvature of the curve BVB^ at the point. Hence, 
measuring the height of p above the plane surface Ox, 
we have still. py =^ a^ * 

and if ^ is the inclination of the tangent at J9 to the 
horizon and s =z Fp^ 

ds » ^ dy 

therefore d^O ^ sin 

d^ "" a? 

do J% rj^ — f ^. 

.'. -7-= — vC— cos(?, . . . (16) 
as a ^ ^ 

where C is a constant. Hence 



^ = aV2 \/C— cosd; .... (17) 
and if A is the height of F above 0(/, 



= aV2 VC-i (18) 

An approximate value of i has been already found 
(p. 341). If the abscissa of;? with reference to Fas origin 

is a, we have -7- = cos ^ ; therefore 

ds 

a C0& do , . 

dx=--^ (19) 

V2 vC— cosd 
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Substituting for C in terms of ^ from (18), we have 

- a cos do . X 

The value of x can be expressed in terms of the oidinaiy 
elliptic integrals by putting ^ = w— 2<^. If then we put 

h^— — o — T«, so that >fe is < i, we have 



where, as usual, A (</>)= v^i — F sin^ </>. The limits of ^ 
being o and i, where i is the angle of contact, those of 

are — and — I- - • The figure supposes the angle of 

contact to be acute, as when water rises between two glass 
plates ; if it is obtuse, as when mercury is depressed 
between two glass plates, the discussion proceeds in the 
same manner. 

Two plates close together in a liquid move towards each 
other, as if by attraction, whether the liquid rises or is 
depressed between them — as was first explained by Laplace. 
In all such cases of approach between bodies floating on 
a liquid the result is due to an excess of pressure on their 
* backs, or remote faces, over the pressure on their adjacent 
faces. Thus, on the plate OB above B the intensity 
of pressure is the same on both sides, being that <of the 
atmosphere ; also below the intensities are the same, and 
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again at both sides of 0A\ bat between A and B the 
intensity of pressure on the left side is that of the atmo- 
sphere while en the right it is less. For if on the surface 
AB between A and jB we take any point iZ, at a height z 
above Oa?, the intensity of pressure exerted by the liquid on 
the plane is Pq—ivz, where /?q = atmospheric intensity, 
since it has been shown in Art. 70 that the intrinsic 
pressure K disappears. Hence the total pressure on the 
plane AB from left to right is less than that &om right to 
left ; and similarly for A'B^ ; therefore the planes approach. 
The same result follows if (as in Fig. 90) the liquid is 
depressed between both planes. 

But if the liquid rises in contact with one plane and 
is depressed in contact with the other, the two plates 
are urged away from each other. 

Suppose the liquid to rise in contact with the plate AB 
(Fig. 99) and to fall in contact with the plate A'B^ ; then 
the level of the liquid 
at the left of the first 
must be higher than 
that at the right ; and 
the depression of the 
liquid at the right of 
the second plate is 
greater than at the left. 
Evidently, then, the 
portion AB of the first 
plate experiences an ex- 
cess of pressure towards 

the left, while, the pressure at the left of B'A' being 
greater than that of the atmosphere, the second plate 
experiences an excess of pressure towards the right. Thus 
the plates move away from each other. 

This can be shown experimentally by placing on the 




Fig. 99. 
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surface of water two small pieces of cork, one of which 
is clean and the other greased. 

Next, taking the case in which a liquid rises inside 
a narrow vertical cylindrical tube, the free sur&ce of 
the liquid inside the tube will be one of revolution; 
and if j^ is measured from the line Ox^ which is the 
level of the plane sur&ce, the equation of the sur&ce 
of the liquid is 1 1 v 

-+-=S' (23) 

p n Or ^ 

where p is the radius of curvature of the meridian at any 
point, and n the length of the normal between this point 
and the axis of the tube. 

If the horizontal line through the lowest point, T, 
of the meridian (Fig. 93) is taken as axis of ^, the equation 
becomes 

I I ^ + V , V 

and if we put -zr- and for - and — , this becomes 

^ as X p n 

^55(^^°^) = ^ (^5) 

This equation cannot be integrated accurately ; but 
an approximate solution can be obtained by the following 
method, which is, in principle, the same as that employed 
by Laplace (Supplement to Book X of the Mecanique 
Celeste), 

Take a circle having its centre on the vertical through V 
and having a radius c ; and let us determine this circle 
m such a way that its ordinate (for any abscissa) diflfers 
very little from the ordinate of the point, ;?, on the curve 
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of the liquid which has the same abscissa. The ordinate of 
the circle is given by the equation 



so that for any point on the curve we have 

y = j-.y^2Z^^^^ ^26) 

where C is a very small quantity. This gives 

/ = , =r + -^ > (27) 

dx ^c^^ay^ dx ^ '^ 

.-. 0? sm ^ = — + -^-^ — - ^ > . . . . (28) 

c (^ dx ^ 

neglecting the square of -1- • Hence (25) becomes 



d ix^ X (<?—x^)^dC\ _hX'\'Xy 
dx\c c^ dx) ~ a^ 



k+b-Vc^--x^ 



a" 



.X, (29) 



by neglecting C ^^ the value of y. Integrating between 
a? = o and x = x, 

^ x{c^-'X^)i dC_ {A + b)a^ {c^-x^f c^ .. 
7"*" c^ dx" 2a^ "^ 3a- 3a'' ^^ ^ 



dC_ A + i __ i\ g'^^ 
■ * dx^ ^ 2a^ ^ chr^^ 



(c2-^)^ 



C^ 0^ 



Sa^x 3a2 rc{c^-x^y 



(31) 
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yi + J 



. /■—( "^ I C\ c 



c8 



+ ^log,(c+y^S3P) + C, (3a) 

where C is a constant to be determined. 

Now this equation would make C = ^ when a? = c, 
which would, of course, be absurd. Hence we must have 

-^ — ^ = ° (33) 

Again, y = o when a? = o, /. J— c + f = o at F, and 
(32) becomes 

C=''-* + ^log. ^^ . • . -(34) 

so that from (26) 



c 



^ , c+ Vc^—op^ 



y = c-y^-^+^log, ^^^ , . .(35) 

which is the approximate equation of the curve when c is 
known. Now we know that at the points B^ Jff^ of contact 

with the tube -7^ = cot i, and therefore if r is the radius of 

ax 

the tube. 



which determines c ; and i is then known &om (33). 

As a first approximation, (36) gives c = r sec i from 
which, more accurately, 

.( r* sin2i(i— sini)) , v 

e? = / sec ^ 4i s >— T-. ^V . . . (37) 

( 3^2 cos*^ ) ^^'^ 
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Finally, take the case in which liquid is contained 
between two vertical plates which make with each other 
a very small angle. Let the plates be AyOx^ A'yOaf 
(Fig. too), intersecting in the vertical line Oy^ and making 
with each other the very small angle €, or xOx\ Let the 
curves in which the liquid surface intersects the plates 
be yPQx^ yPQW. It is required to find the nature of 
these curves. 

Take any two indefinitely near points, P, Q, on one 
curve ; let the corresponding points on the other be P', Q', 
the lines PP'^ QQ' being normal to 
the plates and in the liquid surface ; 
draw the ordinates Pm^ Qn, &c.,and 
consider the separate equilibrium of 
the small prism PQ^m. 

If Pm = y, Om = a?, the weight 
of this prism is ^wxydx^ where 
mn = dx^ and it is balanced by Jr— -— ^/ 
surface tension round the contour 
PQQ'P'. Let T be the surface ^^g- '°<>- 

tension, and 6 the inclination of 
the tangent to the curve PQ at P to Ox, 

Then the amount of tension on PP is T. ex, and its 
vertical component is ^TxsinS; therefore the vertical 
component of the tension on QQ' is 

cTxeme + eT-^ ^- dx. 

ax 

Also the tension on PQ acts in the' tangent plane to 
the liquid surface and at right angles to the line PQ. Now 
if i is the angle of contact (i e., the angle between this 
tangent plane and the plate yOx\ we easily find that 
the direction-cosines of the tangent plane are proportional 
to sin 6^ cos ^, cot i, while those of the line PQ are cos ^, 
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— sin ^, o. Hence the direction-cosines of the line of action 
of the tension on PQ are sin cos i, cos 8 cos i, sin i ; and 
if PQ = ds, the vertical component of the tension is 
Tds . cos cos i, or Tcosi . dx ; while the tension on P'Q' 
gives the same amount. Hence for the equilibrium of 
the prism we have 

2Tcosi = ,wxf, + ,T ^^''^^\ . . .(38) 

which shows that the second term on the right-hand side 
is of the order c^. 

Neglecting it in comparison with the first, we have for 
the approximate equation of the curve 

ay^——=——, . . . .(39) 

T 
where, as previously, a^ = - • 

The curve is, then, approximately a rectangular hyperbola 
— a result which is commonly assumed in virtue of the fact 
that the elevation of a liquid between two parallel close 
plates varies inversely as the distance between them. 

81. Liquid Films. The forms which can be assumed by 
the surface of a liquid which is under the influence of none 
but molecular forces can be produced by means of thin 
films of liquid, such as soap-bubbles. Imagine a thin film 
of liquid in contact with air at both sides of its surfece, 
the intensity of pressure of the air being, in general, 
difierent on these sides. 

Let AJBCD, Fig. 10 1, be a portion of such a film ; let P 
be any point on its surface ; let PQ, PS be elements of the 
arcs of the two principal sections of the surface at P ; at Q 
and S draw the two principal sections QR and SJR, Thus 
we determine a small area PQRS on the sur&ce* 



Molecular Forces and Capillarity. 



365 



Let the normals to the surface at P and 8 intersect 
in Cgj *^^ those at P and Q in 6\. Then PCy^ = 5^, 
PC^ = ^2> where jRi, R^ 
are the principal radii of 
curvature of the surface at P. 

Let Pq=^d9^yP8z:zds^, 
p = intensity of air pressure 
on the lower or concave side 
of the surface at P, and 
jOq = intensity of air pressure 
on the convex side. Then 
{p-'jp^ds^ds^ is the result- 
ant air pressure on the area 
PQR8 in the sense C^P; 
and for the equilibrium of 

the element this must be equal to the component of force 
in the sense PC, given by the surface tension exerted on 
the contour of the element, assuming that the film is so 
thin that the action of gravity is negligible. Now if 
T is the tension per unit length along P/S, the whole tension 
on P8 (which acts at its middle point perpendicularly to 
PS) is T.ds^, and the component of this along the normal 

to the surface is Tds^ . sin — ^ — , or Tds^ , ^ 




-, . The ten- 

sion on QR gives a component of the same magnitude; 

. T 
hence the sum of these is p- ds^ efeg ; similarly the sum 

of the normal components of the tensions acting on the 

T 

sides PQ and SR is -p- ds^^ ds^ ; so that the normal compo- 

nent of the tension acting on the whole contour PQR8 is 



^(^■*-^)^*i^*s 



(0 
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If the thickness of the film exceeds 2 6, where 6 is the 
radius of molecular activity, there will be sur&ce tension 
exerted both at the upper and at the under side of the 
surface, this action being confined (as explained in Art. 76) 
to a layer of thickness € at each of these sides ; so that 
we must replace T m (i) by a T, and the equation of 
equilibrium is 

Hence, since p and p^ are the same at all points of 
the film, the equation of its surface is 

i + ^^ = eonst., (3) 

and the forms of these films are the same as those of 
the surfSskce of a liquid which is not acted upon by any 
external force, i.e., the shapes of thin films are the 
same as those of drops of oil in the water-alcohol mixtnie 
of Plateau (see p. 35 a). 

The equation (a) can be otherwise deduced without 
considering the separate equilibrium of an element of 
the film. For, the intensity of pressure at any point 
inside the film (beyond the depth e) due to the convex side 

isj»o + Jr+T(p- + ■^) ; and the intensity of pressure at 

the same point due to the inner, or concave, side is 



p^^-^(i:+k) 



Equating these, we have (a). 

For a spherical bubble 5^ = iZg = ^'j 



••• AT^{p-pQ)r, (4) 
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which shows that for all sizes of the bubbly the product 
{p^Po)r remains constant. 

One possible shape of the babble is that of a cylinder 
closed by two spherical ends. If r is the radius of the 
cylinder, / that of each end, we have 

— =i^-i^o> 

4T 

-y- = p-Po, 

.-. / = ar. 



CHAPTEE IX. 

STEADY MOTION UNDEB THE ACTION OP GBAVITY. 

82. Steady Motion. When a fluid is in motion and 
we conBne our attention to any point, P, in the space 
through which the fluid moves, it will be readily under- 
stood that the magnitude and direction of the velocity 
of the molecule which is passing through P at any instant 
may not be the same as the magnitude and direction of the 
velocity of the molecule which is passing through P at any 
other instant. If these should be the same at all instants, 
and if a like state of affairs prevails at all other points, 
the motion is said to be steady. 

It is obvious, for example, that if a vessel is filled from a 
large reservoir of water, so that it is kept constantly ftill, 
while the liquid is allowed to flow out from an aperture 
made anywhere in the vessel, the motion at any fixed point 
in the vessel will be the same at all times. 

83. Methods of Euler and Lagrange. It is at once 
obvious that the problem of the motion of a fluid acted 
upon by given forces may be attacked by two different 
methods. For, firstly, we may make it our aim to discover 
the condition of things — i. e., the magnitude and direction 
of the resultant velocity, and the pressure intensity — at 
each point, P, in space at any instant of time and at 
all times, and to do the same for all other points in the 
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space through which the fluid moves, and thus, as it were, 
to obtain a map of the whole region — or a series of maps, 
if the motion is not steady — exhibiting the circumstances 
at each point as regards velocity and pressure- 

Or, secondly, we may make it our aim to trace the path, 
and other circumstances, of each individual molecule through- 
out its whole motion. 

The second object is much more difiicult of attainment 
than the first, and, moreover, is not generally so desirable. 

The first method is sometimes called the statistical^ or 
the method of Euler; the second the historical^ or the 
method of Lagrange. 

84. Mow through a tube ; work of gravity. Suppose 
a column of water to occupy at any instant a length AB oi 
a straight vertical tube of 
uniform cross-section, and let 
the end B of the tube be 
open. 

If in a small element, A ^, 
of time a mass, A m^ of water 
flows out, what is the work 
done by gravity on the water 
during this interval ? 

Divide the tube by a series 
of very close horizontal planes, 
P, Q, jB,... into sections such 

that the mass included between each adjacent pair is ^m. 
If A « is the distance between the middle points of suc- 
cessive layers, PQ, QR^ &c., while Atw flows out the middle 
point of each layer will fall through the height A*, and 
the work done by the weight of this layer will be 

ditn . A« or ^Am. As, 

according as we use gravitation or absolute measure of 

B b 




Fig. 102. 



370 Hydrostatics and Elementary Hydrokineties, 

force. (If mass is measured in pounds and length in feet, 
the first expression gives the work in foot-ponnds' weight, 
the second in foot-poundals.) If we use the first, the work 
is 2 A;» . A«, which can be written in either of the forms 

Aw (A*4- A/+ A«"+ .. .), 
(Am + A7»' + Am"+...) A*, 

in which, of course, the successive distances A*, A/, A/',.- 
are all equal, and the successive weights Am, ^m\ Afnf\... 
are also all equal. 
Hence the work is 

or Mx A*, 

where M is the weight of the whole column. 

The first expression shows that the work done is the same 
as if the mass A yri which flows out at B fell through the 
height AB of the column. 

Precisely the same result holds if the shape of the tube 
is that represented in the right-hand figure. Let it be 
divided by close horizontal planes in the same manner 
as before. If now A^ is the vertical distance between the 
middle point of the layer, PQ, and the middle point of 
the next layer, QR^ the work done in the descent of the 
first layer into the position of the second is Am, A z, so 
that the work done by gravity on the whole tube of liquid 
while the quantity Am flows out at i) is 

Amxz 

in gravitation units, where z is the difference of level of 
the ends C and B. 

This is again the same as the work of carrying Am from 
CtoB. 




Fig. T03. 
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85. Stream Lines. The actual path of a particle of 
a moving fluid is called a stream line. If at any point, Ay 
Kg. 103, we describe a very 
small closed curve and at each 
point on the contour of this 
curve we draw the stream Kne, 
such as APy and produce it in- 
definitely, we obtain a stream 
tube. When the fluid is a 
liquid, the mass contained be- 
tween the normal sections of a 
tube at any two points, A^ P, 
must always be the same ; and 
therefore the same mass of fluid 
crosses every normal section of the tube per unit of time. 
Hence if v is the resultant velocity of the liquid at P and 
<r the area of the cross-section of the tube, the product 

is constant all along the tube. 

86. Theorem of Daniel Bernoulli. Consider at any 
instant the liquid contained in the stream tube between the 
normal sections at A and P, and suppose this liquid to 
occupy the volume A'P at the end of an infinitesimal 
element of time; let t?Q,jOQ, (Tq be the velocity, pressure 
intensity, and cross-section of the tube at A ; let v, ;?, o- be 
the same things at P ; let z^ and z be the depths of A and P 
below any fixed horizontal plane ; let A^q ^ ^^ distance 
between the cross-sections at A and A\ As being that 
between those at P and P' ; and let w = weight per unit 
volume of the liquid. 

Now apply the equation of work and kinetic energy 
to the mass of liquid between A and P in the tube. The 
gain of kinetic energy in the small motion considered is 
kinetic energy of ii^'P'— kinetic energy of AP, 

B b a 
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in which, as the motion is steady, the kinetic energy 
of the portion A'F is common to the two terms, and there- 
fore disappears. Hence the gain of kinetic energy is 

that of PP'- that of AA\ 

or Am ^ 9 (i) 

where Am = weight of PI^= weight of AA^. 

The external forces doing work on the column of liquid 
considered are 

gravity, the pressure at A, the pressure at P. 

The work of gravity is 

A«^.(^-2'o), (2) 

by Art. 84. 

The pressure at A is /^qO-q, and its work =^0^0"^. A*©; 
the pressure at P is ;? o-, and its work = — j?<7 . As, Hence 
the work of the pressure is 

--^'(P-Po)^ (3) 

since a . As = o-q. ASq^i.g,, the volume PP'= the volume 

w 
Equating (1) to the sum of (2) and (3), we have 

^ + ^_.=^! + ^o .... (4) 

in other words, since A and P are any two points along 
the stream line, 

^ + ^-.= C (5) 

ig w 
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at every point of the stream line, C being a constant for 
the stream line chosen ; but this constant may have 
different values as we pass from one stream line to another. 

This result is the theorem of D. Bernoulli. 

If at P we draw a vertical line, PQ, of such length that 

the height PQ is called the pressure head at P. If also QR 
is drawn vertically of such length that 

QR is called the velocity head at P. Let AB be the 
pressure head and BN the velocity head at A. Then (4) 

where AL =: z — Zq and is the perpendicular from A on the 
horizontal plane through P. 

Since PL is horizontal, it follows that RN is horizontal 
Hence the theorem of Bernoulli may be expressed in these 
words : if at each point along a stream line there he dravm a 
vertical line whose length = the pressure head + the velocity 
head at the pointy the extremities of all these vertical lines lie 
in the same horizontal plane. 

If the liquid has a horizontal surface, CZ), at rest at 
all points of which the intensity of pressure is constant 
(e. g., that of the atmosphere), the extremities of these lines 
drawn at all points of the liquid, and not merely along the 
same stream line, will all lie in the same horizontal plane. 
If CH is the pressure head on the surface CD (about 34 feet 
if CD supports the atmospheric pressure), the extremities 
R^,., of the vertical lines drawn at all points P,... lie in the 
horizontal plane through H. 



374 Hydrostatics and Elementary Hydrokineiics. 

For a liquid in eqailibriam, Q coincides with R^ since 
Q£ = o, and it has already been shown that the extremities 
of all vertical lines representing pressure heads lie in the 
same horizontal plane. The theorem of Bernoulli is the 
generalization of this result for a liquid in steady motion. 

An approximate method of indicating the value of/?, the 
pressure intensity at any point P in a moving liquid 
consists in inserting a vertical glass tube, open at both 
ends, into the liquid, one extremity of the tube being placed 
at P. The liquid will rise to a certain height in this tabe 
and remain at rest. Thus, if the tube is so long that the 
upper end is above the free surface CZ>, the liquid would 
rise in it to the height PQ, the remainder of the tube being 
occupied by air. Such a tube is called a pres9ure gauge ; 
but it is evident that it does not strictly measure the 
pressure, since the glass must, to some extent, alt-er the 
motion of the liquid. 

87. Flow through a small orifice. Let Fig. 104 re- 
present a vessel containing a liquid whose level is LM 

which flows out through a 
small aperture made any- 
where in the side of the 
vessel, and let the thickness 
of the side be so small that 
the liquid touches the inner 
edge, ABy of the orifice and 
thence . passes out without 
touching the outer edge or 
any intervening part of the 
aperture. 

^ig- J04. The curved lines in the 

figure represent the stream 
lines, or paths of particles, the forms and positions of which 
cannot, however, be determined mathematically. 




Steady Motion under the Action of Gravity. 375 

We are obliged to have recourse to experiment for certain 
facts concerning the issuing jet. Firstly, it is found that 
after leaving the orifice AB^ this jet contracts to a minimum 
cross-section, CD^ beyond which, of course, the jet widens 
out again. This minimum cross-section is called the vena 
contracta. 

The ratio of the area of the vena contracta to that of the 
orifice AB is called the coefficiefit of contraction. 

For a circular orifice whose diameter is AB^ if CD is 
the diameter of the vena contracta, it has been found 

experimentally that 

CD 

AB = -79' 

so that if S is the area of the orifice and o- that of the 
vena coutracta, 

i = •624. 

It has also been found that the distance, /O, between the 
orifice and the vein is somewhere between •39 x AB and 
•5 X ABy where, as before, AB is the diameter of the orifice ; 
the uncertainty arising from the fact that in the neigh1x)ur- 
hood of the minimum section the diameter of the jet varies 
very little. All the streams which pass through the veua 
contracta cut its plane perpendicularly. By consideration 
of the general equations of motion, it will follow from this 
fact that the intensity of pressure is the same at all points 
in the vena contracta. At all points on the outer surface, 
ACE^ BDF^ of the jet the pressure intensity is, of course, 
the same as that of the atmosphere, if the jet flows into the 
atmosphere ; also the velocities at all points of the vein are 
equal ; but in the interior of the jet this pressure intensity 
does not exist, except at points in the plane of the 
vena contracta. 
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Of course at the orifice AB the directions of motion are 
not all perpendicular to the cross-section of the jet, neither 
are the velocities all the same at points in this section. 

88. Theorem of Torricelli. In the case of a jet escaping 
into the air, the velocities of particles in the vena contracta 
are expressed hy a very simple formula. 

In (4) of Art. 86, let p and z refer to a point, 0, in the 
vena contracta while /?o, ^"0 refer to the point, iV, of the 
stream line through which is on the free surface of 
the liquid. Then p =Po, as we have said above, and 
&8 the velocities at the surface LNM are all very small, we 
may consider Vq = o. 

Hence 2 ^ / \ 

= %gh, (a) 

where ^, or r— 2^q, is the vertical depth of the vena con- 
tracta below the free surface LNM, 

Hence when the particles reach the vena contracta, they 
have the same velocity as if they fell directly from the free 
surface. This is known as Torricelli's Theorem. Obviously 
it holds with considerable exactness in the case of a smaU 
orifice only. 

Examples. 

1. The Syphon. We now take a few common practical illus- 
trations of the application of equation (4), Art. 86, which 
applies to the motion of a liquid acted upon by gravity. The 
first of the simple examples is furnished by the common syphon 
which is employed for the purpose of raising a liquid out of 
a vessel and lowering it into another vessel. The operation 
might, of course, in many cases be directly performed by taking 
the first vessel in the hand and pouring out the liquid bodily 
into the second ; but if, as often happens, the liquid is 
Sulphuric or Nitric Acid, which it would be most undesirable 
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to pour out with splashing, this method would not answer, and 
a syphon is used. The syphon is a bent tube (usually of glass) 
open at both ends, and with unequal branches. 

Suppose M (Fig. 105) to be the vessel which it is desired to 
empty into another (not represented in the figure), and suppose 
the liquid to be water. 

A bent tube, DABC, (the syphon) whose branch BC is longer 
than the branch BD is first filled with water, and the apertures 
at D and C held closely by the fingers. 
The end D is then inserted into the liquid 
in the vessel My the fingers removed from 
D and C, and the tube held in the hand. 
The result will be a flow of the liquid 
through C until, if D is kept close to the 
bottom of the vessel, nearly all the liquid 
is removed. 

Let Pq be the atmospheric intensity of 
pressure, which exists on the surface 
of the liquid at A and also at C \ %, the 
velocity of liquid on the surface A, is nearly zero ; if « = velo- 
city of efilux at C, z^ depth of C below A, equation (4) of 
Art. 86 gives, since ABC may be taken as a simple stream line. 




Fig. 105. 
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SO that the flow will continue all through if C is at a lower 
level than I), Of course there will be a small residue of liquid 
in My because when nearly all has flowed out, air will enter the 
syphon at D, 

If the liquid to be removed is an acid, as sulphuric or nitric, 
the syphon must be filled with it at the beginning by first 
inserting the end B into the vessel and then sucking the air 
out through C until the liquid rises in the syphon and falls in 
the leg BC to a lower level than A ; and this suction may 
be effected by joining another tube to the end C by means of a 
short piece of indiarubber tubing which can be subsequently 
removed. 

2. Hero's FourUain. Hero of Alexandria (120, B.C.) constructed 
a fountain, which is represented in Fig. 106. It consists of two 
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two glass tubes, 

/''x':.:^nn*^//'ZoO^ ends, which pasi 

////^^^^s the globes. Tl 

''''// ".I' V^'n'^ in the air in th 



glass globes, M and Ny and a dish, />/>. Each globe is partly 
filled with water and partly with wir at the atmospheric pressure. 
The globes are fitted with necks and are held together by 

two glass tubes, A^ B, each open at both 
pass through necks fitted to 
The extremities of ii are 
the globes; the lower ex- 
tremity of B dips nearly to the bottom 
of the liquid in M, while its upper end 
barely projects into the dish DD, A 
third tube, C, open at both ends, passes 
through the neck of N, its lower end 
dipping nearly to the bottom of the 
liquid in iV, while its upper end pro- 
jects beyond the upper surface of the 
dish. 

In this state of affairs the water is at 
rest in both vessels, the intensity of 
pressure on both water surfaces being 
Pq , that of the atmosphere. 

If now water is poured into the dish, 
it will fall through B into M and drive 
some of the air into N where the surface 
pressure on the water becomes greater 
than 2?o> and as a result the water from 
N is forced up through the tube C into 
the air. 

To calculate the height to which it 
rises, let z be the difierence of level between the water in M and 
that in iV^ ; let c = difference of level between that in D and 
that in N ; and let h = the height of the top of the jet above 
the water in Z>. 

Then, since the pressure intensity of tlie air in iV =r that in 
i/= w {z-{-c) +Po ; since the velocity of the water at the surface 
in N is nearly zero, and is also zero at JI, where the pressure 
intensity is p^, we have from (4) of Art. 86 




Fig. 106. 
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i. e., the height of the jet above the water in D is equal to the 
difference of level in M and N, 

3. Mariotte*s Bottle, It is sometimes desired to produce 
a narrow jet of water flowing for a considerable time with 
constant velocity. Of course a very large reservoir with a very 
small aperture made in the side would produce the result ; but 
such a reservoir is not always at hand. 
The result can also be produced by means 
of a broad flask fitted with a stop-cock 
near the bottom. Fig. 107 represents the 
flask. The stop-cock (not represented) is 
fitted at Cj and the aperture is supposed 
to be very small compared with the cross- 
section of the flask. The flask is first 
quite filled with water, the stop-cock 
being closed. In the top of the flask 
there is a neck fitted with a cork, and 
into this is inserted a tube, HD, open at 
both ends, the tube also being quite filled 
with water. 

Now let the stop-cock be opened, and water will flow out, 
because the atmosphere presses at H and at the outside of (7, 
and between C and H there is a column of water. The water 
that first flows out comes from the tube HD alone, the flask re- 
maining filled to its upper surface ; and, moreover, the velocity 
of eflBux will be variable as the level sinks in HD. But wlien 
the tube is emptied of water, some air will be forced through D 
by superior atmospheric pressure, and it will rise to the upper 
part of the flask, and will begin to force down the water of 
the flask. 

This being the case, the intensity of pressure at Z> in the 
water is p^, the atmospheric intensity, and we may assume that 
Pq is also the intensity all over the horizontal plane, LM, 
through D, because the motion of particles in this plane is 
very slow. The air at the top aided by the water above LM 
will keep the pressure intensity approximately equal to p^ at 
points in LM other than D, 

Now let z = CM = vertical distance of orifice below D, the 
lower extremity of the tube ; let r^, p^ in (4) of Art. 86 refer 
to J), while V is the velocity at C. Then, since p^ is also 
the pressure intensity at C, 
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/. V = V2gz, 

which shows that the velocity is constant whatever the position 
of the upper surface, A By of the water in the flask. 

The tube must, of course, have such a position that D is 
above the aperture. If the water, instead of escaping into the 
atmosphere, escapes into a medium (gaseous or liquid) in which 
the pressure intensity at C is p, we shall have 



This vessel is known as Mariotte's Bottle. 



89. Discharge from a small orifice. If a liquid devoid 

of friction escapes from a small orifice in a vessel in which 

the free surface is maintained at a constant level, the 

velocity in the vena contracta is given by the equation 

(Art. 88) , 

V = V2gh (1) 

In the case of water, however, it is found that the velocity 

is not quite equal to this amount, but is very nearly a 

constant fraction, /ut, of the value given by (i ). The fraction 

M is nearly equal to unity (about '97). We may therefore 

put 

t? = jut VQ^gh. ....... (2) 

Again, if 5 is the area of the aperture^ and c denotes the 
coefficient of contraction (Art. 87), the area of the cross- 
section of the vena contracta is c5 ; so that the volume of 
water issuing from the vessel per unit of time is 



ciiS^Q^gh (3) 

If the unit of length is a foot and the unit of time 
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a second, this will be the discharge in cubic feet per second, 
and multiplying it by w^ the mass of the liquid per unit 
volume (in this case 6%\ pounds), we obtain the mass dis- 
charged per unit of time. 

Practically the product cyi may be taken as '62. 

90. Flow through a large orifice. The determination 
of the discharge through a large orifice cannot be satis- 
factorily accomplished by theory. 

Suppose, for example, that the 
orifice is a rectangle, ABCD^ with 
vertical and horizontal sides, and 
that jEJf (Fig. 108) represents the 
level of the free surface in the 
vessel, the flow being supposed to 
take place through the orifice 
towards us as we look at the figure. 

Divide the area of the aperture 
into an indefinitely great number of narrow horizontal 
strips, of which that between the horizontal lines m and n 
is the type. 

Let the depths below LM of the lines AD and BC be h^ 
and ^2 J respectively, those of the lines m and n being z and 
z-\-dz. Let AD ^ h ; then, supposing that the aperture 
between m and n alone existed, the volume of the discharge 
would be given by (3) of last Article, in which 8 = hdz. 
Denoting the product e?fi by ^, and by dQ, the mass dis- 
charged per unit time through the strip, we have 

^Q i=.khw 's/'Xgz . dz (i) 

Now the assumption that h is constant for all the strips 
enables us to find Q, the total discharge ; but clearly this 
assumption cannot be strictly correct, for each strip does 
not discharge as if it alone existed as an aperture. 
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Assuming ^ to be constant, we integrate (i) from 
2; = ^ J to ^ = ^2 > *^^ obtain 

(l^\hhwy/Tg(h^^h^) (2) 

To calculate the energy per second which flows through 
the orifice, if v is the velocit of the portion rfQ, its 
kinetic energy is 

— . rfO, i, e. zd Q. 

Energy per unit time is called Tower. Hence if rfP 
is the power of this flow, 

dP = khw */%§ .^dz^ 

.\ P =i^kbw V2g{k^'-h-^). ... (3) 

If in this expression length is measured in feet, time 
in seconds, and w in pounds, since the unit of power called 
a Horse-Power is 550 foot-pounds' weight per second, we 
get the Horse-Power of the discharge equal to the right- 
hand side of (3) divided by 550. 

If ABC is small compared with the depth ^j, and if 
h is the depth of the centre of area of the orifice, we can 
easily find from (2) that 



Q = kwS ^%ghy (a) 

where S = the area of the orifice. For if AB = aa, we 
have ^2 = ^ (i + i) > ^1 = ^ (i — t), and expanding in 

powers of 7 J we see that the term j^ disappears, and (a) 

is true if we neglect the small fraction -rr • 

As another example of the same kind, suppose the orifice 
to be circular (Fig. 108). 
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Let h be the depth of 0, the centre of the orifice, below 
the level, i3/, of the water in the vessel or reservoir, 
let r be the radius of the circle, and break up the area 
by a series of indefinitely close horizontal lines. If P 
is any point on the circumference of the circle, OA the 
vertical diameter, and Z POA = d, the area of the strip at 
P is %7^s\VL^OdO \ therefore the discharge, rfQ, through 
this strip is given by the equation 



dQ = 2kf^w V2g {k-rcose). sin* OdO. . . (4) 

Supposing r to be small compared with A, it will be 
sufiScient to expand the radical in powers of ^ as far as the 
second. Then 

dQ = 2kT^w Vigh (i cosd-gyg cos^d) ^in^Ode. (5) 

Integrating from ^ = o to d = w, we have 

q^vkf^w^^h{i-^;) (6) 

91. Fluid revolving about vertical axis. If a vessel, 
represented in a vertical section by ACB^ Kg. 109, and 
containing a fluid, is set rotating round a vertical axis, Cz^ 
after a short time the fluid, owing to friction between its par- 
ticles and against the surface of the vessel, will rotate like a 
rigid body with the angular velocity co ; each particle, P, 
will describe a horizontal circle with this angular velocity, 
so that if PN is the perpendicular from P on the axis 
of rotation, the resultant acceleration of the particle is 
directed along PN from P towards iV, and is o)^. NP 
in magnitude. Denote JNP by r, and consider an indefi- 
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nitely small particle of mass dm at P ; then the resultant 
mass-acceleration of this particle is 

(s?r,dm^ (i) 

and this vector is directed from P towards N. [The r evened 

mass-acceleration, —(n^rdm^ is called the 
^ force of inertia of the particle, or its 

^ I b/ resistance to acceleration. It is most 

_i2rr^:t^ important to understand that this force 
^^^Hf of inertia is not a force acting on the 




E_^3^^ particle, but one exerted by it on the 

^^^0 surrounding medium, or, generally, on 

=^^/ the agent or agents accelerating its 

¥^'^ motion. Thus, then, if a is the vector 

Fig. 100. representing the resultant a^jceleration 

of a particle, dm, a force completely 
represented by 

— a, dm in absolute units, or 

— , dm in gravitation units, 

if 

is the resultant force exerted by the particle on the agents 
acting upon it. 

Now the fundamental principle of all Dynamics is this : 
for eack particle of any material system (whether rigid body, 
natural solid, liquid, or gas) the resultant mass-acceleration 
is in magnitude and direction the exact resultant of all the 
forces acting upon the particle. These forces will, in 
general, consist partly of pressures from the surrounding 
particles, partly of attractions from these particles, and 
partly of attractions from bodies outside the system. If we 
consider the equivalence of the resultant mass-acceleration, 
adm., to these forces under three separate heads, we deduce 
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three great principles of Dynamics. Thus, if we consider 
that a dm has — 

1. The same virtual work for any imagined displace- 
ment of the particle, 

2. The same moment about any axis, 

3. The same component along any line, 

as the whole system of forces acting on the particle, and 
that this is trae for every particle of the system, we have at 
once the principles of— 

I. Kinetic Energy and Work, 

a. Time-rate of change of Moment of Momentum, 

3. Motion of Centre of Mass, 

for every material system. If the forces acting are 
measured in gravitation units, their complete equivalent is 

—dm.'] 

Suppose that at any pointy P, Fig. 110, we take as the 
element dm a very short and thin cylinder, abed, of the fluid 
having its axis along the tangent at P to 
any curve A£^ Let the length be = ds; let 
<r be the area of the cross-section, ab, of the 
cylinder ; let F be the external force per unit 
mass exerted on the fluid at P, and there- 
fore Fdm the force on the cylinder, not in- 
cluding the pressure exerted on its surface by 
the surrounding fluid ; let a be the resultant Pig* iio. 
acceleration of the particle ; and let p be 
the intensity of pressure on the face ab^ and therefore 

p •\' -T-ds that on cd, 
ds 

Then dms=:taads,ifwiB the mass of the fluid per unit 

c c 
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volume at P; and if we resolve forces in the direction 
of the tangent at P to the curve, we see that wa-ds .- has 

the same component along this tangent, in the sense PB^ as 

dti 
F.wads and — -j-rf*.<r, the length of the arc e being 

measured from A. Hence if a, is the component of a along 
the tangent at P and S is the component of -F, we have 

g w as ^ ' 

This equation connects the acceleration in any direction 
with the force intensity and the rate of change of pressure 
intensity in that direction. 

Now suppose the external force to be gravity. Taking 
the right line NP (Fig. 109) as the direction of *, (a) 
becomes ^2^ ^-, 

-y = l' (3) 

and again, taking the vertical downward direction at P 
as that of ^, (%) becomes 

°=«'-^ w 

where z is the depth of P below any fixed horizontal 
plane. 

Now /? is a function of r and z only, so that 

dp = -j-dr+ -j-dz 
dr dz 

= «?( — dr-^-dz^ (5) 

/. ^ = «;(. . ^ jg)^C, 
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where t? is a constant^ which may be determined from a 
knowledge of jo at some one point. If ^o^ is the value of jo 
at 0, the point in which the free surface cuts the axis 
of rotation, and if is taken as origin, since r = igr = o at 
0, we have C = p^; hence 



CD 



2^ 



p:=p^ + ta{— + z) (6) 

At all points on the free surface p = p^y therefore the 
equation of this surfi^^e is 



0) 



2 



-i7+^ = ° (7) 

showing that the z of every point on it is negative, i. e., all 
these points are higher than 0. This equation denotes 

a parabola whose latus rectum is -^ 1 and the free surface is 

therefore a paraboloid generated by the revolution of this 
surface round Oz. 

If the vertical upward line Oz is taken as axis of x, 
and a tangent at as axis of y, the equation of the para- 
bola is, in its usual form, 

/=^-^- (8) 

If the fluid contained in the vessel is a gas, equations 
(2), (3), (4) still hold, and, in addition, p -=. kw (Art. 48) ; 
hence (5) becomes 

— ^-z(—rdr-\'dz\i (9) 

.-. i» = ^«*^*' , (10) 

where ^ is a constant to be determined either from a 

c c a 
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knowledge of p at some point or from the given mass of the 
fluid. E quation (10) sho ws that for a gas the fre e surfece 
and the 8 urfaee?"of constant pressure iutensity arg TgSll 
paraboloids! 

"Tn^he same way, if the vessel contains two fluids that 
do not mix, 'their surface of separation is a paraboloid 
of revolution. For if w, v/ are their specific weights, we 
have (if they are liquids) 



2^ 



p 'zz.w { 4- ;?) + C for one, 



0)2 r^ 



p''=.w' ( + ^1 + C for the other, 

and since at all points on the surface of separation p := p\ 
we have the equation of a paraboloid of revolution, as 
before. 

The equation of the free surface can also be deduced 
from the principle of Virtual Work thus. When the 
position of relative equilibrium has been assumed, imagine 
the bounding surface AOB to be very slightly displaced and 
to become A'CfBf. 

Then the variation contemplated in the equation of 
Virtual Work may be confined to the surface particles 
occupying the volume between the surfaces AOB and 
A'CfB^. As in Fig. 86, p. 316, a part of this volume 
will be positive and a part negative. The principle of 
Virtual Work applied to any system of particles in motion 
is simply that the sum of the virtual works of the mass- 
accelerations of the particles is equal to the sum of the 
virtual works of the forces (in absolute measure) external 
and internal acting on the system. Now the resultant 
acceleration of a particle dm at a distance r from the axis 
of revolution is (o^r, towards the axis, and the resultant 
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mass-acceleration of this particle is ay^rdm, whose virtual 
work is —oa^rdmbr. The external force acting on the 
particle is its weight, pdm, whose virtual work is ffbz , dm^ 
if z is measured downwards from a fixed plane. 

Hence 

— (ni^frhr . dm = g/h z . rf»i, 

•^hz)bnd8= o, 



/(' 



where, as in Art. y2, bn is the arbitrary normal displace- 
ment of the element dS of the surface A0£, Hence 
as 5;^ is arbitrary at all points, we have 

(a^rbr ^ 
-^bz=zO, 

9 
the integral of which gives the equation (6) of the free 
sur&ce before obtained. 

Examples. 

1. A cylinder contains a given quantity of water. If it is 
rotated round its axis (held vertical), find the angular velocity 
at which the water begins to overflow. 

Let AOB represent the surface of the rotating liquid, the 
points A and B being at the top of the cylinder ; let r and h be 
the radius and height of the cylinder, and c the height to which 
the cylinder, when at rest, is filled. 

Then since ^ is on the parabola, if ^ is the depth of below 

But the volume of the water remains unchanged, and it is the 
volume of the cylinder minus the volume of the paraboloid AOB, 

This latter is ^ . f*. Hence 



0)' 



^U^l^^^^^c, (2) 

_. 2^/g(h-c) ^^j 



«« 



r 
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The above is on the supposiiioD that the water begins to over- 
flow before the vertex, 0, of the parabola reaches the base, (7, of 
the cylinder. In this case, with any angular velocity, o), if PQ 
is the level to which the water rises, and LM is the level at 
which the water stands when at rest, it is easily proved that 

depth of below LM = height of PQ above LM, . {4) 

Take now the case in which c is so small in comparison with 
h that reaches G (or the base begins to get dry) before the 
water begins to overflow. The angular velocity at which 

reaches C is . Let co = (i + w) — ; then if 0' (below 

T r 

O) is the vertex of the parabola, we have 

C0'==2n{i+n)c, (5) 

the height of PQ (the water level) above the base is 2c(i+n); 
and if the free surface cuts the base in B, We have 

CR=^r /_!L_, (6) 

'V i+n 

which is the radius of the dry circle on the base. The water 
will begin to overflow when the height of PQ above the base is 
h; i.e., ,- 

0.=.^/?, (7) 

r ^ c 

which is quite different in form from (3) ; so that if c is in- 
finitely small, i. e., if there is only an infinitely thin layer of 
water put originally into the cylinder, it will not begin to over- 
flow until ft) is infinitely great ; and in this case CR = r, as it 
should be. 

2. A heavy cylinder floats with its axis vertical in a liquid 
contained in a vessel which rotates uniformly round a vertical 
axis ; find the length of the portion of the cylinder immersed. 

Let PQ, Fig. Ill, be the level of the liquid round the 
cylinder, and PEDQ the immersed portion, the free surface 
being APOQB, and the vertex of the parabola. 

Now, by the same reasoning as that in Art. 22, it is obvious 
that the resultant action of the liquid on the cylinder is the 
same as that which the liquid would exert on the liquid which 
would fill the volume POQDEP ; hence the weight, W, of the 
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cylinder must be eqnal to the weight of this volume of the 

Let r be the radios of tbe cy- 
linder and Om the perpendicular 

from on PQ ; then Om = ^— , 

and the volume of the displaced 

= iir'.P£~-<io\.POQ 

= iTr'(P£-^^); 

hence if to = specific veight of 
liquid. 




3. A veBBcl of given form containing water is set rotating 
round a vertical axis, the vessel and the liquid being in relative 
equilibrium; find the greatest aagular velocity of the vessel 
which will allow all the water to escape through a Email orifice 
at the lowest point of the vessel. 

Let the vessel be ACB, Fig. 109, C being its lowest point; 
assume the free sur&ce to pass through C, the latus rectum of 

the parabola being —^ ; then, taking C as origin, the tangent at 

C as axis of y and the vertical upward line as axis of x, express 

the condition that the parabola y = -~- x intersects the carve 
ACS in no other point than C. '^ 

Thus, if the vessel is a sphere (with another small hole at 
the top) of radius a, the parabola will be completely outside the 

sphere if lo* = - ■ 



4. A cylinder whose axis is vertical is filled with a given 
mass of gas and set rotating round its axis; if the gas is 
assumed to move in relative equilibrium with the cylinder, find 
the intensity of pressure at any point. 
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We haye, measaring z from the top of the cylinder 

+ «)> 

2g / 

A; 

Also if IT is the weight of the gas put into the cylinder, we 

l»v« W^fwda, 

where c? XI = element of volume at any point, P (Fig. 109). Now 
if ^ is the angle which the plane of P and the axis, 0«, of rota- 
tion makes with any fixed vertical plane, 

d£l^rded^dedz\ 
,. W^'-^ffe^^^^'hdrdz. 

Integrating with respect to r, the limits of r are o and a, 
where a is the radius of the cylinder, so that the integrations in 
r and z may be performed independently, the limits of z being 
and A. We easUy find 

TT = ^^^ («*«*- i) («»- i), 

which determines A. 

5. If the cylinder is replaced by a spherical shell rotating 
about a vertical diameter, solve the previous problem. 

6. A hemispherical bowl containing a given quantity of water 
is set rotating about a vertical diameter, find Vie angular velo- 
city at which the water begins to overflow. 

Ans, If F is the volume of the water, a the radius of the 

bowl, . g 

7. If in the last case the angular velocity is increased beyond 
the value (— } > find how much of the bowl is dry. 
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Ans. It ifl dry to a vertical height a ^ above the 

lowest point. ^ 

8. If a hollow open cone with its axis vertical and vertex 
downwards containing a given quantity of water is made to re- 
volve round a vertical axis, discuss the question as to the pos- 
sibility of emptying the cone by increasing the angular velocity, 

9. A narrow horizontal tube, BGf has two open vertical 
branches BA and CD, water being poured into the continuous 
tube, thus formed, to a given height. If this tube is set rotat- 
ing round a vertical axis through a point in BC, find the 
position of the liquid in its state of relative equilibrium. 

Ana, If BO = w, OC = w, the difference of level in the 



a>» 



two vertical branches is — (w'— w'). 

2g 



CHAPTER X. 

WAVE MOTION UNDEB GRA.VITY (siMPLE CASES). 

92. General Equation of Motion. For a particle of 
any shape which forms part of any moving material system, 
we have the fundamental law of motion that the mass- 
acceleration of the particle is at each instant the exact 
resultant of all the forces acting on this particle ; and from 
this it follows that, when the particle belongs to a perfect 

^ = -S--^, (I) 

g w as 

(p. 386) which may be considered as the equation of 
motion of the particle in any direction (tangent to the 
arbitrary curve AB at P, Fig. 110). 

Now if the direction of the curve AB at P is such that 
the intensity of pressure, jt?, does not vary from point to point 

along it, -7- will be zero, and we have 

"^=^9, (2) 

9 

which gives a rule for finding the direction of the surface 
of constant pressure intensity at P, viz., — draw a vector PA^ 
Fig. 112, representing the resultant acceleration^ a, of the 
particle at P, and also a vector PF representing the force^ 
g .F, in absolute units ^ exerted on the fluid per unit mass at P 
by aU causes other than the pressure of surrounduig particles; 
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(a) 



(b) 



Fig. 112. 



then the plane through P jaerpendicular to the right line AF is 
the tangent jalane at P to the surface of constant- pressure 
intensity. For, if AF meets the perpendicular PT in r, the 
vector Pr is at once the component of a along PT and the 

component otg.F; hence ^ = o along P^ at P. 

If the external force is 
simply gravity, we take 
PA to represent a and 
PF to represent g. 

The student may 
verify this construction 
in the case of a fluid 
revolving about a verti- 
cal axis (Art. 91). 

Instead of using the 
acceleration, PA, of the 
particle we may use the 

reversed acceleration, PA\ or force of inertia per unit mass 
at P (Art. 91) ; and then the result is that the direction 
of the surface of constant pressure at P is at right angles to 
the resultant^ <l>, of the external force and the force of inertia. 
(By the external force at P is meant, as before explained, 
the resultant of all forces, excluding pressures, which act 
on the particle.) 

The following is also an impoii^ant result : if in the fluid 
we describe a surface of constant pressure intensity, 2h » ^^^ 
also a very close surface of constant pressure intensity, 
P% {P\ ^^^ P2 differing by an infinitesimal amount), the 
normal distance between these close surfaces at any point 
P is inversely proportional to the magnitude of the force 4> 
at P. 

For in Pig. 112, {a) or {b), take on the line P4> a point 
Q indefinitely close to P, and let the surface of constant 
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pressure through Q be described. Then taking the equation 
(i) with reference to the direction PQ, denoting PQ 
by A«, we have 

iAz^^^_ (3) 

i{p2 8^d J^i ^^^ measured in absolute units of force. 

Now a, means the component of PA along PQ in the 

sense PQ, and hence in Fig, (a) the right-hand side of (3) 
is the projection of PF along P^ minus the projection 
of PJ, which is obviously P^, which we have denoted 
simply by 4>. In Fig. (b) the projection of PA along P^ 

in the sense PQ is negative, so that the right-hand side of 
(3) is the arithmetic sum of the projections of PA and P/, 
which is, again, <l>. Hence 

A„ = L.ftr^ (4) 

and since at all points on the surface of constant pressure 
through P we have p =z p^, and at all points on that 
through Q, p = j)2 9 we see that Aw, or PQ, the normal 
distance between the two surfaces at any point, varies 
inversely as <P. 

The case of a fluid at rest is, of course, a particular 
instance. In this case <l> is simply the resultant external 
force per unit mass, and the normal distance between 
any two close surfaces of constant pressure varies inversely 
as this force. 

93. Definition of a Wave. Any disturbance which is 
communicated from point to point of a body whereby each 
particle is displaced from its position of rest and the 
relative distances and directions of the particles are altered 
IS called a wave. As a rule, in such disturbances the 
displacement of each particle from its position of rest 
in the body is small — or, at any rate, small compared with 
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other magnitudes which are involved in the particular 
case concerned. Moreover, the motions of the individual 
particles may be very complicated, or may be simple 
oscillatory motions in small circles or other closed curves. 
Thus, when in a long tube filled with air the air at one end 
is disturbed by a sudden impulse along the tube, the whole 
air column will be set in motion of a to-and-fro kind, and 
the disturbance will reach the far end of the tube, while no 
particle ever departs far from its position of rest. 

So likewise in the case of an iron bar which is struck at 
one end ; and so, again, in the well-known case of a long 
stretched string one end of which is fixed while the other 
end is agitated by the hand ; or both ends may be fixed 
while the string is rubbed by a bow at any intermediate 
point. In all these cases the disturbance which travels by 
communication from particle to particle throughout the 
medium is called a wave. 

94. Trochoids. If a circle rolls without sliding along 
a right line, any point * carried ' by the circle traces 
out a curve called a trochoid. If the carried point is one on: 
the circumference of the rolling circle, the trochoid becomes 
the common cycloid ; if the carried point lies outside 
the circumference, the trochoid is a looped curve ; and 
if it lies inside the circumference, the locus is devoid 
of loops. 

Thus, in Fig. 113, let the fixed line on which the circle 
rolls be LM ; let E be the rolling circle having its centre 
at and touching the line at B\ let ^ be the carried point 
at a distance OA, or r, from 0, while OB = J?, Then 
as the circle rolls along LM^ its centre describes the line 
Oa?, parallel to LM, Let C be the position of at any 
instant ; then if 6 is the angle rolled through, we have 
OC = BI = R6^ where / is the point of contact of the 
rolling circle with LM. Now to find the position, P, 
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occupied by the point A, we may measure off the arc Si 
equal to BI\ then BOi is the angle, 0, through which 
the circle — and every right line carried by the circle — has 
revolved, the eenee of the rotation being denoted by the 




Fig. 113- 



arrow a. Hence the line OA has revolved through this 
angle, and therefore if we draw CP parallel to Oi and eqoal 
to r, we obtain the position P to which A has come. 

The trochoid traced out by ^ is the wavy curve AP^, 
symmetrical at both sides of the line OA ; and obviously 
the trochoids described by all other points on the circle of 
radius OA will be merely the same curve in different 
positions. 

This curve will have a series of creste, such as that at A, 
and a series of hollows or troughs, such as that at Q — at 
which point the moving point A reaches a masimnm 
distance, if + r, from LM. 

We may put the case in another way. Instead of 
imagining a single circle, £, to roll into eucceseive positioiis 
and to carry a point A with it, let ns imagine at one and 
the same instant a series of circles, E,F,,.. each of isdiuB 
R touching LM, and a series of points A, P, ... taken on 
circles of radios r with centics 0, C, ... so that the angnlar 
deflection of the lines OA, CP, ... fiom the vertical are pro- 
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portional to the distances of the centres from ; then the 
points ^, P, ... all lie on a trochoid. If now these points 
A, Py ,,, are all revolving with the same angular velocity, 
ce), they will all at each instant lie on a trochoid, which will 
be merely the trochoid APQ in the figure displaced in 
a direction parallel to £M, The trochoid will appear to 
travel towards the right or towards the left of the figure, 
so that there will no longer be a crest above 0, until all the 
moving points A, P,... have completed revolutions in their 
circles, and then a complete wave length (distance between 
two consecutive crests or two consecutive troughs) of the 
curve will have travelled past 0, and past every other fixed 
point. 

The radius r is called the tracing arm of the trochoid. 

Theorem I. If the radius of the rolling circle is taken 

equal to -g* where a> is the angular velocity of the points 

Ay P, ... in their circles, the trochoid is a curve of constant 
intensity of pressure of a liquid whose surface particles when 
at rest under gravity are ^, P, ..., and when set in motion 
revolve in the smaller circles with constant angular velocity 
0), all these circles lying in the same vertical plane. 

(We assume for the present that such a motion of the 
liquid particles is a possible one.) 

For, assuming that the typical particle P moves with 
constant velocity in the circle round C, its resultant acceler- 
ation is <i?r and is directed in PC; also the direction of ^ 
is iC, therefore the direction of * is /P, because the re- 
versed acceleration is w'^. CP, and gravity is co^. /C, and the 
direction of their resultant is 7P, which is the normal to 
the surface of constant pressure. But since / is the in- 
stantaneous centre of the rolling circle, IP is the normal to 
the trochoid ; therefore, &c. 

The trochoid APQ being that occupied at any instant by 
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the surface particles of the liquid, the constant intensity of 
pressure along it isj^^, the atmospheric intensity. 

If BM and BO are taken as axes of x and y, respectively, 
the co-ordinates of P are 

X = iZ^ — rsind, 
y = J?— rcos^. 

Theorem IL As we descend vertically into the fluid, the 
curves of constant pressure are also trochoids.- 
^ To get the indefinitely near curve, qNm, of constant 
pressure jd, we produce the normal IP through P and on it 
take a length given by (4) of Art. 9a. 

Let, then, PN z=. ^^^, Fig. 114. Now 4> = ai*.iP, 
therefore ^ 



Wi^^lP 



. . . (1) 




We shall now show that the locus of iV is a trochoid. 

Let P' be a point on the radius CP^ 
let PP^ = — dr, and consider the 
trochoid which is traced out by P 
as the circle of radius C7, or -R, rolls 
along LM, Let this trochoid receive 
a motion of translation P^F verti- 
cally downwards. It will then, in 
this new position, be the trochoid 
generated by the rolling of a circle 

of radius R along a horizontal line at a depth equal to 

PT below LMy and if C7C'= PT, the centre of the circle 

which generates this trochoid is C\ 

We shall now show that the lengths PP^ and PTcan 

be determined so that the trochoid last mentioned shall 

pass through all the points N. 

Let Z CIP = </), and IICP = 6, as in Fig. 114. Then 



Fig. 114. 
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if PN = sum of projections of PP' and PT along 7iV, the 
trochoid will pass through N, Assume, then, 

PN= -</r.cos(d + </)) + P'r.cos0. 

Putting P^F=zdrj, and observing that cos<^ = ^~ — 

, . . r sm . 
and sin <^ = — j^— , we have 

PN.IPz=rdr + Rdri-^{Bdr'{-rdr])cose, . . (2) 

so that PiV. ZP will be constant, as (l) requires, at all 
points P of the surface trochoid, provided that 

Sdr-^rdrj ^ o, (3) 

and we can, of course, choose dr and ^77 so as to satisfy this 
condition. 

As we descend vertically in the fluid the relation (3) is 
that which holds between each trochoid and the next, so 
that if we integrate (3), we obtain the relation between the 
tracing arm and the depth, rj, below C, (or below the line of 
centres of surface particles,) of the centre of the correspond- 
ing circle. Denoting by Tq the tracing arm of the surfece 
trochoid, we have, therefore, 

r-Tos'^^ (4) 

Equation {2) then gives 

PN.IP^^^.d,,, (5) 

and (i) shows that, ifjo— jOq is denoted by dp, 

dp = 1000!^ — ^— >drj, (6) 

from which and (4) the value of ;? is easily found in terms 
of rj. 

To show now that the assumed motion of the liquid is a 

Dd 
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possible one, we shall adopt the method of Rankine (see 
his MuceUaneovA Scientific Pajoers^ p. 483). 

If the motion of the particles in vertical circles, as 
described, is possible, it will be equally possible supposing 
the whole liquid to receive a horizontal motion of transla- 
tion equal to -Ro), i. e., the velocity of the centre C of the 
rolling circle, in the sense LM ; and conversely. Now this 
motion combined with the velocity ran of P at right angles 
to CP will cause P to have a resultant velocity along the 
tangent to the trochoid at P ; for, a velocity a), CP &t 
right angles to CP combined with a velocity <a,IC 
at right angles to IC will give a velocity cu . IP at right 
angles to IP, by the proposition of the triangle of velo- 
cities. 

Now supposing the liquid at P to be moving along the 
trochoid APQ and also the liquid at iV to be moving along 
the consecutive trochoid, mNq, so that the space between 
the two trochoids is a channel of flow, the same quantity 
of liquid must flow across each normal section PiV" of this 
channel in the same time ; and the fulfilment of this 
condition is not only necessary but sufficient for the possi- 
bility of the motion. 

But the condition is obviously fulfilled ; for, the velocity, 
V, of P along the trochoid is o) . /P, and IP . PN has been 
proved constant, so that we have 

and V . PN is proportional to the quantity which flows 
across PN per unit time ; this is, therefore, the same at all 
points of the channel ; and hence the motion is possible. 

Observe that the motion here shown to be possible does 
not require the displacements of the particles from their 
original positions to be small ; the circles, each of radius r, 
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described by them may be of any magnitude, with the sole 
condition that the depth of the liquid must be very great, 
because at the bottom of the liquid mass the liquid must 
either be at rest or move along the bed ; and since all 
through the liquid the particles describe circles, these 
circles must become infinitesimally small at the bottom ; 
but since their radii are given by equation (4), if r becomes 
infinitesimal, r] must be very great. 

This wave is known as Geratner^a Trochoidal Wave, having 
been first discovered by Gerstner ; it was afterwards dis- 
covered independently by B^nkine. 

The line, OCx, on which lie the centres of the circles 
described by the particles of liquid forming the surface, 
does not coincide with the surface of the liquid when 
it is at rest, but is vertically above this surface. Let SW 
be the surface when the liquid is at rest ; let the tangent 
to the trochoid at the lowest point, Q, meet the veiiical 
through Am H\ let Ox be at a distance z above SWy and 
let the perpendicular from Q on /S^ be Qn. Then the 
volume APQHA of disturbed liquid occupies the rectan- 
gular volume Hn when at rest. But the perpendicular 
from P on QH is r(n-cos^), while the distance of P 
from AH is J2^— r sin ^ ; hence the area APQHA is 

r / (i +cos^)(iZ— rcos^)^(9, i.e., 7rr(^ )j 

while the area of the rectangle Hn is'i:R[r—z)\ hence 



^2 



z = 



2R' 



which is the height of the line of orbit centres above 
the surface of the still liquid. 

It is easy to show that at any instant after the regular 
wave motion has been established all those particles which, 

D d 2 
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when the liquid was at rest, lay on a vertical line will lie 
on a curve having this line for an asymptote. For, if we 
draw the vertical line IC and produce it downwards into 
the liquid, the position of the particle P is obtained by 
drawing CP equal to r^ and making with IC the angle ^, 

OC 

or -^- ; and if we take any other point, C", on IC and 

^ -!^ 

draw CP' parallel to CP and equal to r^e *, where 

ri = CCy we obtain the position of a particle P' which 

originally lay on the line CL As the point C travels 

down IC, the radius CP^ diminishes, according to the above 

law, and hence the locus of P' approaches /C asymptotically. 

This curve possesses the simple property that if the 
tangent to it at any point, P^, meets the vertical line IC in 
Ty the length CT is constant and = R. From this the 
slope of the columns which were originally vertical is easily 
determined. 

The inclination of the surface of the wave APQ to 
the horizon, being zero at A and at Q, is a maximum 
at some intermediate point. In Fig. 114 it is obvious 
that <^ is the inclination of the surface at P, and that since 
IC = i?, and CP = r, is a maximum when CP is per- 
pendicular to PL In general 

, . H — rcosO 
cot (b = : • 

It is obvious that when any particle, P, completes a 
revolution in its circle, the wave has travelled horizontally 
over one wave-length, so that if T is the time of travelling 

over a wave-length, a> = ^ ; and if ^ is the time since the 

crest, A, of the wave has passed over the point C, we have 
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The wave-length, A, is 2 q II, or ct.TtR, and the velocity, 
Vy of propagation of the wave is Bo), or since J2 = — g. 



V = "/gR, and A = 27rJ?. 

If 2* is the time taken by the wave to travel a wave- 
length, A = t? y ; therefore 



= * Vf 



Momentum of the Wave. Consider the thin layer of 
liquid between two consecutive trochoidal surfaces, APQ, 
mNq, and take an element of this at any point P, the 
element being contained between two consecutive values of 
PNy the normal distance between the layers. If ds is the 
element of length of the trochoid at P, the volume of the 
element of liquid is PN , ds multiplied by its length per- 
pendicular to the plane of the figure. This last dimension 
we shall assume to be unity. Now ds = IP . d6, therefore 
the weight of the liquid element is 

to.IP.PN.de, 

which at all points is simply proportional to dO, since 
IP . PN is the same at all points on the surface of the 
wave. 

Now the velocity of P is 6>r, whose horizontal component 
is wr cos 6 ; hence the horizontal momentum of the element 
is proportional to cos 6 dd, and the total horizontal com- 
ponent for the half wave-length qH, or for a whole wave- 
length, is zero. 

This results from the £a<it that the particles near the 
crest. A, are moving backwards while those near the 
trough, Q, are moving in the reverse direction, as seen 
in the figure. 
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The horizontal momentum for a quarter wave is 

ro».w.IP . PN I CO8 do, i. e., 

Jo 

rta.ia.IP.PK 
Here substitute for IP . PN from (5), and we have 

ia.<a^{lP'~f^)dri, or —u?.(a{R^-'T^)dr; 

and if we integrate this from r = Tq to r = o, we obtain 
for the whole mass of liquid 

Energy of the Wave, Let us calculate the amount of 
kinetic energy contained between the portion APQ of the 
trochoid and the corresponding portion of the next con- 
secutive trochoid. 

The velocity of the particle at P being wr, the element 
of kinetic energy is 

2>m2 2 

w.IP.PN.de."^—, or ^w — de.(IP-r^)rdr, 

whose integral for the half \^ave AP(l is 

—WTi — (iZ^— r^) rdr ; 

and the integral of this from r = r^ to r = o is 



^f^{^-ww 



9 T, 

smce ^=z B, 



Calculate now the static energy of the layer APQ. The 
height of the element at P above the level, SW, of still 
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liquid is r cos ^H — ^, so that the element of static energy 

is CO . ZP . PNdS \r cos 6 H — ^j • Now the integral of the 

term in cos for the half wave length vanishes, and since 

— 7, is the same as » the static energy of the layer is 

equal to the kinetic energy above found. The energy 
of the wave, then, is half kinetic and half static. 

96. Small Displacements. Assuming that the particle 
of liquid which, when at rest, occupies the point (a?, y, z)^ 
or P, never moves very &r from this position while the 
liquid is in motion, the co-ordinates, af^y\ /, of its position 
P' at any instant may be denoted by 

^ + f, J^ + J/. ^ + C 

where ^, 17, C ^^ e small quantities each of which depends on 
the time, ^, as well as on the values of x^ y, z. 

Confining our attention to the motion of a liquid under 
gravity, we shall assume the displacements of all particles 
confined to the vertical plane x^y — i.e., we consider the 
motion to take place in two dimensions only — the motion 
being the same in all planes parallel to the plane ^, y. We 
shall take the origin of co-ordinates at a point on the bed 
of the liquid, the axis of x horizontal, and that of y verti- 
cally upwards. The displacement ^ is zero ; and the 

components of acceleration of any particle are -r^ and -^-^ . 

Hence for the motion of the particle the equations are, 
by (i) of Art. 92, 

dt^" wdx' ^^^ 

di^""^ wdy' ^^^ 
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. . d dx d / ^f\~^ d 

Again. _ = _,._= (I + -J _, 

- d / dy^y."^ d 

d^ "~ ^ dy' dy 

Also since the liquid is incompressible, £ and 7/ must 
satisfy the condition 

i + |=°- • (3) 

These equations contain the theory of small displacements 
of a liquid acted upon gravity only, irrespective of the 
particular kind of motion which may exist in any case. 

We shall now proceed to consider some particular kinds 
of motion in which the displacements of all particles 
are small ; and we assume, as above implied, that the axis 
of X is in the direction in which the disturbance travels 
along the surface of the liquid. 

96. Oscillatory Waves. Assuming the displacements 
of the particles to be small, and also periodic, we shall have 

W^""" ^' ^"""'* »7, . . . . (1) 

where ^ is a constant ; for, it is well known that these ai'e 
the equations of oscillatory motion, whose integrals give 
i = A cos («/— a), where A and a are arbitrary constants, 
with a similar value of 7/ ; so that the values of f and 17 

277 

repeat themselves whenever t increases by — • 

n 

For such motioir, then, the equations are 

«^f=^^, (2) 

w dx ^ ' 
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•'-'-si- (3) 

Hence -7-/ — r~f = o 5 ^^^ since f and ri are small, we 
a^ ax 

can take -r-, = t-, and ^-7 = 7^,. Therefore also 
ax ax ay ay 

d^ dr) , 

^-^ = ^ ^^^ 

From (4) and (5) we have 

g + 0=o.orV^f=o, .... (6) 

Now from (1) the value of f is -4 cos(«^— a), where A 
and a are independent of t but may involve x and y. To 
satisfy (6) we shall assume this form for f , with the further 
assumption that the amplitude ^ is a function of y alone, 
i. e., it depends on the depth of the disturbed particle only, 
while the phase^ a, is the same for all disturbed particles 
which originally lay on the same vertical line. Hence the 
general value of ^ will be given by 

f = ^cos(»^ — «««?) + -B sin («^—«2a?), . , . (8) 

where A and B are functions of y only, and n and m are 
independent of a?, y, and t, 

A similar expression gives the value of r\ ; but the latter 
is, of course, deducible from f by means of (4) and (5), 

The periodic nature of a wave disturbance travelling 
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through a liquid, or through any disturbed medium, will be 
readily understood from Fig. 115, in which AB represents 
the surface of the liquid when at rest, and is the origin. 




I 



7^ 



Fig. 115. 



Let P be the position of a particle when the surfece is at 
rest, AP being x, and P' be its position at any time, t. 
Then, considering the value of f only (since r] runs through 
all its values in the same time as f ), we see that when t is 



27r 



increased by the time — , the position of P^ will be exactly 



n 



the same as at the time t. Denote this interval by f, 
so that 



r = 



^Tt 



n 



(9) 



Then T is tie time in which every particle completes iU 
oscillation. 

Again, considering the displaced positions of all particles 
at the same time t, let P" be the position occupied at 
this time by another particle, whose abscissa, along AS^ 
was originally a?'. 

Then, if nt-^maf^mt—'mx—ZTT, the displacements (f, t|) 
of Q will be exactly the same as those of P. This gives 

a?'— a? = — , and this is therefore the distance, at each 

7H 
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instant, between all particles which are in the same state, 
OTj)iase, of disturbance. This distance is the wave-length 
of the disturbance. Denoting it by A, we have 

^ = — (10) 

in 

Of course the wave-length is also the distance between 
any two successive crests, C^, C". 

It is, then, obvious that tAe time, T, taken by any particle^ 
P', to complete its oscillation is also the time taken by the 
disturbance to travel over a wave-length. 

We now proceed to determine the values of A and B. 
Substituting the value (8) of f in (6) and expressing the 
fisict that (6) is satisfied for all values of t, we have 

-J-5- — 7;^^.4 = o and ^-s---w^i3 = o, . . .(11) 

dy^ dy^ ^ ' 

which give 

A = Le"^^ + J!fd'-»'»^ 

B = L'e"^^ + M'e''^\ 

where L^ M, .,. are constants, whose values must be deter- 
mined from considerations not yet mentioned. 
These values of A and B give 

i = {Le^^ + Me""^^) cos {nt — mx) 

+ (L'e'^^ + M'e-"^^) sin [nt - mx), ( 1 2) 

To determine ry, equate 3- to 3- > and then integrate ; 

ax ay 

thus 

ij = '-(Le'^^ '-Me'^^)^VDi{nt-^mx) 

+ {L'e'^y^Me-"^^) cos {nt-mx)+f{y), (13) 
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where f{y) is an unknown fiinction of y, to determine 

which equate -r to — ^^ > and we find that i\y) = o, 

ay ax 

/. f{t/) is a constant, C. 

We shall now assume the bed of the liquid to be a hori- 
zontal plane, so that the undisturbed liquid is of uniform 
depth, h. Now the displacement of every particle at the 
bottom takes place along the bed of the channel ; hence 
ly = o when ^ = o, whatever t may be. 

This gives a zero value to the above constant C, and 
also makes M^L, M!^L\ 

so that we have 

^ = ((?'»>' + (?-"•«') { L cos {nt — mx) + L' sin [nt — kihx) } , . (14) 

1) = ((?««'-e-'»<') {-Zsin(«^-««;i?) + X'cos(«iJ-«»a?)} . (15) 

There is this further consideration, that on the free 
surface of the liquid jo is at all times equal to /?oi ^^ *^°^^ 
spheric intensity of pressure ; so that 

^ = o at the free surfece (16) 

at 

Now since , , 

we have from (2) and (3) 

i-dp:=n^ {^dx-\-r)di/)'-gdy\ .... (i?) 

in which, of course, the term ^dx + rjdy is a perfect differ- 
ential ; and (17) gives 

2 
^jo=-(e'»i'4-^-«i')(_i;sin</) + i'cos<^)-^/ + C, . (18) 

where (f) stands for nt—mx, and C is a constant. 
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Since y''=.y-\-y\^ if we use the hyperbolic notation 

We have 
—JO = 2(2/ sin</)— i/'cos</)) ( coshw^+^sinhw^) 

-gy-^c. (20) 

Hence the value of p at the surface will be independent 

of ^ if ^2 

— cosh TwA —^ sinh 7/2^ = o, .... (21) 
m ^ ^ 

since y = ^ for surface points. 

If t; is the velocity of propagation of the wave 

\ = vT, (22) 

60 that (21) becomes 

t;2 = ^tanh(^) (23) 

277 ^ k ^ 

The velocity with which the wave is propagated will there- 
fore depend on the depth of the liquid and on the length of 
the wave. 

Long waves in shallow water. If the depth of the liquid 
is small compared with the length of the wave, 

e ^ +^ ^ =2, neglecting -j, and e ^ —e ^=471-; 

A A. 

and in this case ,,= 7^, (24) 

which gives the well-known result that in shallow water, 
all waves (provided their lengths are very much greater than 
the depth of the water) are propagated with the same 
velocity, which is that acquired by a body foiling freely 
through a height equal to half the depth of the water. 

In this case it also appears from (14) and (15) that the 
maximum horizontal displacements of all particles are much 
greater than the maximum vertical displacements. In 
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general, these equations show that the orbit described by a 
disturbed particle about its position of rest is an ellipse 

^ ■ "' =4(J' + i''), • (>S) 



whose horizontal axis in the case of long waves in shallow 
water is much greater than the vertical axis. 

The value of f in this case (i. e., when - is small) shows 

also that, to the second order of small quantities, it is true 
that all particles which were originally in the same vertical 
plane perpendicular to the direction of propagation of the 
wave, will at all times be in a common vertical plane 
parallel to the original one : the vertical motions of these 
points are, of course, different ; so that we can suppose the 
motion to be produced by parallel vertical planes of particles 
oscillating backwards and forwards horizontally, while the 
particles in these planes have small up and down motions 
in the planes. The problem of such waves is, indeed, often 
solved by starting with this assumption, and the equation 
(4) is then used in an integrated form as follows : let the 
vertical section Pp of the liquid at rest have abscissa x ; and 
assume the particles in this section to occupy the plane 
P7?' at any time when the liquid is in motion, the distance 
between the planes Pp and P'/?' being f. 

Let Qq be a vertical section parallel to Pp, at distance 
A a? from Pp, and let the particles in this plane occupy the 
plane QY when the liquid is in motion; then, since 
f = J^(^)> the displacement of Q'g' from its original position 

d^ 
is/(ar + Aa?), i.e., ^+-f Lx\ and the abscissae of P'/and 



dx 



d^ 



Q/being a? + ^ and a! + Aar + ^+ -^ Ax, the distance be- 
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tween these planes is ( i + ^) A x. We have now to ex- 
press the fact that the volume of liquid contained between 
the planes Pj) and Qq is equal to that contained between 
P>' and Q y. 

Let the elevation of P' above AB be e ; then I^p'=^h + e, 
and if the sides of the channel containing the liquid are 
vertical and parallel, i.e., if the channel is a rectangxdar 
canal, its cross-section perpendicular to AB is of constant 
area, so that we have simply 

^Aa; = (^ + «)(i + g)Aa!, . . . (a6) 

••• ^^+* = ° (*7) 

Now this equation is the equivalent of (4), because if we 
integrate (4) with respect to y from the bottom to the top, 
i.e., from ;? to P, we have (since f does not sensibly in- 

or A -=- + 6 = o. 
ax 

Observe that this equation holds in all cases in which 
the vertical motions are small compared with the hori- 
zontal, and not merely in the case in which the motion is 
oscillatory, so that we are now dealing with the general 
equations (i), (2) of Art. 95 instead of the special equations 
(a), (3) of Art. 96, which are limited to oscillatory motion. 

(Pri 
Again, (2) of Art. 95 shows that if -j-^ is very small, 

the value of p at any point in the disturbed liquid is 
j)Q + fv(A + i —y') where jOq is the value of p on the free 
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surface ; hence from (i) of Art. 95, 

dfi ~ ^ dx 

=''§ « 

Now if V = V^A, the integral of this equation is well 

known to be 

^=z(f}{x'^vt) + \p{x + vt), .... (29) 

where (f> and yjf are any symbols of functionality whatever. 

If (f> and yj/ are circular ftinctions (sines or cosines) the 
disturbance is periodic, or oscillatory, because the values of 
f are reproduced after a constant interval, and then the 
case becomes that which we have just discussed — ^viz., 
oscillatory motion in which the vertical displa<^ment is very 
small with respect to the horizontal. 

In the general case now supposed — viz., motion in which 
the vertical displacement is very small with respect to the 
horizontal, while the motion is not necessarily of the oscil- 
latory or periodic kind, the function (f>(x—vt) denotes a 
disturbance travelling in the positive sense of w, while 
\l/{x + ti) denotes one travelling in the opposite sense ; and 
the velocity of each is v. 

Waves in very deep water. Applying now the results 
obtained for periodic or oscillatory waves to the case in 
which the depth, ^, of the liquid is vastly greater than A, 
the wave-length — as in the case of waves in the ocean — we 



2»* « z 



have e ^ n^ligible, so that tanh — — = i, and (23) gives 



.M. (30) 



so that the velocity depends on the wave-length. 
Also the ellipses described by the particles becoi 
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Channel of any uniform cross-section. In obtaining equa- 
tion (26) we have assumed the cross-section of the channel 
to be rectangular. But if the cross-section has any form, 
the corresponding equation is easily obtained. Let A be 
the area of the cross-section ; then, still expressing the isjat 
that the volume between the planes P^', Q'/ is equal to 
that between P/?, Qq^ if € is the elevation of P' above the 
sur&ce AB and b is the breadth of the channel at the level 
AB, the area of the cross-section P^' is -4 + if, and we have 

^Aa;=(^ + 5c)(i + ^) Aa?, . . . (31) 

•••^S + *^ = ^' (3^) 

which shows that in the previous results for a rectangular 

A 
channel we have merely to replace ^ by t-* since the 

dynamical equations^ (i), (2) of Art. 95, still hold. Hence, 

a A i 
in particular, the velocity of the disturbance is (jr-) for 

lon^ waves. 

Channel with sloping sides. The determination of the 
displacements of water contained in a channel of any cross- 
section — even when this cross-section is the same at all 
points along the channel — ^has not yet been effected. 

Moreover, the problem has not been solved even in the 
simple case in which the cross-section is a triangle whose 
two sides are equally inclined to the horizon, except when 
the inclination is 45'' or 30°. The solution for the former 
case was obtained by Kelland on the assumption that 
the motion of the water is irrotational, i. e., that the com- 
ponents of displacement are the differential coefficients 
of a function of x, y, z. Thus, let the cross-section be 
an isosceles triangle whose inclined sides are AB and AC^ 
its base BC being horizontal; let the horizontal line 

Be 
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through A be taken as axis of a?, the vertical upward 
line through A as axis of z, and the axis of jr parallel to the 
breadth of the channel. Let the small components of 
displacement of the particle which at rest occupied the 
.point {x, y, z) be f , iy, f. Then the equations of motion are 



(Pri 
1? 



g^dp 
wdx 



w dy 
^ wdz' 



y 



i^i) 



With these must be combined the equation 

dx dy dz ' ' * 



(34) 



which implies the incompressibility of the liquid. 

Now whatever values we determine for f, t|, f must 
satisfy the boundary condition, viz., that the displacement 
of every particle which, when at rest, lay on the side i^ 
must be along ABy and the displacement of every particle 
which lay on AC must be along AC\ i.e., the values of 
f, Y7, ^ must be such that 

when ^— 2r = o we have ij — f=o,) /\ 

and when jf + ;8r = o we have ly + f = o.) 

Suppose f, ly, f to be the differential coefficients with 
respect to ar, jf, r, respectively, of some function ^^ aud 
assume 

<t> =f(y,z).co6{nt—mx) (35) 

Then (34) gives 



^/. dy 



+ :o -»«*/= o- 



dy^^ dz^ 



(36) 



Wave Motion under Gravity [Simple Cases). 419 

To satisfy this assume 

/(y, ^) = ^ (e"' + e-'') (^ + e-'% . . . (37) 

where ^ is a constant. 

Then (36) gives 

Jl^ + P = m^ (38) 

which will be satisfied by assuming 

i = m cos a, I = m sin a. 

Calculating r) and f from (37) with these values of i and 

I, we find that the conditions (a) will be satisfied if a = - • 

. . "^ 

Hence the required function whose differential coefficients 

give the displacements is given by 

mj/ my mz mz 

<t> = A{e^^ + e~ ^) (e^ 4- e" ^) cos {nt - mx) . (39) 

The subject of Wave Motion will be found treated 
at length in Basset's Hydrodynamics^ vol. ii., Greenhill's 
Wave Motion in Hydrodynamics (reprinted from the American 
Journal of Mathematics), Airy*s Article on Tides and Waves 
in the Encyclopaedia Metropolitana, and the Mathematical 
Papers of Stokes and of Green. 
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